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Abstract

This article presents a focused investigation of type-1 neutrosophic sets, derived from classical sets by introduc-
ing an indeterminacy component, I. type-1 neutrosophic sets generalize classical set theory by incorporating
four-valued logic, which was generated by Boolean logic in our work. This work will appear in the future.
As we know, a neutrosophic set is based on a many-valued logic defined by three independent membership
functions: truth, indeterminacy, and falsehood. This work systematically re-examines and consolidates foun-
dational research conducted between 2024 and 2025, isolating type-1 structures from the broader frameworks
of type-2 and type-3 neutrosophic sets for clearer axiomatic and theoretical development. We establish core
concepts, terminology, operations, and properties specific to type-1 neutrosophic sets, constructing and ana-
lyzing the type-1 neutrosophic Cartesian product. In addition, we introduce and investigate the properties of
type-1 neutrosophic ordered pairs and their corresponding products. This foundation formally defines type-1
neutrosophic relations and neutrosophic partially ordered relations, establishing their core properties. Fur-
thermore, the article explores type-1 neutrosophic functions, detailing their various types, including injective,
surjective, and bijective functions and their respective properties. A significant focus is placed on invertible
neutrosophic functions, where we examine the conditions for invertibility and prove key related theorems.By
focusing exclusively on type-1, we aim to create a more dynamic and effective foundation for application
across diverse neutrosophic fields, including neutrosophic algebra, number theory, and logic. This focused
approach is intended to open new research pathways within the neutrosophic sciences.

Keywords: Type-1 Neutrosophic Set and their properties; Operations on Type-1 Neutrosophic Set and Their
Properties; Cartesian Product of Type-1; Neutrosophic Relations of Type-1; Neutrosophic Functions of Type-
1; Invertible Netrosophic of Type-1

1 introduction

Neutrosophic science, pioneered by Smarandache nearly three decades ago, arose as a broad generalization
of intuitionistic set theory and logic. At its core lies the triadic membership framework of truth (T), indeter-
minacy (I), and falsehood (F)1>"1320 This foundational paradigm inspired the construction of neutrosophic
algebraic structures—such as groups and rings—developed in collaboration with other scholars 112 Within
this framework, the type-1 Neutrosophic Set (T1NS) represents a specialized branch of Neutrosophic Set (NS)
theory. NS itself extends both Intuitionistic and Fuzzy Sets, being grounded in Neutrosophic Logic and char-
acterized by three independent membership degrees: (T), (I), and (F) 12112220 This independence distinguishes
NS from Intuitionistic Sets, which are constrained by (7' + F < 1) and from Fuzzy Sets, which rely
on a single membership value*!’ For comparative analyses, see”® The algebraic foundation of neutrosophic
theory employs neutrosophic numbers of the form N = a + b, where [ is an indeterminate literal satisfying
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I? =Tand 0- I = 0, as established in"213 Building on this foundation, our formal development of Type-1
Neutrosophic Set Theory (Sections 2 and 3) follows the principles outlined in'*¥ Specifically, we define the
type-1 neutrosophic Cartesian product, examine its properties, and employ it to construct neutrosophic rela-
tions and partially ordered relations. We then extend the framework to neutrosophic functions, exploring their
classifications including bijective functions and related theorems—as well as invertible neutrosophic functions
and their associated properties. Philosophically, the notion of indeterminacy (I) reflects the recognition of
uncertainty and partial knowledge inherent in reality, demanding nuanced judgement. This principle is rooted
in philosophical neutrality, which asserts that between any two opposites (A) and (Anti-A) lies a continuum
of neutralities (Neut-A) 121820 The evolution of this idea follows Zadeh’s introduction of the fuzzy set?! and
Atanassov’s formulation of the Intuitionistic Fuzzy Set'%! For further sources in the literature on set theory,
see, for example,.” L2

2 Basic Concepts of Algebraic Structure of Types-1 Neutrosophic-Sets

In this section, we introduce the ideas of type-1 neutrosophic set theory based on classical set theory and
establish the basic terminology and notation for type-1 neutrosophic sets, such as type-1 neutrosophic sets
generated by any classical set supply the indeterminacy concept. Type-1 neutrosophic set usage: When some
information is not the whole truth nor fully false, but contains unknown information or a lack of knowledge.
The following terminologies, like type-1 universal neutrosophic set, type-1 emptying neutrosophic set, type-
1 neutrosophic subset, type-1 complement neutrosophic set, type-1 neutrosophic complement, type-1 family
neutrosophic set, with their properties, theorems, and examples.

Definition 2.1. "' [Type-1 Neutrosophic Set] Let A be a classical set, then:
Alll ={a1 + a2l : a1,a2 € A}

is called a neutrosophic set of type-1, and denoted by A[I] which generated by A and indeterminacy I. Each
element of A[]] is called a neutrosophic element.

Remark 2.2. From now on, we will use the terminology * neutrosophic set” for abbreviation, instead of a”
type-1 neutrosophic set”, if no confusion, throughout this article.

Example 2.3. refl Let A be a classical set, given by A = {1, 2, 3}. Then, the neutrospohic-set A[I] is given
by:
Al = {1+ 1,1 +20,1+31,2+ 1,2+ 2,2+ 31,3+ 1,3+ 2,3+ 3I}.

Example 2.4. "'Let A = {0, 1,2} be a classical set. Then, the A[I] is given by:
AlIl={0,1,21,1,2I,1+ 1,1+ 21,2+ 1,2+ 2[}

Definition 2.5. ' Let U be a universal classical set, then:

Ul ={uy +uol : up,us € U}
is called a universal neutrosophic set generated by U and indeterminacy /.
Definition 2.6. ' Let ¢ be an empty classical set, then:

O] = {ur +uol s uj,us € ¢} = ¢

is called a empty neutrosophic set generated by ¢ and indeterminacy 1.

Definition 2.7. " Let A[I] and B[I] be two neutrosophic sets.generated by A, B, and indeterminacy I respec-
tively, then the neutrosophic set equality is defined by:

All] = B[I]«<=A = B.

Definition 2.8. ' [Type-1 Neutrosophic Subset] Let A[I] and B[I] be two neutrosophic sets. Then we said
that A[I] is a neutrosophic subset of B[I], if:

Al € BI] <= A[I)(Va)(a € All]=>a € B[I]).
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Theorem 2.9. ' If A C B, then A[I] C BII].

Proof. Suppose that A C B. Assume that a € A[I]=-Ja;,as € A, such that a = a1 + a2/, and indetermi-
nacy I =>a € B]I]. Therefore, A[I] C B[I]. O

Theorem 2.10. ' Let A[I] and B[I] be two neutrosophic sets. Then:
A[ll = B[I] < (A[I] c B[I]) A (B[I] C A[I]).
Proof. Suppose that A[I] = B[I] «< A=B < (JASB)A (B C A)
< (A[I] C B[I]) A(B[I] C A[]]. O
Theorem 2.11. ¥ Let A[I], B[I] and C|[I] be three type-1 neutrosophic sets. Then:

1. A[I] = A[I] (Reflexivity of type-1 neutrosophic equality).
2. If A[I| = B[I|=>B|I] = A[I] (Symmetry of type-1 neutrosophic equality).
3. If (A[I] = B[I]) A (B[I] = C[I])=A[I] = C[I] (Transitivity of type-1 neutrosophic equality).

Proof. 1. Suppose that A[I| = A[l] <= A=A < (ACANACA
— (A[I] C A[I]) A (A} C A[T)).

2. Presume that. (A[I] = B[I]|=A=B=(ACB)A(BCA)
= (B C A) A (A C B) =(B[I] C A[I]) N(ASBN) =-B[I] = A[I].

3. Assume that. (A[I] = B[I]) A (B[I] = C[I])

= A=C=A[I]=C[I].
O

Remark 2.12. We note that the relation of equality for a type-1 neutrosophic set is atype-1 neutrosophic set
is a neutrosophic transitive relation.

Theorem 2.13. ' Let @[I] be a type-1 empty neutrospohic set, then:

1. ¢[I] C A[I], where A[I] is any arbitrary type-1 neutrosophic set.

2. The type-1 empty neutrospohic set ¢[I] is unique.

Proof. 1. Suppose that a € A[I]. Then the premise: a € ¢[I|=—TF a1, as € ¢ such that a = a1 + a2, and
indeterminacy /. But ¢ is an empty set, therefore there are no elements such as a1, a2 € ¢ satisfy the
property. a = ay + asl, and consequently. Premise is false Va. Therefore, the statement
(Va) (a € ¢[I] =>a € A[I] is true. Thus ¢[I] C A[I].

2. To prove that uniqueness. Suppose that ¢1[I] and ¢,[I] are two type-1 empty neutrosophic sets, then
by part-1, We have:
(¢1[I] € @2[I]) A (92[I] C dr1[I])==¢1[I] = d2[I].
O

Definition 2.14. ' [Type -1 Neutrosophic Complement] Let A[I] be a type-1. neutrosophic set. Then, the
type-1 neutrosophic complement set is denoted by A°[I] and defined by:

AUl ={a:a ¢ AllhacUlll}={a:a¢ ANacU}.
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Example 2.15. "' Let U = {a,b, c,d,e} and A = {a, b, d} be two classical sets. If a ¢ A, implies that
a € A = {c,e}. Then we have,

AT ={c+cl,c+el,e+cle+el}

. Where
Ull={a+al,a+bl,a+dl,b+al,b+bl,b+dIl,d+al,d+bl,d+dI}

Definition 2.16. "V [Type-1 Neutrosophic Power Set] Let A[I] be a type-1 neutrosophic set. Then, the type-1
neutrosophic power-set is defined by:

P(AlI]) = {EII]: BT} € AlI}}.

Example 2.17. Y Let U = {a,b,¢,d,e} and A = {a,b,d} be two classical sets. Then: x € A implies that
x € A® = {c, e}. So, we have,

AT ={c+cl,c+el,e+cle+el}

And
Ull={a+al,a+bl,a+dl,b+al,b+bl,b+dIl,d+al,d+ bld+ dI}.

Theorem 2.18. /' Let A[I] be a type-1 neutrosophic set. Then:

1. AC[I] = A[I],
2. U°[I] = ¢[1], and

3. ¢°[I] = U[I], where A is any arbitrary classical set and U is any arbitrary universal classical set.

Proof. 1. Suppose that U[I] is any arbitrary universal neutrosophic set, where U is any arbitrary universal
classical set such that A[I] C U[I], when
A C U. To show that A [I] = A[I]. Suppose that 2 € A°[]]
=1 € A°[l|=x € A[l]=A°"[I] C A[I.
Conversely, assume that. 2 € A[l|=x € A°[[|=x € A []]
limpA[I] C A°°[I]. Therefore, A" [I] = A[I].

