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Abstract

This paper is devoted to the study of refined neutrosophic quotient groups. It is shown that the classical isomor-
phism theorems of groups do not hold for the refined neutrosophic groups. Moreover, the existence of classical
morphisms between refined neutrosophic groups G(I3, I3) and neutrosophic groups G(I) is established.
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1 Introduction and Preliminaries

Agboola in [1] introduced the concept of refined neutrosophic algebraic structures and studied refined neutro-
sophic groups in particular. Since the introduction of refined neutrosophic algebraic structures, many neutro-
sophic researchers have established and studied more refined neutrosophic algebraic structures. Adeleke et al.
in [5] studied refined neutrosophic rings and refined neutrosophic subrings and presented their fundamental
properties. Also in [6], Adeleke et al. studied refined neutrosophic ideals and refined neutrosophic homomor-
phisms and presented their basic properties. The present paper is devoted to the study of refined neutrosophic
quotient groups. More properties of refined neutrosophic groups will be presented and it will be shown that
the classical isomorphism theorems of groups do not hold in the refined neutrosophic groups. The existence
of classical morphisms between refined neutrosophic groups G(I, I2) and neutrosophic groups G(I) will be
established. For more details about neutrosophy, refined neutrosophic logic, neutrosophic groups and refined
neutrosophic groups, the readers should see [2,4,7,13].

Definition 1.1. W Let (X (I3, I5),+,.) be any refined neutrosophic algebraic structure where + and . are

ordinary addition and multiplication respectively. I; and I are the split components of the indeterminacy

factor I thatis I = a1 + asls with a; € R, C ¢ = 1,2. Also, I; and I, are taken to have the properties

112 =1, 122 = Iy and I1 I, = IsI; = I; or I,. For the purposes of this paper, we will take I1 [s = I5]; = I.
For any two elements (a, bl1, cl3), (d,el1, fI2) € X (11, I2), we define

(a,bly,cly) + (d,ely, fI2) = (a+d,(b+e)l1,(c+ f)l2), (1)
(a,bly,cly).(dely, fI) = (ad,(ae+bd+be+bf +ce)ly,
(af +cd+ cf)Is). (2)

Definition 1.2. ' Let (G, %) be any group. The couple (G(I1, I,), *) is called a refined neutrosophic group
generated by G, I; and Io. (G(I1,12),*) is said to be commutative if for all z,y € G(I1,1s2), we have
x xy = y * x. Otherwise, we call (G(I1, I1), *) a non-commutative refined neutrosophic group.

Example 1.3. ' Let Zy (I3, I) = {(0,0,0), (1,0,0), (0, I1,0), (0,0, I5),

(0,1, I5),(1,11,0),(1,0, I), (1, I1, I2)}. Then (Z3 (I3, I2), +) is a commutative refined neutrosophic group
of integers modulo 2. Generally for a positive integer n > 2, (Z, (I, I5),+) is a finite commutative refined
neutrosophic group of integers modulo n.
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Theorem 1.4.

(1) Every refined neutrosophic group is a semigroup but not a group.

(2) Every refined neutrosophic group contains a group.
Corollary 1.5. Y Every refined neutrosophic group (G (I, 1), +) is a group.

Definition 1.6. ' Let (G(I1, 1), *) be a refined neutrosophic group and let A(I1, I) be a nonempty subset of
G(I1, I5). A(Iy, 1) is called a refined neutrosophic subgroup of G(I1, I5) if (A(I1,I2), *) is a refined neu-
trosophic group. It is essential that A(1Iy, I5) contains a proper subset which is a group. Otherwise, A(11, I2)
will be called a pseudo refined neutrosophic subgroup of G(I1, I).

Example 1.7. !

(1) Let G(Il, IQ) = (Z(Ih 12), +) and let A(Ih 12) = (3Z(11, 12), —|—) Then A(Il, 12) is a refined neutro-
sophic subgroup of G(I1, I5).

(2) Let G([l,lg) = (26(11712)3 +) and let

A(l, 1) = {(0,0,0),(0,1,0),(0,0, I2), (0, I1, I2),
(0,21,,0), (0,0,2L), (0,214, 2),
(0,311,0),(0,0,315), (0,31, 315),
(0,413,0), (0,0,41), (0,41, 415),

(0,513,0), (0,0,515), (0,511, 515)}.
Then A(Iy, I5) is a pseudo refined neutrosophic subgroup of G(I1, I2).