2. Suppose that. ¢°[I] # U|[I]
—3z € ¢°[I] Az € U[l] =3z € ¢[I] Az € U[]]
=JrecpANIJzecU=3z € (¢ ANU) =3z € ¢. But ¢ is an empty set. Therefore, ¢°[I| = U|[I].

3. By the same argument.

Definition 2.19. 25 Let U[] be any type-1 neutrosophic universal set and,
I={1,2,3,...}. Define a type-1 neutrosophic set by:

F={Aull]| Aall] S Uall),a €1},

Where:

i. F is called a type-1 neutrosophic family of neutrosophic sets,

ii. [is called an indexing set for the type-1 neutrosophic family.
Definition 2.20. 22/ Let U = {A,[I] | o € I} be family of type-1 neutrosophic subsets of A, [I].we said that
U is a type-1 neutrosophic partition of A[I], if satisfies the following conditions:

i. Ayl # ¢lI],Va €1,
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ii. For each A,[I] and Bg[I], then either
AalI] = BglI] or Ao[I] N B[I] = ¢[1].

iii. A[I] = UAq[I].Va € 1.
Example 2.21. 23 Consider the following type-1 neutrosophic:
Al = {1+ 1,1+ 20,1+ 30,2+ 11,2 + 21,2 + 31,3 + 11,3 + 21,3 + 31}
With the following neutrosophic subsets of A[I]
Al ={1+1,1+2,1+3I},

A[T] = {24 11,2 + 21,2 + 31},

And
As[I] ={3+1,3+2I,3+3I}.

We note that, U = {A;[I], As[I], A3[I]} is a neutrosophic partition of A[I] , because
All] = A [T] U AT U As[I],
AT N Ao[I] = o1],
ALl N Asll] = o],

And
Ao[I] N A3[I] = o[I].

While the following neutrosophic subsets of A[I]
A1 ={1+11,2+ 21,3+ 31},

A[T] = {24 11,2 + 21,2 + 31},

And
As[I={3+ 11,2+ 11,3+ 21}.

are not neutrosophic partition of A[I].
Definition 2.22. 25/ Let A,[I]),a € T, where T = {1,2,3,...,n} be a sequence of finite type-1 neutrosophic

sets. Define the finite general type-1 neutrosophic union as follows:

U Aall] = A0, (1 U Ag, [T1U Ao, [T U ... Ay, [1).
aE]I

Definition 2.23. 25 Let A,[I]), « € I, where T = {1, 2,3, ...} of countable infinite type-1 neutrosophic sets.
Define the countable infinite neutrosophic union as follows:

U Aall] = A0, (1 U Ag, (1] U Ao, [T U ... A, [T U.....
aGH

Definition 2.24. 23/ et U = {A,€ [[I] : o € I} be a type-1 neutrosophic family of indexed sets. Define
arbitrary type-1 neutrosophic union as follows:

U Aalll = {z: 3a el3 2 € AueI[1]}.
acl

3 Operations on Type-1 Neutrosophic Sets and Their Properties

One of the most interesting and useful facts about classes is that under the operations of union, intersection,
and complementation, they satisfy certain algebraic laws from which we can develop an algebra of classes. In
this section, we will see the fundamental operations, such as type-1 neutrosophic union, type-1 neutrosophic
intersection, type-1 neutrosophic difference, and type-1 symmetric difference, along with their properties and
examples.
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3.1 Type-1 Neutrosophic Union and Intersection

Definition 3.1. 22 [Type-1 Neutrosophic Union] Let A[I], and B[I] be two type-1 eutrosophic sets. The
type-1 eutrosophic set union is defined by:

A[NUB[) = {z: 2 € A[I] Vz € B[]}

Remark 3.2. If z € (A[I]UB[I])<:>EI x1,x9 € AVdxy,x9 € Bsuchthatx = x1+x21, and indeterminacy
I <3 x1,29 € (AV B), and indeterminacy /.

Example 3.3. #2 Let A = {1,2,3} and B = {3, 4,5} be two classical sets. Then the type-1 neutrosophic sets
A[I] and BJ[I] are given by:

Al ={1+I1,1+2[,1+31,2+1,2+21,2+ 31,3+ 1,3+ 2I,3+3I}.

And
B[I|={3+31,3+4I,3+5I,44+31,4+41,4+ 51,5+ 31,5+ 41,5+ 5I}.

Then the type-1 neutrosophic union is given by:

1+1,1+21,1+31,1+41,1+5I,
24 1,2421,2+31,2+4I,2+ 51,
A[IJUB[I = { 34+1,342I,3+3I,3+4I,3+5I,
A4 1,4+204431,4+41,4+5I,
541,5+21,5+31,5+4I,5+5]

The following theorem presents the primary properties of the type-1 neutrosophic union.

Theorem 3.4. ' Let U[I] be a type-1 neutrosophic universal set. Consider the three Type-1 neutrosophic
subsets of U[I] such as A[I], B[I], and [I],respectively,then:

1. A[I) ¢ A[I]U B[I).

BII] ¢ A[I]U B[].

All] = A[I U B[I]«=BII] ¢ A[l]

A[I] = A[I) U A[I] " type-1 Neutrosophic idempotent”.

A[IlU B[I] = B[I| U A[I] ” Type-1 Neutrosophic commutative”.

S

(A[IlUB[I])) UC[I] = A[I]U (B[I] U C[I]) ” Type-1 Neutrosophic associative”.

Proof. 1. Assume that x € A[I].
=3Jx1,29 € A D x = 21 + 221, and indeterminacy I.
=—=Jx1,290 € AV Ix,29 € B> 2 =21 + 221, indeterminacy I.
= € A[I]V x € B[I].
==z € (A[I]U B[I]). Therefore, A[I] C A[I]U B[I].

2. Analogously, as in proof 1.

3. Suppose that A[I] = A[I] U B[I] and z € B[I]. By part (1), we have, B[I] C A[I|U BII].
By hypotheses, we get, B[I] C A[I]. Conversely, consider B[I] C A[I].
Assume that z € (A[I] U B[I]).
[

=z € A[I]|Vz € B[I].

=z € A[I| Ve A[ll.

=1z € A[I]. Therefore, A[I|U B[I] C A[I].
But A[I] C A[I] U BI]. So, A[I|U B[I] = A[I].

4. Obviously.

DOI: https://doi.org/10.54216/1JNS.270242 516



International Journal of Neutrosophic Science (IJNS) Vol. 27, No. 02, PP. 511-541, 2026

5. Suppose that x € A[I] U B[I]
<z € A[I]V z € B[]
< 3Jxy,20 € AV Iz, 29 € B> x =121+ 221, and indeterminacy I
< dx1,20 € BVIxy, 29 € AD x =21 + 221, and indeterminacy [
<=z € B[I]Vz e All]
—zc (A[I] UB[I]).

6. Assume that ((A[I] U B[I]) U C[1]).
<z e (A[I[JUB[I)) Uz € C[1].
< (z € AlIl] vz € B[I]) Vz € C[I].
(Elrrl,acgGA\/Ele,:EQEB)vﬂxl,xgeCBx:xl + x51, and indeterminacy I.
<= 3wy,20 € AV (31,20 € BV 3zy, 33 € C) 3 x = 21 + 221, and indeterminacy 1.
<z € A[IlV (z € B[I]Vz € C[I)).
<z € AlI] vz e (B[I]VC[I]).
e (AU (B UC[))).
]

Definition 3.5. 2 [Type-1 Neutrosophic Intersection] Let A[I], and B[I] be two type-1 neutrosophic sets.
The type-1 eutrosophic set intersection is defined by:

AN B[ = {z: 2 € A[I] Az € B[]}

Remark 3.6. If 2 € (A[I] N B[l])<=a € A[l] Az € B[l] <=3x1,20 € AN 3z, 22 € B such that
x = x1 + 221, and indeterminacy I <=3 1,25 € (A A B), and indeterminacy .

Definition 3.7. 25 [Type-1 Neutrosophic Disjunctive] Let A[I], and B[I] be two type-1 neutrosophic sets.
Then A[I], and B[I] are called neutrosophic disjunct sets, if

A[I) N B[] = ¢[1).

The following theorem gives us the main properties of type-1 neutrosophic sets intersection.

Theorem 3.8. 25 Let U[I] be a type-1 neutrosophic universal set. Consider the three Type-1 neutrosophic
subsets of U[I] such as A[I], B[I], and C[I],respectively,then:

1. AIlNB[I] C A[I].

BlI|n B[I] B[]

A[l] = A[I] n B[I]<==A[l]  BI.

A[Il = A[I| N A[I] ” type-1 Neutrosophic idempotent”.

A[Iln B[I] = B[I| N A[I] ” Type-1 Neutrosophic commutative”.

SN

(A[I]n B[I]) N C[I] = AlI] N (B[I] U C[I]) ” Type-1 Neutrosophic associative”.

Proof. 1. Assume that z € (A[I] N B[I]).
= (z € AlI] A € B[I)).
= (3z1,22 € A) A (321,32 € B) 5 x = 31 + 221, and indeterminacy 1.
—3Jxi,20 € A D x = x1 + 221, and indeterminacy I.
=z € A[I] > x = x1 + 21, and indeterminacy 1.
Therefore, A[I] N B[I] C A[I].

2. Similar to the proof in the part 1.
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3. Suppose that A[I] = A[I] N B[I] and = € A[I].
By part (1), we have, A[I| N B[I] C BII].
By hypotheses, we get, A[I] C B[I]. Conversely, consider A[I] C B[I].
Assume that z € A[I].
=3Jx1,22 € A S x1 + x21, and indeterminacy .
=—3dx1,22 € B 3 z1 + 221, and indeterminacy I .
=3dx1,22 € AN Tz, 22 € B, and indeterminacy 1.
=z € A[I] Az € B[I].
=z € (A[I]n B[1]).
= A[I] C A[I] C B[I].
But, A[I] N B[I] C A[l].
Therefore A[I] N B[I] = A[I].

4. By the same techniques.

5. Suppose that z € A[I] N B[I].
<z € A[I] Az € B[I].
< 3Jx,20 € ANT, x1,29 € B> x =21 + 221, and indeterminacy I.
<~ 3Jx1,20 € BAJxy, 29 € AD x = 21 + 221, and indeterminacy I.
<=1z € B[I] Nz € A[I].

<z € B[I] N A[l)).

ez e (AN Bm).

6. Assume that z € ((A[I] N B[I]) N C[I]).
=z € (A[I]NB[I]) Az € C[I].
= (z € All] Az € B[I]) Az € C[I].
= (321, 22A AT w1, 25 € B) AJzq, 33 € C 3 @ = 21 + 221, and indeterminacy .
=3z, 22 € A) A (Fw1,22 € BAFzq, 23 € C) 3 x = 31 + 221, and indeterminacy 1.
=z € A[I]A (z € B[I] Az € C[I]).
=z € Al A (x € B[I] AC[I]).
=z € (A[I] A (B[] A C[)).
=z € (A[I]n (B[] nC[]).
Therefore, (A[I] N B[I])C[I] c A[I]n (B[] NC[I]).
By a similar method, we can prove that:
AlIln (BlIIAC)) C (AN B[I]) N C[1].
And consequently, (A[I] N B[I]) NC[I] = A[I] N (B[I]NC[I]).

O

The following theorem gives us the main properties of the connection between type-1 neutrosophic union and
type-1 neutrosophic intersection.

Theorem 3.9. 25 Let U[I] be a type-1 neutrosophic universal set. Consider four type-1 neutrosophic subsets
Alll], B[I], C[I], and [I] of type-1 neutrosophic universal set U[I]. Then:

1. Al (BIIJUCIT)) = (AN BII)) U (A[I] N C[T)).
2. A[IJU (B[] N C[I)) = (AU B[I]) N (A[T) U C[T]).

Proof. 1. Consider z € (A[I] N (B[I]UC[I])).
=z € A[l] Az € (B[IJUCI]).
=z € A[I] A (z € B[I]V z € C[I])
:>(31’1,z2 S A) A (Elxl,xg € BgV 3z, xp € C’) S & = x1 + x21, and indeterminacy I.
:>(Eix1,zg € A) A (Elxl,:rg € B)) Vv ((Ela:l,zg € A) A (Elxl,xg € C’)) S x = w1 + 221, and
indeterminacy I.
= (z € All] Az € B[I]) V (z € A[I] Az € C[I)).
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= € (A[{]B[I]) Vv z € (A[I] A C[I]),

= € ((A[[] A BlI)) v (A[I] A C[1])),

= € ((A[/] N B[I]) U (A[I] N C[1])).

Therefore, z € A[I] N (B[I]UC[I]) C (A[I]n B[I]) U (A[I] N C[I)).
Conversely,Assume that. « € ((A[I] € B[I])(A[I] N C[I])).

= € (A[[]N B[I]) vz € (A[I] € C[I]).

=z € A[I] ANz € B[I])V (z € A[I] Az € C[I)).

= ((Fz1,22 € A)A(Fx1,20 € B))V ((Fz1, 22 € A)AN(Tx1,20 € C)) D2 = 21 + 221
= ((Az1, 22 € A)(Fz1,22 € B)V Iz, € C)) D x =71 + T21.

=((Fz1,22 € A) A (Elxl,:cg € (BVvQ)))dz=ux1+ a2l

= (z € A[JI] A (z € (B[] v C[I]))).
= € (A[I] A (B[I] v C[I))).
= € (A[I] N (B[I]UC[I))).
= € (AlI] A (B[I] vV C[I])).
= (A[I] A B[I)) U (A[I]n CUN)A[I] N (B[I] U C[]).
Therefore, A[I] N (B[I|UC[I]) = (A[I] N B[I]) U (A[I]nC[I]).
O
Theorem 3.10. 25 Let A[I], B[I], C[I], and D|I] be four type-1 neutrosophic sets.
If A[I] C B{I], and C[I] C D[I]. Then:
1. A[IJUC|I] € B[] U DI, and
2. A[IlNC[I] ¢ BlI]n D[]
Proof. 1. Suppose that A[I| C B[I], and C[I] C D[I]. Assume that z € (A[I] U C[I]).
= (z € A[l]) V (z € C[1]).
= (= € B[I]) v (= € D[I]).
—=z( € (B[I]UDII)).
= A[IlUC|[I] C B[I]U D[I].
2. By a similar method.
O

The following theorem generalizes De Morgan’s theorem from classical set theory to neutrosophic classical
set theory.

Theorem 3.11. 2= Let U[I] be a type-1 neutrosophic universal set. Consider A[I], andB[I] C U[I]. Then:

1. (A[IJUB[I))® = A°[I) N B°[I), and

2. (A1 n B[I])® = A°[I] U B[]].

Proof. 1. Suppose thatz € (A[I] U B[I])".
<z ¢ (A[I]UB[I]).
< (z ¢ AlI] Az ¢ B[I)).
<=1 + a2l € A°[I| Axy + 221 € Be[I].
<~z € A°[I| Az € B°[I].
>z € (A°[I] N B°[1]).

2. By the same techniques.
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Theorem 3.12. 25 Let A, [I], o € T be a type-1 neutrosophic family of indexed set and B[I] be a type-1
neutrosophic set.
If B[I] C Aq[I)),Va €1, then B[I] C NA,[I]),Va €1

Proof. Suppose that B[I] C A,[I]),Va € I, and assume that € B[I], “neu-hypo”.

=z € A,[I],Va € Tquad "NPy” from” Neu — hypo”.

=x€ Api[I| Nz € Apa[I| Nz € Ans[I| N ... € Agp[I] A ... ,Va €L, "NPy” from” NP;”.
—x € NAu[I],Ya €I, ”NPsy” from” NPy".

= B[] C NAL[I],Ya €I, "NC” from "NP5". [

Theorem 3.13. 25 Let A, [I], o € 1 be a type-1 neutrosophic family of indexed set. Then:

N
—
D

b
2
=

|

U(Aa[I])", Yo € 1. Where the components of complements are taken in U [I].

Proof. Assume thatz € (U A, [I])C, “neu-hypo”.
=z € (U[I] — (Au[1])), Va €l, ”NPy”from”neu — hypo”.
(X eU[I ) Nz ¢ ( )),Va el, ”NPy” from”NP,”.
=x ¢ (Au[1])),Va €L, “NP," from” NP5
=x € (Au.[1]))",Va €L, "NP;”from”NPy".
=x € N(Au[1]))",Ya €I, "NPg" from”NP5".
— (UALT)® € A(AD))’. "NC,” from” NFy.
Supposethat x€ N(Aa[I])°,  “neu-hypo”.

C

=z € (A [I]) , "NPy” from”neu — hypo”.

—=x¢ ( ) ”NPy” from” NP,”.
—x¢ U(Au[T]), "NPy” from” NPy”.
—sxe u( 1)° ”NP " from” NPy".
=N (A, ) C

i ) , "NC3” from” NP,”.
Therefore( [I]) ( ol ])C

2. By the same way. O

Theorem 3.14. 25 Let A, [I], o € Tand Bg[1), B € J be two type-1 neutrosophic family of indexed sets. Then:

1. (UALI],a € T) N(UBg[I], 8 € J) = Uy, gl (Aall] N BslI]).

2. (NAall,a € ) U(N BglI], B € ) =N, ge@x]y (Aal] U Bgll)).

Proof. 1. Assume that x € ( U ,a € H) (U BglIl], € J)), “neu-hypo”.

=z e (U ,ael)Ax e (U BglI],p € J)), ”NPy” from”neu — hypo”.
= Faclazec Aa[ )A(3Bel>xe Bgll]), “NPy from”NP;".

= (3(a,8) €Ix T2 € (AI] A Bg[l])), “NP3” from”NP,”".

= (3(a,8) €Ix T2 e (AIINBg[I])), “NP,” from” NPy

:>( Xe U(a,ﬁ)EHXJ(AO‘[I] N B,(i’[[])), ”NP5”from”NP4 ”

= (UALI,a e ) N(UBg[I],B€l) C Ula,gyedxd) (Aa[I] N Bg[1]), 7"NCy” from” NP,”.
Conversely, supposethat x& Ulagyexd) (Aa [I]N Bg [[])7 "neu-hypo”.

= (3(e,8) €Ix T >z € (AI]N Bg[1])), “NPy” from”neu — hypo”.

= (3(a,8) €IxT > e (A[I] ABg[l])), “NPy” from”NPy”.

= FaclazcAJI) A BB el>ze Bsll]), “NP3 from”NP,".
=x€ (UALI,a€l) Az e (UBglI],B € J))7 "NP,” from” NPs”.
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—xe ((UAalll,a € D) N (UBslI,BE€T)), "NPS" from™ NPy ™.
=U medxd) (Au[1]NBg[I]) C (VAL[I],a € I)N(UBg[I], € J), "NCs” from” NP5”. Therefore,

(VAL aeT)n (U Bl B €T) = U, gedd) (Aall] N BslI]).

3.2 Type-1 Neutrosophic Difference and Symmetric Difference

Definition 3.15. 25 Let A[I] and BJ[I] be two type-1 neutrosophic sets. Then the difference of a type-1
neutrosophic sets of A[I] and B[] is defined by:

Al = B[l = {z : (z € A[I]) A (z € BI))}.

Remark 3.16. If v € A[I]| - B[I|<=((3x1,22 € A)A(Fx1,22 € B)) > x = x1 + 221, and indeterminacy
1. The following theorem gives us the main properties of type-1 neutrosophic difference.

Theorem 3.17. 25 Let U[I] be a type-1 neutrosophic universal set. Consider two type-1 neutrosophic subsets
Al[ll, and B[I] of U[I]. Le., A[I],B[I] C U[I]. Then:

2. A[Il - B[I] C A[I]

3. B[I] - A[I] C B[]

4. All] - B[I] = B[1] — A°[1]

5. A[I] — B[I] = A[I] N B[]

6. A[IlN B[I] = A[I] — (A[I] — B[I])

7. A[IlUB[I] = A[IlU (B[I] — A[I])

8. A[I]l — B[I] = A[I] — (A[I]n B[I))

Proof. 1. Consider z € (A[I] — ¢[I])

=z c Al A (z ¢ olI]).
(2 € A[I]) A (z € ¢°[I)).
< (z € A[I]) A (xz € U[I]).
<= (z € A[I]). Therefore,A[I] — ¢[I] = A[I].

2. Assume that:x € (A[I| — B[I]).
— (v € All) A (= ¢ BII)).
= (Jz1,29 € A) AN (Fz1,29 ¢ B) > x = x1 + 21, indeterminacy I.
=—=>(3z1,29 € A) > © = x1 + x21, indeterminacy I.
=1z € A[I]. Therefore, A[I] — B[I] C A[I].