Definition 1.8. ' Let A(Iy, 1) and B(Iy, I5) be any two refined neutrosophic subgroups (pseudo refined
neutrosophic subgroups) of a refined neutrosophic group (G(I1,I3),+). We define the sum A(Iy,I5) +
B(I1, I) by the set

A(I, Iz) + B(I1, I2) = {(a1,a211, a3l2) + (b1,b2]1,b312) : a1, a2, a3 € A(I1,I2),b1,b2,b3 € B(I1,12)} (3)
which is a refined neutrosophic subgroup (pseudo refined neutrosophic subgroup) of G(1I1, I5).

Definition 1.9. ' Let (G(I, I3), *) and and (H (I, I), ¥') be two refined neutrosophic groups. The mapping
¢ (G(I1,1I),*) = (H(I1,I3),*") is called a neutrosophic homomorphism if the following conditions hold:

(D) oz xy) = o)« d(y).
2) ¢(Ix) = I, Va,y € G(I1,I3) and k = 1, 2.
The image of ¢ is defined by the set
Im¢ ={y € H(I1,I) : y = ¢(x) for some x € G(I1,12)}. “4)
If G(I1, 1) and H(I4, I) are additive refined neutrosophic groups, then the kernel of the neutrosophic homo-
morphism ¢ : (G(I1,1I2),4+) — (H(I1, I2),+) is defined by the set
K6T¢:{$€G(I1,Ig) ¢(£L’):(0,0.[1,0I2)} 5
Epimorphism, monomorphism, isomorphism, endomorphism and automorphism of ¢ have the same defini-
tions as those of the classical cases.
Theorem 1.10. Y Let ¢ : (G(I1, I),*) — (H(Iy,I3), ') be a refined neutrosophic group homomorphism.
Then I'm¢ is a neutrosophic subgroup of H (I, I5).
Theorem 1.11. U Let ¢ : (G(I1,15),+) — (H(I1,I3),+) be a refined neutrosophic group homomorphism.
Then Ker¢ is a subgroup of G and not a neutrosophic subgroup of G(I, I2).
Example 1.12. "' Let ¢ : Zy(I1, I3) x Zo(I1,Is) — Zo(I1,I2) be a neutrosophic group homomorphism
defined by ¢(x,y) = x forall x,y € Zo(I1,I3). Then
Im¢ = {(0,0,0),(1,0,0),(0,1I,0),(0,0,I),
(07 Ila 12) (1 Il? ) (17 Oa 12)7 (17 Ila 12)}
Ker¢ = {((0,0,0),(0,0,0)),((0,0,0),(1,0,0)),((0,0,0), (0, I1,0)),
((0,0,0), (0,11, 12)), ((0,0,0), (0,0, I)), ((0,0,0), (1, I, 0)),
((O 0,0 )7((030a0)7(17[1a12))}'

2
5 )7 (17 07 IQ)
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2  Main Results

Definition 2.1. Let H (I3, I5) be a refined neutrosophic subgroup of a refined neutrosophic group (G(11, I2), .)
and let x = (a,bly,cly) € G(I4, ).

(i) The set
xH(I1,I5) ={axh:h € H(I1,12)} (6)
is called a refined left coset of H(I1, Iz) in G(I1, I3).
(ii) The set

Hx(]l,lg):{]’Ll'IhGH(Il,IQ)} @)

is called a refined right coset of H (I, I) in G(I1, I2).
If 7. is commutative, there is no distinction between the refined left and refined right cosets of H (11, I5)
in G*(Il7 12).

Definition 2.2. Let H (17, I5) be arefined neutrosophic subgroup of a refined neutrosophic group (G (I, I5), +)
and let x = (a, by, cly) € G(I1, I1).

(i) The set
o4+ H(L,L)={x+h:heH(I, L)} )
is called a refined left coset of H(I1, I3) in G(I1, I3).
(i) The set

H(Il7lg)+$:{h+$:h€H([1,]2)} ©)]
is called a refined right coset of H (I, I5) in G(I1, I2).