3. By the same argument in part 2.

4. Assume that. z € (A[I] — B[I]).
> (z € AlI]) A (z ¢ B[I].
(T x1,22 € A) A (F21,22) ¢ B). = 21 + 221, indeterminacy I.
<3z, z0 ¢ A° (EI 21,29 € B 3 x = x1 + x21, indeterminacy 1.

=

( )
= (x ¢ A°U]) A (

( (

A
A

T

T

€ B°[I]) 3 « = x1 + x2[, indeterminacy
< (z € B°[I]) A (x ¢ A°[I]) > x = &1 + 21, indeterminacy I.
<=z € (B°[I]) — A°[I]). Therefore, A[I] — B[I] = B°[I] — A°[I].
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5. Suppose that = € (A[I] — B[I]).
= (z € All)) A (z ¢ B[I)).
<~ (Jx1,22 € A) A (Fx1,29 ¢ B>z = x1 + w21 , indeterminacy 1.
< (3x1,x2 ¢ A°) A (x1, 22 € B®) 3 x = x1 + 221, indeterminacy I.
< (x ¢ A°[I]) A (z € B[I]) > x = x1 + z2],indeterminacy I.
< (z € B°I]) A (z ¢ A°[I]) > = x1 + x2],indeterminacy I.
<1 € (B°[I]) — A°[I]). Therefore, A[I] — B[I] = A[I] N B°[I].

—(ze Al A (o ¢ (AlI] - BII))).

—(z € A[I]) A (z ¢ A[I]Vx € B[I)).

< (z € A[l]) A (z ¢ A[I]Vx € B[I)).

< (x € A[l]) N4(x € A°[I]Vx € B[I])

< (z e AllJAw € A°[I]) V (x € A[I] Az € B[I])
< (Fn) V (z € AlI] Az € B[I].

< (x € All] Az € B[I)).

<=uxe (A[I] N B[I]). Therefore, A[I] N B[I] = A[I] — (A[I] — B[1]).
7.H%mwmmxe(AUHMBU} Am»
(we AV (ze 1))
= (z e All]) Vv (JJEB /\xgéA[I])

(x € AlI]) V (z € BlI] Aw € A°[I]).
(x € AlIlVa € BII)) A (z € A[I] Az € A°[I)).
( ]V z e BI]) A (Fn).
1]V
[

g

I

I

x e A[l

IV z € B[I)).
INu

r €A
<ze (A BII]). Therefore, A[I] U B[I] = A[I]U (B[I] — A[I]).
)

]
]
]
]
]
Ju

8. Assume that x € (A[I] — (A[I]N B[I
= (z e All]) A (z ¢([]ﬁ 1)
= (w e A A ((z ¢ All]) V(z
(el (e A v
(xe Alll Az e ATV (z €
(Fn) V (zeA[]/\xéB[I])
(z € A[I] Az ¢ B[I]).
A[I] — BI]. Therefore, A[I] — B[I] = A[I] — (A[I] n B[I]).

]
)-
¢ B[I))).
¢ B[I])).
Al A (1)),

IIIIIIM

O

Definition 3.18. %2/ Let A[I], B[I] be two type-1 neutrosophic sets. Then the symmetric difference of A[I],
and B[] is defined by:
AL AB[I) = {x:z € Alll &« € B[I]}.

Remark 3.19. If x € A[I] A B[I] < (321,22 € A)® (Fx1,22 € B) 3 = 21 + 221, and indeterminacy
1. symbol @ means that the exclusive or, that is « € A[I] or x € B[I]. But not both. In other words,

A[I] & B[I] = A[I] U B[I]) — (A[I] 1 B[I].or
A[I] A BJI) = A[I] — B[I]) U (B[] — A[)).

Theorem 3.20. 25 Let U[I] be a type-1 neutrosophic universal set. Consider A[I], B[I], and C[I] C
UI).Then:

1. A[I] A& o[1] = A[I.
2. Al A A[I) = o[1).
3. (A[I) A B[I)) = (B[I] A C[I).

4. (Al A B[I) AC[I] = Al A (BII) A C[T))

A
A
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5. A[I] A BlI) = ¢[I]<=A[I] = B[l].

Proof- 1. A[I] A ¢[I] = (A[T] U ¢[I]) — (AlI] N ¢[I]) = A[I] — ¢[I] = A[I].
2. Tt is clear that by definition A[I] A A[I] = ¢[I].

3.
(Al1) & BII] = (Al U BI]) - (AlI] N BI])
= (A[I] A B[]
— (A[1]U BII)) - (A[1] N BII])
= (BUIJUAIT) - (BTN Al
= Bl A AL

4. and 5. By the same method.

O
Theorem 3.21. 25 Let A[I], B[I], and C|I] be three type-1 neutrosophic sets. Then:
1. AlI] = (B[I] N C[1]) = (AlI] = BI]) U (AlI] - C[]).
2. Alll = (BlIJuCll]) = (All] = B[I]) N (A[I] = C[I]).
3. AN (B[] - ClI]) = (A[I] capB[I]) = (AlI] N C[I])
4. AlIJu (B[] - C[I]) = (A[I]U B[I]) — (A[I][1])
Proof. 1. Presume: x € (A[I] — (B[] ﬂC[ 1)) "Neu-hypo”
I ¢ (B[I]NC[I])) ”"NPy”, from” Neu — hypo”
<=x€ A[I| A (z € (B[I)NC[I])¢) ”NPy”, from” NP,
<=xe€ A[I| A (z € (BC[I] UC®[I])) 7"NP3”, from” NPy’
<=x€ A[I|A (x € B°[I]Vx € C°[I]) ”NP,”, from” NP —3"
< xe AlI] ANz € BE[I])V (x € A[I] Az € C°[I]) ”NP35”, from” NP,”
—(xe AlI] Az ¢ B[I])V (x € Ax ¢ C[I))A[I] "NPg”, from” NP5’
<= (A[-B[IDU(A[I] — C[I]) ”NP;”, from” NPs"
A= (BIINCI)) = (A[I] - B[I])U(A[I]—C[I]) Conclusion from "Neu-hypo” into ” "NP7”.

2. By the same arguments.

3. Suppose that: z € ((A[I] N B[I]) — (A[I]N C[I])) “Neu-hypo”.
=z e (AN B[I) ANz ¢ (A[I]NC[I]) ”NPy” from” Neu — hypo”.
<=x€ ( IINBI) Az e (A[IINC[I]))¢ "NP2” from” NP,”.
<=xe (A[I]NB[I]) Az € (A°[I]UC®[I]) ”NP3” from” NP,”.
< xe A[I] Ax € B[I)) A (xz € A°[I]Vx € C°[I]) ”"NP” from” NPs.
= xe AI]Axz € B[I))A(x ¢ A[I]Vx ¢ C[I]) ”"NP5” from” NP,".
= xe AN (x ¢ A[I] ANz ¢ C[I])) ”NPs” from” NP5”.
—xe Al Nz ¢ A[I))V (x € AlI] Az ¢ C[I]) Ax € B[I] "NP;” from” NPs”.
< FnV(xe Al Nz ¢ C[I])) ANz € B[I] "NPg”from” NP;”.
<= ((x€ A[I] Nz ¢ C[I])) Nx € B[I] NPy’ from” NPs”.
——=XE A[ ] ( ¢C[ ]/\I'EB[ID NPlowa’Om”NPg”.
<=x€ A[I|A(z € BlI] Az ¢ C[I]) ”NP11” from” NPy”.
X € A[I] (.’E € ( [ — C[I])) ”NP12”fr0m”NP11”.

1]
<=xe (A[I]N(B{I] - C[I])) ”NPy3” from” NPiy".
SAIIN (B - C[I) = (AN B[I]) — (A[I]NC[I])  Conclusion from "Neu-hypo” into "NPy3”.

4. It can be proof by similar method.
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Theorem 3.22. 25 Let U[I] be a type-1 neutrosophic set, A[I] and B[I| be two type-1 neutrosophic subsets
of U[I] such that A[I| C B[I]| C U[I]. Then:

1. B[I] — A[l] = B[] N (U[1] — A[I]), and
2. U] - BJI] C (U[I] — A[Il.

1. Assume that z € (B[I] — A[I]) ,”Neu-hypo”.
= (z € B[I]) A (z ¢ A[I]) ,”NPy, from” Neu — hypo”.
—(xe B[I]) ,”NP,”, fronNP,”.
=(x ¢ A[I]) ,”NP3”, from” NPy .
Il — A[I]) ,”NPy”, from” NPs3.”
}

—=x € (U]
—(xe BlI)) Az e (U] - All]) ,"NP4", from’ NP’s"and’ NP'+4".
=x € (BI|N(U[I] — A[I])) ,”NPg”, from” NP5.

= B[I]-A[l] C B[I|N (U[I] — A[I]) ,” NCy”, from”neu — hypoand” N Ps”.
Conversely, Suppose that

x € (B[I|N(U[I] — A[I])) ,”Neu-hypo”.

= (z € B[I]) A (z € (U[I] = A[I])) ,”NPy”, from” Neu — hypo”

=x € B[I] ,"NPy”, from”NP,".

=x € (U[I] — A[I]) ,"NP3”, from” NP,”.

=xeUll|Az ¢ A[I] ,”NPy”, from” NP5".

=x¢ A[I] ,”NPs”, from” NP,”.

—xe B[I|Az¢ All] ,"NPg", from” N Pyand’ NPs”.

=x € (B[I] - A[I]) ,”NP;”, from” NP .

=-BUINU[I] — A[I])) C (B[] = A[I]) ."NCy”, from”neu — hypoand” NP;”.
s BlIl— A[I] = B[I|n (U[I] — A[I]) ,From ”NC;”and” NCs". O

Theorem 3.23. 25 Let A[I] and B[I] be two type-1 neutrosophic sets. Consider P(A[I]) and P(B[I)) are
type-1 neutrosophic power sets. Then:

1. 24U 9Bl — o(AlIN[I]),

2. 241y 2BU) ¢ 2(AUICBUD | for any A and B are classical sets. Furthermore, P(A[I]) or 2]
represents the exact notation of the typ-1 neutrosophic power set.

Proof. 1. Assume that E[I] € (2‘4[” N 2B,
(B[] € 2411) A (E[I] € 2BM1),
—(B[AI) A (B € BIT)
—E[I] C (Al N B[I)).
<:>E[I] c 2(A[I]ﬂB[I]).

Therefore, 241 N 2Bl = 9(AUINBLI])

2. Suppose that E[I] € (2411 y 28111,
— (B[] € 241 v (B[1] € 221,
= (E[I] C A[I]) v (E[I] € B[I]).

— Bl € (Al UBIT)).
— B[1] € 2ANUBI),
—24l1] | 2BlI] ¢ 2(AINBIT]),

O
Example 3.24. Let A = {a,b} and B = {c} be two classical sets. then the type-1 neutrosophic sets are given
by: A[I] = {a+al,a+bI, b+ al,b+bI}. and B[I] = {c + cI}, we see that 241! consist of:
* Type-1 neutrosophic-set of order-0: ¢o[I] = {}.

* Type-1 neutrosophic-sets of order-1: A;[I] = {a + al}, As[I] = {a + bI}, A3[I] = {b+ al}, and
Ay[I] =b+0l.
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* Type-1 neutrosophic-sets of order-2:
As[I] = a+al,a+ bI},Agll] = {a+al,b+al}, A7[I] = {a+al,b+bI}, A[lls = {a+bl,b+al},
Ag[[] = {a+b[,b+b[}, al’ldAlo[I} = {b—‘rﬂ,],b—FbI}

* Type-1 neutrosophic-sets of order-3:
Anfll={a+al,a+bl,b+al}, Aro[I] = {a+al,a+bl,b+bl}, A13[I] = {a+bl,b+al, b+bl},
and Ayu[I] = {a+bl,b+al,b+bl}.

* Type-1 neutrosophic-set of order-4:
Ags[I) = {a+al,a+bl,b+al,b+bI}. And 28] consists of:

* Type-1 neutrosophic-set of order-0:

doll] = {}.

* Type-1 neutrosophic-set of order-1:
B1[I] = {c+ cI}. We note that, 24171U25] has A neutrosophic order is equal to 18, and the neutro-
sophic order of 2(AU1BU) js equal to 32. Therefore, 2411 U 28] —£ 2(AUUBI]) |

4 Type-1 Neutrosophic Cartesian Product Sets and Some Type-1 Neutrosophic Relations

As intuitive thinking tells us, we can build a new object from two objects. For this reason, we are discussing in
this section the concepts of type-1 neutrosophic ordered pairs, type-1 neutrosophic Cartesian products, finite
type-1 neutrosophic Cartesian products, and their properties. In addition, we present new information on
type-1 neutrosophic relations.

Definition 4.1. ®'Let A[I] and B[I] be two type-1 neutrosophic sets. Define the type-1 neutrosophic order pair
for two neutrosophic elements a € A[I],b € B[I] as following:

<a,b> = <a1 + (12[, by + bal> = {{al,agl}, {{al,aQI}, {bl,bQ}}}

for some a1,a2 € A,b1,bo € B and an indeterminacy I. The neutrosophic order pair <a, b> is a type-1
neutrosophic set that are related to A[I] and B[I] respectively.

Definition 4.2. ¥ Let A[I] and B[I] be two type-1 neutrosophic sets. The type-1 neutrosophic Cartesian
product denoted by; A[I] x B[], and defined by:
A[I] x B[I] = {<a,b>:a € A[I] A b€ B[]}
= {<a7b> :daq,aq € A/\E'bl,bg S B,a =aj +a21,b: by +b2[}

Where [ is an indeterminacy.

Theorem 4.3. < Let A[I] and B][I] be two type-1 neutrosophic sets, and let <a,b> and <a',b'> be two type-1
neutrosophic order pairs belongs to AI| x B[I]. Then:

<a,b>=<d V><=a=d Nb=b<=(a; = a}] Naz = ah) A (by =V} Aby = b}).

Proof. Suppose that: (a1 = aj Aaz = ah) A (by = b} Aby = bh)=>a=a’ Ab=1b, Now,

<a, b> = <a; + asl, by + bol>.
= {{CLl, CLQI}v {{a/la GJQI}; {bla b?—[}}}
= {{a}, a5}, {{a}, a1}, {b}, 31} }}
=<a,b'>.
Conversely, assume that.<a, b> = <a’, b’ >

:<a1+a21,b1+b21>:<a'1+agl,b’1+b’2[>

:>{{a15 a2I}> {{ah azl, {ala a2l}}} = {{allv a/2]}7 {{a/h aél}v {blla b/QI}}}
{&1, CLQI S {{a1, ClQI}, {{al, CLQI}, {bl, bgl}}}
{ala GQI} € {{allv a/QI}v {{allv CLIQI}a bllv bIQI}}}

DOI: https://doi.org/10.54216/1JNS.270242 525



International Journal of Neutrosophic Science (IJNS) Vol. 27, No. 02, PP. 511-541, 2026

- {ar,asl} = {a}, dyT} V {ar, as} = {{a}, ab T}, {b, BoI} ).
Case 1. If {a1, as]} = {a}, dyT}—>{{a1, asl}, {b1, boI}} = {{a}, ab T}, (B, 5T} 1.

:>{a1,a21} = {a’l,a’QI} N {bl,bgl} = {bll,bgl}

:>((11 :/alllj\agbli CLIQ) AN (b1 = bll Nby = bl2)

—a=a No=10".

Case 2. If {a1, asI} = {{a}, abT}, b}, 051}

:>{{a1, GQI}, {bl, bg]}} = {bll7 bé]}

ZT{MJMf}j{ﬁbﬂ%}A{h»®f}={abaﬂ}

Hay,axl} = (Zl,(IQI .

—a1 = CLll Nag = ag).

Har,a0l} = {dl, a1}

:>(b1 = bll ANby = bl2)

:>(bl =ay1 Nby = CI,Q).

:>(b1 = bll Aby = b/Q) A\ (bl =0b; ANby = bg)

=a=d ANb=1. O

Example 4.4. ¥ Let A = {a,b} and B = {d} be two classical sets. Then the neutrosophic set of type-1 is
givenby: A[I] = {a+al,a+bl,b+al,b+bl}, and B[I| = {d+dI},and the neutrosophic Cartesian product
is given by: A[I] x B[I] = {<a+ al,d+ dI>,<a +bl,d+ dI>,<b+ al,d+ dI>,<b+ bl,d+ dI>}.
And

Bl x All] ={<d+dIl,a+al>,<d+dl,a+bl> <d+dl,b+al> <d+dIl,b+bI>}.

Observation. It is clear that from the definition and example, the following properties:

1. A[I] x B[I] # B[I] x A[l].
2. (A[I] x B[1]) = (A[1]) x (B[1]).

All] x olI] = ¢[I].
Theorem 4.5. 2 LetA[I], B[I], and C[I] be three type-1 neutrosophic sets.Then:

1. AlI] x (B[I] N C[1])

(AlI] x B[I]) N (A[I] x C[]).
2. AlI

x (BI]UC)) = (A[I] x B[I]) U (A[I] x C[I)).And

3. Al x — (A[1] x C[I)).

=
=
|
Q
=
]
=
=
=
=

Proof. Suppose that. <a, b> € ( [ ] x (B[N CI])) .’neu-hypo”

a€ ) (b € ( )) , ’NP;” from”neu — hypo”

ac A[I)) A (b € B[] /\ b eClI)) ,"NPy from” NP,

ac A[IJAbe A[I) A (a € A[I] Abe C[I]) ,"NP3” from” NPy”

ac Al Aac AI)) A (be BII)) Abe ClI]) ,”NP,” from” N Py”

ac AI|A(be BI|) A(be A[IIAbe C[I]) .,”NPs” from” N Py”
> Al ] B[] A <a,b> € A[I] x C[I] .,”NPg” from” NP5”

€ (Al1] x B N A[I] x O11)).
MHM mﬁCH)(AmXBmWNMHXCW)

MMM

1.
(
(
(
(
(
(

2. and 3. By the same argument in part 1.

Definition 4.6. * Let C[I] = A[I] x B[I] be a neutrosophic-set obtained from the Cartesian product of
A[I] x B[I]. A neutrosophic binary relation R is a neutrosophic-subset of C[I].

Remark 4.7. 1. If <a,b> € R<=aRb or R(a) = b, and we say that b is neutrosophic related to a or b
is in a neutrosophic relation with a.

2. If A[I] = BJ[I], then we say that R is a neutrosophic binary relation on A[].
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Definition 4.8. # Let R be a neutrosophic relation from neutrosophic set A[I] into a neutrosophic set B[/].
Define a neutrosophic domain of R, written NeuDom(R) as follows:

NeuDom(R) = {a € A[I]: 3b € B[I] > R(a) = b}.

Remark 4.9. If « € NeuDom(R)<=a € A[I|<=.3b € B[I| > R(a) =b.
<—daj,ay € AN d4,b1,b0 € B> R(a1 + agl) = R(al) +R(a21) = R(al) + R(ag)R(I) = b1 + baol.
For any indeterminacy [ and R(I) = I.

Definition 4.10. # Let R be a neutrosophic relation from neutrosophic set A[I] into a neutrosophic set B[I].
Define a neutrosophic co-domain of R, written NeuCdom(R) as follows:

NeuCdom(R) ={Vbe B[I]: Ja € A[I] 5< a,b>€ R C B[]}

Remark 4.11. If b € NeuCdom(R)<=b € B[I|<=3a € A[I]| > R(a) =b.
<=7 bl,bg € BA 3,&1,0,2 cA> R(al + (IQI) = R(al) +R(GQI)
= R(a1) + R(az)R(I) = by + baI. For any indeterminacy I and R(I) = I.

Definition 4.12. ® Let A[I] and B[I] be two neutrosophic sets. Consider <a, b> and <a’, b’'> be two neutro-
sophic order pairs belongs to R C A[I] x B[I]. Define a neutrosophic order relation as follows:

1. <a,b> < <d,b><=a<ad Ab<V
(:>(a1 <a’1/\a2<a'2)/\(b1 <b/1/\b2 <b2)

V<a,b>,<a’,b'> € R.
We say that the neutrosophic order pair <a,b> less than the neutrosophic order pair <a’,b'>. The
dualism of < is given by > .
2. <a,b> < <d V> (a<d AbLSV).
<:>(a1 <ayVa za’l) A (a2 < asVas za’z)

/\(bl <biVb = bll) AN (bg < bl2 V by = bé),
V<a,b>,<a’,b'> € R.
The dualism of < is given by > .