Definition 2.3. Let H (11, I5) be a refined neutrosophic subgroup of a refined neutrosophic group (G(I4, I2), .).
H(I, I) is said to be normal in G(I1, Io) if for all x = (a, by, clz) € G(I1,I3), we have

LL’H(IhIQ):H(Il,Ig).’L‘. (10)

Definition 2.4. Let H(I;,I2) be a normal refined neutrosophic subgroup of a refined neutrosophic group
(G(I1,I2),.). The quotient G(Iy, Iz)/H (I, I2) is defined by

G(Il,lg)/H(Il,IQ) = {J)H(Il,lg) T e G(Il,lg)} (11)

Definition 2.5. Let H(I;,l2) be a normal refined neutrosophic subgroup of a refined neutrosophic group
(G(I1,I2),+). The quotient G(I1, Iz)/H(I1, I2) is defined by

G(Il,lg)/H(Il,Ig) = {LE—FH(Il,IQ) S G(Il,lg)} (12)

Example 2.6. Let G = {e, a, b, ¢} be the Klein-4 group and let (G(I1, I2), .) be a refined neutrosophic group
given by
G(Il,fg) = {(6,0[1,0[2),(&,0[1,0]2) (b 0]1,0]2),(6 011,012) (67611,612),
(e,aly,als), (e, bl1,bl5), (e, cly, cls), (a,elq, els), (a,aly, als),
(a, b[l, bIQ), (a, CI1, 612)7 (b, (2[17 eIQ s (b a[l, CLIQ (b b[l, bIQ),
(b,cly, cly), (¢, ely, els), (c,aly, als), (¢, bly,bls), -, (c,cly,cla)}
)

and let H (I, I5) be a subset of G(I1, I5) given by

H(Il,IQ) = {(e,OIl,OIQ),(a,OIl,OIQ),(e,eIheIg),(a,aIl,aI2)7(e7a11,aIQ),
(a,el,els), (e,aly,els), (a,ely,als)}.
The order of G(I1, I5) is 43 = 64 and it is clear that H (I3, I5) is a refined neutrosophic subgroup of G (I, I)
of order 8. Since 8 is a divisor of 64, it follows that Lagrange’s theorem holds in this case. It should be noted

that Lagrange’s theorem generally does not hold in refined neutrosophic groups. However, Lagrange’s theorem
holds in any refined neutrosophic group G(I1, Is) whenever G is isomorphic to Klein-4 group.
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Example 2.7. Let G(I1,I3) and H(Iy, I3) be as defined in Example 2.6. Simple computations show that
xH (I, I) the set of all left cosets of H(I1, I3) in G(I1, I5) for all z € G(I1, I) is a partition of G(I1, I3).

Generally, the left(right) cosets of a refined neutrosophic subgroup in a refined neutrosophic group does
not partition the refined neutrosophic group.

Theorem 2.8. Let H (I, I5) be a refined neutrosophic subgroup of a refined neutrosophic group (G(I1, 1), .)
and let G(I1,1I5)/H(I1,I3) be a set defined by

G(h,L)/H(I1,Is) = {zH(L,L):z¢eG(,I)}. (13)
Let ® be a binary operation defined on G(I1, 1)/ H (11, I2) by
cH(I1,I) ©yH(I1,12) = =zyH(I,Iz) YaH (I, 1),
yH (I, ) € G(I1,15)/H(I, I5). (14)
Then
(i) (G(I1,12)/H(I1,1I2),®) is a refined neutrosophic monoid.

(ii) (G(I,15)/H(I1,15),®) is not a refined neutrosophic group but contains a proper subset which is a
group.
Proof. (i) 1t is clear that ® is well defined. Let xH (I3, I5),yH (11, I2), zH (I, I3) be arbitrary elements in
G(Il, IQ)/H(Il, .[2) with x,Y,z2 € G(Il, .[2) Now,
cH (I, I5) © (yH(I, 1) © zH(Iy, 1)) = xH(L,12) © (yzH(I1, I2))

w(yz)H (I, I)
(xy)ZH(IhIQ)
= (.’EH(Il,IQ)QyH(Il,IQ))@ZH(Il,Ig))

For all tH (I, 1) € G(I1, I5)/H (11, I3), there exists eH (I1, I5) € G(I1, I3)/H (11, I2) with e € G(I1, I5)
such that