Example 4.13. *Let A = {1,5} and B = {2, 4, 6} be two classical sets. Consider the classical set of relation
R from A into B is given by:

R ={<z,y>€AxB:zx<y}
={<1,2>,<1,4>,<1,6>,<5,6>}. °

Now, consider the neutrosophic set A[I] and B[] are given by:

Al = {(1 + 11,1 +5I,5 + 11,5+ 5I)}, and

BlI| = {2+ 21,2+ 41,2+ 61,4+ 21,4+ 41,4 + 61,6 + 21,6 + 41,6 + 61, }.
The neutrosophic cartesian product of A[I] x B[I] is given by:

<14+1,242I>,...<1+ 1,44+ 2I>,...<1+ 1,6+ 61>,
<1+451,242I>,...<1+5[,4+2[>,...<1+51,6+ 61>,
(<5+ 11,2+ 21>,... <54+ 11,4+ 2]>,... <5+ 11,6 + 61>,
<5+4+51,242I>,...<5+5[,4+2[>,...<5+4+ 51,6+ 61>

All] x B[] =

Define a neutrosophic relation Rq as: R1 = {<a,b> € A[I] x B[I] : a < b}.
R1 = <a,b> € A[I] x B[I] : (a1 + a2I) < (by +2 I)}, for some a1,az € Aand by, bs € B.
Ry = <a,b> € A[I] x B[I : ((a1 < b1) A (az < bz))}, for some ay, a2 € Aand by, be € B.

<14+1,242I>,<1+1,2+41>, <1+ 1,2+ 61>,

<1+1,6+6I>,<1+4+51,2+6I>,<1+5I,2+6I>,

<1+51,64+61>,(<b+1,64+2I>,<5+1,6+4I>,
<b+1,6+6I>,<5+451,6+6I>

Then the neutrosophic domain and co-domain are represented by:

NeuDom(Ry) ={1+1,1+51,54+ 11,5+ 51}, and

NeuCdom(Ry) ={2+2[,2+4I,2+61,...,6+61,24+61,6+21,6+41,6+ 6I}.

Ry =
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Definition 4.14. * Let A[I] be a neutrosophic-set. Consider x,y,z € A[I]. Define < is a partially ordered
type-1 neutrosophic set as follows:
1. (Neutrosophic Reflexive Axiom):

(Ve e All]),z < z=((z1 < 1) A (22 < X2.)

2. (Neutrosophic Antisymmetric Axiom):
(Va,y € AlI]), ( S Y) A (y S )=z =y)

= (@1 < y) A2 S y2)) Ay < 21) A (92 < 22))

= ((z1 = y1) A (z2 = y2)), Y,y € A[]].
3. (Neutrosophic Transitive Axiom):

(Vz,y,andz € A[I)),(z g y) A (y < 2)==2

A

z)

(1 Y1) A (w2 S 92) A (1 Aza) A (Y2 < 22))
:>((I’1 < Zl) A (IQ < 22))

If the neutrosophic relation < is a partially neutrosophic order on A[I]. If the neutrosophic relation is given
by <, then we said that < is strictly neutrosophic orders of A[I].

Remark 4.15. z < y is reading « precedes y or y dominates x.
Theorem 4.16. # Ler N = {0,1,2,...} be the set of natural numbers. Then the neutrosophic-natural numbers
is given by:

0,1,21,31,41,51,...

1,1+1,1+21,1+31,...
N=4¢ 224+712+21,2431I,...

For any x,y € N[I], we define the neutrosophic order relation:

z X y<=x <y zless than or equal to y”

<:>3x1,x2,y1,y2 e N> (.1131 < y1) A (.132 < yg),Varl,xg,yl,yg € N.

Then The neutrosophic relation less than or equal < is a neutrosophic partial order relation on N[I|.
Proof. Proof.

PN;. Since, (21 < x1) A (22 < 22),Vay, 20 € N= (21 < 1) A (2] < 2o]) =>(x1 + 22] < 1 + 221)
=z < z,Vx € N[I], thus < is a neutrosophic reflexive relation.

PNy. Suppose that (Vz,y € N[I]),we have,

(e<y)A(y <)) <3Tzi,22,91,92 €N,

and [ is an indeterminacy with:

r=x1+22l,y=y1 + 420 3 ((x1 < y1) A (w2 < y2)) A (11 < 21) A (Y2 < 22)).

Since,

Also, since:
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we deduced that,
(1 =y1) A (72 =32)
:>(I1 = yl) A (IQI = y2I)

=11 + 22l =y +ypl=1r=1y.

Hence < is a neutrosophic antisymmetric relation.
PN3. Suppose that (Vz, y, 2z € N[I]),we have:
(z <y) Ay < 2))=Fx1, 22,41, 92,21, 22 € N.

And I is an indeterminacy with
r=x1+x2l,y =vy1 +y21,and z = 21 + 221, such that

(1 <y1) A (22 < 92)) A ((y1 < 21) A (2 < 22)).

(1 <y1) AN < 21))= (21 < 21).
(22 < y2) A (y2 < 22))= (w2 < 22).
(11 < 21) A (22 < 20),

(1 < 2z1) A (z2] < 220)

For any indeterminacy I.
=1 + 22l < 2z + 22]=—x < z. Hence < is a neutrosophic transitive relation. Thus N[I] is a
partially order set under neutrosophic relation less than or equal <.

5 Type-1 Neutrosophic Functions and Invertible Neutrosophic Functions

This section includes neutrosophic functions on neutrosophic sets of type-1, along with their neutrosophic
graphs, neutrosophic restrictions, extensions, identities, and constant functions. In addition, the concepts of
one-to-one, onto, and composition of functions are addressed through theorems and examples.In addition, the
properties of neutrosophic functions on some neutrosophic subsets of neutrosophic domain with the operator’s
union, intersection, difference, and on generalization of union and intersection.

5.1 Type-1 Neutrosophic Functions and Their Properties

Definition 5.1.  Let X[I] and Y'[I] be two type-1 neutrosophic sets generated by X and Y. Assume that
fu(I) =T and f,(xI) = fo(x)f,(I). Intuitively, we can define the neutrosophic function f,, : X[I] — Y[I]
of type-1 generated by a classical function f. : X — Y as follows:

fn(x) = fc(xl) + fn(x2l) = fc(xl) + fc(mZ)fn(I)

Vo € X[I],x1, 22X, and an indeterminacy I. In other word, a correspondence from neutrosophic set X [I] to
a neutrosophic set Y[I] is a quadruple:

Where X [I] is a neutrosophic domain of f,,, Y[I] is the neutrosophic co-domain of f,, f,,(I) is a neutrosophic
image of indeterminacy I, and ,,[I] is a neutrosophic subset of X [I] x Y'[I], and it’s called the neutrosophic
graph of f,,. The neutrosophic set:

NeuDom(fp) ={z € XX[I]: 3y € Y[I] 3 fo(x) = y<=(z,y) € T, [I] C X[I]},

DOI: https://doi.org/10.54216/1JNS.270242 529



International Journal of Neutrosophic Science (IJNS) Vol. 27, No. 02, PP. 511-541, 2026

is the neutrosophic domain of f,,, and the neutrosophic set:
NeuCod(f) = {y € Y[I] : 3x € X[1] 5 flz) = ye=(a, y)elull] C 1]},
is the neutrosophic range (or neutrosophic co-domain) of f,,.

Example 5.2. ® Let X = {a,b} and Y = {1,2, 3} be two classical sets with a classical function f. : X — Y
such that f.(a) = 1, and f.(b) = 2, the type-1 neutrosophic set, which are generated by X, and Y are given
by:

X[I={a+al,a+bl,b+al,b+0bl)}, and

Y] ={14+ 11,1+ 2I,1+31,2+ 11,2+ 21,2+ 31,3+ 11,3 + 21,3 + 31}.

The neutrosophic function f,, of type-1 is given by:

fala+al) = fo(a) + folal) = fe(a) + fe(a) f1) = 1+ 11,

fala+bl) = fe(a) + fu(bI) = fe(a) + fe(b) fu(I) =1+ 21.

falb+al) = fe(b) + falal) = fe(b) + fe(a) fu(I) =2+ 11.
(

The neutrosophic graph of a neutrosophic function f;,, is shown in Figure 1.

Figure 1: The graph I, [I] of f,

Definition 5.3. = Let f,, : X[I] — Y[I] be the neutrosophic function of type-1 generated by a classical
function f. : X — Y and A[I][I]; the function f,, considered only on A[I] is called the type-1 neutrosophic
restriction of f,, to A[I],
written fy,| apg, if:

fn|A[I] = fnN (A[I] X Y[I])

Definition 5.4. ° Consider A[I] C X[I] with g,, : A[I] — Y[I] is a given neutrosophic function, then:
fn : X[I] — Y[I] is called the type-1 neutrosophic extension function of type-1 of g,, over X[I], if:

fn|A[I] = gn,Va: S A[I].

Definition 5.5. °' A neutrosophic function of type-1 as, Iy, : X[I] — X|[I] is called a type-1 neutrosophic
identity function, if I;4(z) = z, Vo € X[I],z1,22 € X, and an indeterminacy I.

Definition 5.6. ° Let f,, : X[I] — Y'[I] be the neutrosophic function of type generated by a classical function
fe : X — Y, then f,, is called a neutrosophic constant function, if there exists a neutrosophic element

yo € Y[I] 3 fn(x) = yo,Vz € X[I].
Theorem 5.7. 2 Let f. : X — Y be a one-to-one (injective) function, then f,, : X[I| — Y [I] be a one-to-

one type-1 neutrosophic function.

Proof. Suppose that f.: X — Y is a one-to-one function, and consider z,y € X|[I] such that f,(z) =

fn(y).

= fe(w1) + fu(z2]) = fe(yr) + fa(y21)..
:>f0(x1) + fc(xQ)fn(I) = fc(yl) + fC(yQ)fn(I)'
= fe(@1) + fe(x2)] = fe(y1) + fe(y2)1.

= (fe(z1) = fe(y1)) A (fe(x2) = fe(y2)), because f, is a one-to-one.

=(x1 = Y1) A (T2 = y2).

:>(331 + .132[) N (Z/l + yQI).

=2 = y. Hence f,, is a one-to-one type-1 neutrosophic function. O

Theorem 5.8. 2 Let f. : X — Y be an onto (surjective) function, then:
fn : X[I] — Y[I] is an onto type-1 neutrosophic function.
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Proof. Suppose that f. : X — Y is a onto function, and consider y € Y[I].
=Jy1,y2 € Y, and indeterminacy [ such that y = y; + yo1.
=31, 22 € X, and indeterminacy I such that f.(x1) = y1, fe(x2) = y2, and f,(I) = 1.

Therefore, f,,(z) = fo(x1) + fo(xad) = fe(z1) + fe(za) fu(D) =y1 +y2l = y.
Hence, f;, is an onto type-1 neutrosophic function. O

Theorem 5.9. 2 Let f, : X — Y be a bijective (injective surjective) function, then f is a type-1 neutrosophic
bijective function.

By Theorems [5.7]and [5.9]

Theorem 5.10. ¥ Let I;. : X — X be a bijective(injective+surjective) identity function, then Iy, : X [I] —>
Y'[I] is a bijective neutrosophic identity function.

Proof. Let I, : X — X be a bijective identity function.

Assume that x,y € X[I] 3 I, (z) = Lgn(y)

= lae(w1) + Lan(w2l) = Lac(y1) + Lan(y21)

<:>’Idc(xl) + Id(:(332)jdn(l) = Idc(yl) + Idc(y2)1dn(l)-

<=1 + 22l = y1 + y2I=—x = y. Hence, I, is a one-to-one neutrosophic identity. O

Definition 5.11. ® Let f,,,g,, : X[I] — Y[I] be two neutrosophic functions, where
feyge + X — Y be two classical functions, then f,, is neutrosophic equal to gy, , if: f,, = gn<=fn(z) =
gn(z), Vo € X[I].

Definition 5.12. ' Let f,, : X[I] — Y[I]and g, : Y [I] — Z[I] be two typ-1 neutrosophic functions, where
fe: X — Yoand g.: Y — Z are two classical functions, the type-1 neutrosophic composite functions of
fn and g, is defined by:

(gn o fn)(z) = gn(fn(fﬂ)),VI € X[I]

Example 5.13. ® Let R be a set of classical real numbers and R[] be a set of neutrosophic real numbers of
type-1. Consider two classical functions:

ferge :R—R 3 fo(z) =2%and g.(z) = 2 + 1,Vz € R.

We can be generate two neutrosophic functions: f,, g, : R[I] — R[] induced by f. and g, respectively.
Suppose that = € R[I],then the neutrosophic composite is given by:

(gn © f)(@) = gn(fn(®)).

In(fe(z1) + fe(z2)I).
gn (a3 + 231).

9e(x2) + ge(a)I.
=@+ 1)+ (z2+1)I.

For instance, the neutrosophic image of the neutrosophic element 2 + 37 is given by: (g, o f,,)(2 + 3I)) =
5+ 107. While,

(fnogn)(x)

fn(ge ( )+96($2)I)

fallzy + 1) + (2 + 1)I).

fe(x1 +1)) + fe(ze + 1)L

= (z1+1)% + (z2 + 1)%1.

=23 4+ 22 + 1+ (23 + 220 + 1)1

So, the neutrosophic image of neutrosophic element 2 4 31 is given by:
(fnogn)2+3I)=(4+22+1)+(9+23+1)I =9+ 161.
We see that the composition of the neutrosophic function is not commutative. i.e. (g5, © fn)(2) # (frnogn)(x).
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Definition 5.14. ®' Let f,, : X[I] — Y[I] be a the neutrosophic function of type-1 generated by a classical
function f, : X — Y and classical sets X and Y respectively. Let C[I] be a neutrosophic subset of X [I]
generated by C' C X. Define a neutrosophic direct image of C[I] under f,, , written f,,(C[I]), as follows:

fu(CU)) ={y € Y[I]: 3z € ClI] 3 fu(x) = y}.

Theorem 5.15. ' Let f,, : X[I] — Y[I] be a the type-1 neutrosophic function generated by a classical func-
tion f.: X — 'Y and classical sets X and Y respectively, and Let C[I| C X[I| and B[I] C X|[I], if
C[I] = B[I], then:

fn(C[]) = fu(B]).

Proof. Suppose that C[I] = B[I],and lety € f,(C[I]),then there exists a neutrosophic element x € C[I] such
that f,,(z) = y. Since C[I| = B[I], implies that x € B[I], hence f,(x) f.(B[I]), therefore y € f,(B[I]), and
consequently, f,,(C[I]) C f,(B[I]). By similar method we can prove the second part f,,(B[I]) C f.(C[I]),
to get the conclusion, f,(C[I]) = fn.(B[I]). The converse of the theorem is not true, by the following
example. O

S=%

Example 5.16. ® Let f,, : Z[I] — R[] be a type-1 neutrosophic function from the neutrosophic set of
integers into the neutrosophic set of real numbers defined by f,,(z) = 2% + 231 . Consider C[I] = {-2 —
21,—2+ 31,3 — 21,3+ 31)}, and B[I] = {2+ 21,2 — 31, -3 + 21, —3 — 31)}, then:

FalC[I)) = {4+ 41,44 91,9 + 41,9 + 91)}.

And
fn(BlI]) ={4+41,4+91,9+41,9+9I)}.

We say that (f,,(B[I]) = f.(C[I])), but C[I] # B[I].

Theorem 5.17. ° Let f,, : X[I] — Y[I] be a type-1 neutrosophic function of generated by a classical func-
tion f.: X — Y, and classical sets X andY respectively. Let C[I] C X[I] and B[I]| C X|I], then:

L. fu(ClI)UBII)) = £u(CII) U fu(BII),
2. f2(ClI] A BU)) C £u(CU]) 0 fu(BLI)), and
3. fu(CID)) = Ju(BIT]) € f(C11) - BIT).

Proof. 1. Lety € f,(C[I|UB
=3z € (C[I]UBI[I]) > f

—Jx € C[I]VIz € B[I]> fu(z)=y
= (Fz € C[l] 5 fu(z) =y) V(Jz € B[I] 5 fu(z) =y)
= (fu(z) € [u(C[))) V (fulz) € fu(BI])).
= (y € fu(C[I])) V (y € f(B[I])).
=(y € (fo(C[I]) U fu(B[I]).
= fo(C[{]U B[I]) C fo(C[I]) U fu(B[I]) (1

Conversely, let y € (f,(C[I]) U fr(B[I])).

=y € fu(ClI)) Vy € fu(BI]).

=3y € ClI] 3 fu(x) =y) vV (3z € B[I] 3 fu(z) = y).

=z € (CIJUBI) > fu(x) =y) v (3 € 2(ClIIUBI) 3 fu(2) = y).
=y € fn(C[I]U B[I)).

— £.(CII U B[I)) C fu(ClNUBIT)) @)

DOI: https://doi.org/10.54216/1JNS.270242 532



International Journal of Neutrosophic Science (IJNS) Vol. 27, No. 02, PP. 511-541, 2026

2. Lety € fu(C[I] N BI]).
=3z e (CUINB[I]) > fn
=3z € C[I] A3z € B[]
=3z € C[I] 3 fu(x) = y)
= (fn(@) € fu(C])) A (ful
= (y € [u(CU])) A (yfn(B [{] )

(x
>

= (y € (fu(C[!]) capf(B[I]

= fn(C[I] N B[I) C fu(C[I]) N fu(BI]).

Let € f,,(C[I] N B[I)).

=3zn(CI]N B[I]) € fn(z) = y.

=3z € C[I| Az € B[I]fu(z) = y.

=Fz € C[I] 5 fulz) =y) A(F2B[I] 3 fulz) = y)
= (fa(z) € fo(C[])) A (fu(z) € fu(B[I]))

= (y € [n(C[])) Ay € fu(B[I]))

= (y € (fn(C][fn(B[I]).

(cl
= [ (ClII N B[I]) € fu(ClI]) N fu(B[I]).

3. Lety € (fu(C[I]) — fu(BII])).
=y € fu(C[I]) Aynotinf,(B[I]).
Y € fu(Cl)=E2zCI] > fu(z) =y).
Yy & fu(BU)=fu(z) ¢ fu(BI]).

[
[
=z ¢ B[I].
=Jz € C[I|AJx ¢ B[] > fu(z)=y.
= (Jz € (C[I] - B[I]) > fu(z) = y).
= (fu(2) € fn(C[I]) — (BI]).
= (y € fu(C[I]) — (B[I]).
= (fn(C[I]) — fn(B[I])) C fn(C[I]) — (B[I]. The following examples illustrates that the equality in
part 2 of the previous theorem does not hold.

O

Example 5.18. ° Let f,, be a constant type-1 neutrosophic function, where

X[I]={2+2[,2+ 71,7+ 2,7+ 7} and Y[I] = {4 + 4I}.
Take:
ClI) = {2+ 21,2+ 71,7+ 2I}, and B[I] = {7+ 7I}.
We have
ClIN B[I] = ¢[Il= f(ClI] N BlI]) = fn(¢[I]) = [1].
FolCH) = fu({2+ 21,2+ 71,7+ 2T}) = 4 + 4.
And,
fa(B[I)) = fn({7+ 71}) =4+41, so f,(C[I]) N fu(B[I]) =4+ 41.
We see that f,,(C[I]) N fn(BI]) € fn(C BII]).
Example 5.19. ° Let f,, : [ | — R[I ] be a type-1 neutrosophic function from type-1 neutrosophic set of

real numbers to itself such that
Jn(x) = fe(w1) + fr(wad) = fo(x1) + fe(22) fn(I).
where f.(z) = 2. Let C[I] = {a + bl : a,b € C = [-2,0]} and

B[I)={c+dl:c,de B=10,2}

be two neutrosophic sets of type-1 generated by C and B, then the intersection of C[I] N B[I] = 0 + 01, and
Fo(CI) N B[I)) = f,(0+ 0I) = 0+ 0I, while f,,(C[I]) = fn([~2,—21]) = 4 + 41, and £, (B[I]) =
fn([2,21]) = 4+ 41, hence f,,(C[I]) N fn(B[I]) =4+ 41 # f,(C[I]N B[I]) = 0+ 01.
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Theorem 5.20. = Let f,, : X[I] — Y[I] be a type-1 neutrosophic function generated by a classical one-
to-one function f.: X — 'Y, and classical sets X and Y respectively, C[I] C X|[I] and B[I] C X|[I],
then:

fn(CI] C BlI)) = fu(C]) N fu(BI])¢=fn : X[I] — Y[I]

is a one-to-one neutrosophic function.