L]L‘H(Il,fg)@@H(Il,Ig) = 6H(I1,IQ)Q$H(11,I2)
= 6.13H(11,12)
= J,‘H(Il,lg)
(G, 12)/H(I1,1I2),®) is a refined neutrosophic monoid.
(i) For all zH (I, I3) € G(I1,I2)/H (11, I2) there does not exist any yH (I1, 1) € G(I1,I2)/H(I1,I2)

such that
CCH(Il,IQ) ® yH(Il,IQ) = yH(Il,IQ) @IH(Il,IQ) = BH(Il,IQ)

this shows that 2~ H (I1, I) does not exist and therefore, (G(I1, Is)/H(I1,2),®) is not a refined neutro-
sophic group. However, it contains a proper subset which is a group. O

Example 2.9. Let G(I1, I5) and H (I, I5) be as defined in Example 2.6. It can be shown that (G (11, I5)/H (11, I5),®)
is not a refined neutrosophic group but a refined neutrosophic monoid.

Theorem 2.10. Let H (11, I3) be a refined neutrosophic subgroup of a refined neutrosophic group (G(I1, I), .).
Then (G(I1,13)/H(I1,I2),.) is a commutative refined neutrosophic monoid if and only if G is an abelian
group.

Proof. That (G(I1,1)/H(I1,12),®) is a refined neutrosophic monoid follows from Theorem 2.8. Suppose

that G is an abelian group. Then ((G(I1, I2), .) is a commutative refined neutrosophic monoid. Suppose that
JﬁH(Il, Ig), ],/I{(Il7 IQ) S G(Il, IQ)/H(Il, IQ) are arbitrary with T,y € G(Il, 12) Then

xH(Il,IQ).yH(IhIQ) = .Z'yH(I]_,IQ)
= y(EH(Il,Iz)
= yH(Il,IQ).IH(Il7IQ).

Conversely, suppose that (G(I,I5)/H (I, I5),®) is a commutative refined neutrosophic monoid. Then
G(I1, I5) is a commutative refined neutrosophic group and consequently, G is an abelian group. O
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Theorem 2.11. Let H (11, I5) be a refined neutrosophic subgroup of a refined neutrosophic group (G(I1, I2), +)
and let G(I1,1I5)/H(I1, I5) be a set defined by

G(I1,I)/H(I1,I2) = {a+H(,L):ze€G(h,I)}. (15)
Let @ be a binary operation defined on G(I1,12)/H (I, I2) by
(z+H(L, L)@ (y+H(L, ) = (z+y)+H(, L) Ve+ H(L, 1),
y+ H(I,I5) € G(I1,15)/H(I1, I5). (16)
Then (G(Iy,12)/H(I1,I2), @) is a refined neutrosophic group.

Proof. Ttis clear that @ is well defined. Let « + H (11, I2),y + H(I1, I2), 2z + H(I1, I2) be arbitrary elements
in G(I1,12)/H(I1, 1) with x,y, z € G(I1, I2). Now,
(x+H(, L) ®((y+ H(I,12) ® (2 4+ H(I1, 12)) = (v+ H(I, 1))@ ((y+2) + H(I, I2)))
= (@+(y+2)+H(L, L)
(@ +y) +2)+ H(lL, 1)
((z+ H(L, 1)) ® (y + H(I1, I2)))
®(z + H(I1, I))).

Next, for all .Z’—FH(Il, IQ) S G(Il, IQ)/H(Il, IQ), there exists (07 014, 012)+H(11, 12) S G(I], Ig)/H(Il, Ig)
such that

$+H(Il,[2)@(0,011,012>+H(11,12) = (0,0117012)+H(Il,12)@$+H(Il,12)
S ($+(070I17012))+H(I1712)
= I’+H([1,IQ)

(0,011,0I5) + H(I1,I5) = H(Iy, I5) is the additive identity element.

Lastly, for all x + H(I1, 1) € G(I1,12)/H(I1,I2), there exists (—x) + H(I1,12) € G(I1,12)/H (11, I2)
with —z € G(I1, I2) such that

(x+H(Ii,12)® ((—z) + H(I1, I2)) = ((—z)+ H(I1,12)) & (v + H(I1, I2))
(x + (=) + H(I1, I2)
= H(,L).

(—z) + H(I, 1) is the additive inverse of z + H ([, I3).
Hence, (G(I1, I2)/H(I1, I2), ®) is a refined neutrosophic group. O

Example 2.12. Let G(I1, I2) = (Z(I4, I2), +) be arefined neutrosophic group of integers and let H (11, I3) =
27(1I1, I>) be its refined neutrosophic subgroup. By definition,

G(Il,IQ) = {(a,bIl,cIQ) :a,b,cEZ}
H(IlaIQ) = {(I7y117212) Zl’,y,ZGQZ}

Simple computations show that

G(Il,fg)/H([l,]z) = {(0,011,012) + H(Il,lg), (17011,()]2) + H(Ihfg),
(0,1,,013) + H(I1,12),(0,011,I5) + H(Iy,I2),(1,1;,013) + H(I3, I5),
(1,011, I2) + H(I1, I2), (0, I1, I2) + H (I, I2), (1, Iy, I2) + H(I1, I2)}.

It can easily be shown that (G(I1, Is)/H (11, I2),+) is a refined neutrosophic group.

Theorem 2.13. Let H (11, I5) be a refined neutrosophic subgroup of a refined neutrosophic group (G(11, I5), .).
Then the mapping ¢ : G(I1, Is) — G(I1,I2)/H (11, I5) defined by

¢(z) = 2H(I1, L) Vz € G(I1, 1)
is not a neutrosophic homomorphism.
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Proof. Letx,y € G(I1,I3). Then

d(zy) = xyH(I1,I2)
= JZH(Il,Ig)yH(Il,Ig)

= P(x)o(y).
But then,
o(l;) = LH(L,Iz),i=1,2
#+ 1.
These show that ¢ is not a neutrosophic homomorphism. O

Remark 2.14. Since ¢ in Theorem 2.13 is not a neutrosophic homomorphism, it follows that its kernel, Ker¢
does not exist and the quotient G (I, I5)/Ker¢ cannot be found. Hence,

G(I, L)/ Kerg % ¢(G(1h, I2)).

This shows that 1st isomorphism theorem for classical groups does not hold in the refined neutrosophic groups.
2nd and 3rd isomorphism theorems for classical groups equally do not hold in the refined neutrosophic groups.

Theorem 2.15. Let H (11, I5) be a refined neutrosophic subgroup of a refined neutrosophic group (G(I1y, I3), +).
Then the mapping ¢ : G(I1,Iy) — G(I1,12)/H (11, I5) defined by

¢(x) =z + H(I, 1) Vo € G(I, I5)
is not a neutrosophic homomorphism.

Theorem 2.16. Let (G(I1, I2),+) be a refined neutrosophic group and let (G(I), +) be a neutrosophic group
where I = xIy + yly with x,y € R, C. Let ¢ : G(I1, I5) — G(I) be a mapping defined by

Y((a,zl1,yl2)) = (a,(x +y)I) Y(a,zl,ylz) € (G(I1,12) with a,z,y € G.
Then 1) is a group homomorphism.

Proof. Obviously, ¢ well defined. Suppose that (a, xI1,yIs), (b,uli,vl3) € (G(I1,I3). Then

Y((a,zh, yle) + (byul1,vl)) = Y((a+b,(x+u),(y+v)2))
(a+b,(x+u+y+v)l)

(a, (z +uw)I) + (b, (y + v)I)

= Y((a,xzl1,ylz)) + (b, ul,,vl)).

This shows that 1) is a group homomorphism. O

Remark 2.17. From Theorem 2.11 it follows that

Kery = {(a,ali,yls) : ¥((a,2l1,yl5)) = (0,01)}
= {(a,xh,yb) : (a,(z +y)I) = (0,00)}
= {(0,zf,—zI) :z € G}

which is a subgroup of G(Iy, I3). The mapping ¢ : Kery) — G defined by ¢((0,z1;, —xz13)) = x is a group
isomorphism that is Ker¢ = G.

3 Conclusion

In this paper, we have studied refined neutrosophic quotient groups. We have shown that the classical isomor-

phism theorems of groups do not hold in the refined neutrosophic groups. Also, we have established existence
of classical morphisms between refined neutrosophic groups G(I1, I3) and neutrosophic groups G(I).
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4 Appreciation
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