Proof. Suppose that f,, : X[I] — Y[I] is a one-to-one type-1 neutrosophic function, C[I] C X|[I] and
B[I] C X[I]. Lety € f,(C[I] N B[I))

<=3z € (CIINBI]) > fulx) =y
<=Jr e (CUINB[]) > fulz) =y
z € BI] > fu(z) =)

@z eCl]> fulz)=y) A (3
=y € [ (CU])) A (y € fn(BI)))-
<=y € (f2(Cl]) N fr(BlI])).
Hence f,(CI] N B[I]) = fn(C[]) N fu(B[I])-
Conversely, suppose that f,,(C[I] N B[I]) = f.(C[I]) N fn(B[I]).
Where, C[I] C X[I] and B[I] C X[I].
To show that f,, : X[I] — Y[I] is a one-to-one type-1 neutrosophic function.
Consider z, z € X[I], z # z such that f,,(z) = f(z) = y. Consider C[I| = z, and B[I] = z are two neutro-
sophic of type-1, we have fu(C[T]) = fu() = y and fo(B{I]) = fu(2) = . S0, f(CI]) N fu(BII]) = v,
but C[I] N B[I] = ¢[I], and f,,(C[I] N B[I]) = fn($[I]) = ¢[I]. Therefore, f, is a one-to-one neutrosophic
function. O

Theorem 5.21. ' Let f,, : X[I| — Y[I] be a type-1 neutrosophic function generated by a classical function
fe: X — Y and classical sets X and'Y respectively, and Let A, [I],a € 1 € 7 be a family of neutrosophic
subsets of X|[I], then:

1. fn( Ug Aa[I]) = Uafn(Aa[I]), o € land
2. fa(Na Aall]) C Nafn(Aall]), a €L

Proof. 1. Suppose that y € Uq fn (Aa[l]), a € I
—=Jaeclaye fu(Aull]).
<3z € (A.1]) 3 fulz) =y.
<=3z € Ug(Aull]) 2 fulz) =y.
3y = fulz )an(( a[ﬂ)'

2. Suppose that y € f,, ((Aa[1]).
=—3Jx €Ny, ( ol ]) 3 fulz) =v.
:>3xe( [])Bfn( )=y,Va el
=y = folz )6 fa((Aa[]),Ya € L.
=y = fn(z) Emafn((Aa[I]
= [ (Na Aall]) C Nafn(Aall]).

5.2 Type-1 Neutrosophic Invertible Functions and Their Properties

In this section, we investigate the invertible neutrosophic functions on the neutrosophic set of type-1 with their
properties. we investigate the properties of invertible neutrosophic functions on neutrosophic sets of type-1,
and we proved some theories with few examples explaining (or illustrating) the invertible of neutrosophic
functions.
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Definition 5.22. © Let f,, : X[I] — Y'[I] be a neutrosophic function of type-1.

Where, f,, generated by a classical function f. : X — Y, X[I], and Y[I] are generated by a classical set X
and Y. We say that f,, is a neutrosophic invertible, if f, ! : Y[I| — X[I] is a type-1 neutrosophic function,
and it’s called the invertible type-1 neutrosophic function of f,,.

Remark 5.23. © <z,y> € f,<=<y,2> € f, Y, and f,(I) = <= f;1(I) = 1.

Theorem 5.24. 9 If f,, : X[I| — Y[I] is a type-1 neutrosophic function, then f;* : Y[I| — X[I]. It may

n
be a type-1 neutrosophic function or a non-neutrosophic function, and vice versa.

Proof. By counterexample. Let X [I] = {(1 + 11,1+ 21,2+ 11,2 + 21} be a type-1 neutrosophic set, and
Y[I] = {—1 — 1I}. Define:

Fo(Q4+10) = fu(1+21) = fu(2+11) = fo(2+2I) = =1 — 11

Itis clear that ,, is a type-1 neutrosophic function, and it’s known that the constant type-1 neutrosophic function,
but f,7 1 : Y[I] — X|[I] is not a type-2 neutrosophic function. Also, if f,, : X[I] — Y[I], where;

fa(=1=10) = 1411, fo(=1 = 1) =1+ 21, fo(=1 — 1I) =2+ 11.

And f,,(—1—1I) = 2+ 2I. We see that f,, is not a type-1 neutrosophic function, while f, ! : X[I] — Y[I]
is a type-1 neutrosophic function. O

The following theorem gives us the necessary and sufficient condition for the existence of the inverse neutro-
sophic function for any neutrosophic function.

Theorem 5.25.  Let f,, : X[I] — Y[I] be a type-1 neutrosophic function, then f, is an invertible type-1
neutrosophic function iff f,, : X[I| — Y[I] is a type-1 neutrosophic bijective function.

Proof. Let f,, : X[I] — Y'[I] be a invertible type-1 neutrosophic function, that is

fit 1 Y[I] — X]|I] exists. We want to show that f,, : X[I] — Y[I] is a bijectivetype-1 neutrosophic
function. Suppose that z,z € X[I] 3 fn(z) = fn(2). Consider f,(z) = fn(z) = y, we have (<z,y> €
fa) N(<z,y> € fn)

= (<y,x> € f71) AN(<y,z> € f1), since f,; ! is a type-1 neutrosophic function, implies that y = z.
Therefore f,, a type-1 neutrosophic injective function. Second, assume that y € Y[I], and f,; ! : Y[I] —
X[I] is a type-1 neutrosophic function, so =3z € X[I] > <y,z> € f, !

=3z € X[I] > <z,y >€ f,

= Jx € X[I] > fulz)=y

= f, is a type-1 neutrosophic surjective function.

= f,, is a type-1 neutrosophic bijective (one-to-one onto) function. Conversely, Suppose that f,, : X[I] — Y'[I]
is a type- neutrosophic bijective function, we need to show that f,, 1 : Y/[I] — X[I] is a type-1 neutrosophic
inverse function. Suppose that y € Y'[I], but f,, : X[I| — Y[I] ( bijective) Jz € X[I] > fn(x) =y

=3Jz € X[I] > <z,y> € fp.

=3z € X[I] > <y,x> € f !

= NeuDom(f, ') =Y[I].

Now, suppose that (<y, x> € f, 1) A (<y,z> € 1,
= (<z,y> € fo) N(<z,y> € [n)

= (fu(z) =y) A (fulz) = y)

:>fn<x) = fn(z)

T =Zz.
Since f,, : X[I|==Y[I] is a type-1 neutrosophic bijective function,
= f 1 : Y[I] — X[I] is a type-1 neutrosophic function. O

Theorem 5.26. © Let f,, : X[I] — Y[I] be a type-1 neutrosophic function. If f, is an invertible type-1
neutrosophic function, then f; ' : Y[I] — X|[I] is a type-1 neutrosophic bijective function.
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Proof. Letf, : X[I] — Y[I] be a type-1 neutrosophic function is invertible. Then:
ft 1 Y[I] — X[I] is a neutrosophic function by deﬁnition Suppose that y,z € Y[I] > f, 1(y) =
EOEES
= (<y,z> € f) A<z, 2> € f, ).
= (<z,y> € fn) AN (<z, 2> € fp).
—(fi2) = ) A (fule) = 2).
=y = 2z==f, ! is a type-1 neutrosophic injective (one-to-one) function. Also, suppose that z € X[I].
Since, f,, : X[I] — Y'[I] is a type-1 neutrosophic function.
=3y e Y[I] 3 fu(z) = y.
=3Jy € Y[I] > <z,y> € fn.
=3y e Y[l }9<y,m>6f L
=3Iy eY[l]> f (y) ==
= f1isatype- 1 neutrosophic surjective (onto) function.
= f 1 is a type-1 neutrosophic bijective (one-to-one +onto) function. O

Theorem 5.27. © Let f,, : X[I] — Y[I] be an invertible type-1 neutrosophic function. Then:

1. fn’lofn:IndX, and
2. fno.f;l: ndY -

Proof. Suppose that f,, : X[I] — Y[I] is an invertible type-1 neutrosophic function, then f,,* : Y[I] —
X |[I] is a type-1 neutrosophic function, then

fto fn: X[I] — X[I]is a type-1 neutrosophic function.

Assume that x € X[I] 3 f,(x) = y. Therefore,

(fat o fa)(@) = fi ' (ful@) = £ (y) = @

In addition,[,,qx : X[I] — X[I] is a type-1 neutrosophic identity function. Therefore I, 4x (x) = x, for all
x € X[I].
We have, f;7! o f,(2) = Lyax(z), forall 2 € X([I], thatis f, ' o f, = I,ax. By Definition[5.11} O

Theorem 5.28.  Let f,, : X[I] — Y[I] and g,, : Y[I] — Z[I] be two one-to-one and onto type-1 neutro-
sophic functions. Then: g, o f, is one-to-one and onto a type-1 neutrosophic function.

Proof. Let f, : X[I] — Y[I] and g,, : Y[I] — Z]I] be two one-to-one and onto type-1 neutrosophic
functions. Suppose that (g, © f)(x) = (gn © fn)(y),Vx,y € X[I]. We conclude that =>(g,,(fn(z)) =
(9m) fry))-

:gn(x) = gn(y)

=z =y.

Therefore g,, o f, is a one-to-one.

Now consider, z € Z[I].

=3y € Y[I] 3 gu(y) = 2.

=3 inX[I] 3> fu(z) =y.

=3z € X[I] 3 gn(y) = gn(fa(2)) = (gn 0 f1)().

=gy, © fn, is an onto, thus it’s an injective neutrosophic function. O

Theorem 5.29. © Let f,, : X[I] — Y[I] and g,, : Y[I] — Z[I] be two one-to-one and onto type-I neutro-
sophic functions. Then:

L (fH = f. and

2. (gnofa)t=frlogh
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Proof. 1. Assume that (z,y) € (f;1)~%.

= (fi) ) =y
== f,(y).
<:>f71( ) =Y.
—(z, ) € fn-
Thus (f_ )7l = fa.

2. Let f, : X[I]| — Y[I] and g,, : Y[I] — Z[I] be two one-to-one and onto type-1 neutrosophic func-
tions. Then: g, o f,, is one-to-one and onto by Theorem[5.9], therefore, the inverse neutrosophic function
is one-to-one and onto. Now, from the right-hand side, we can construct:

(f;logﬁl)o(gvzofvz) = o(gn o ((gn o fn)))-

= f Yo ((g;! ©gn) © fn).” by the composition associative property”.
Yo (Inay o fn)

= fn Lo f,.

= lnax.

By a similar argument, we have:

(gnofa)o(fatogn®)=gno(fa ( Logn ).
=gno((fno )ogn )-
=gno° (ndYogn )
=9gn°Gy
= dndz-

Finally, to check that:
(gno fu)7H2) = fat o gt (2).
By taking the right-hand side:
fol 00, (2) = fil9, () = fi ' (y) = @ = Lnax.

And by taking the left-hand side:
(faloga (=) = (9,1 (2) = ' (y) = @ = Lnax-
Moreover,
(gn o fn)(x) = gn(fn(x)) = gn(y) =2z = I,4z.
Thus, (gn © fn) ' = fu ' o g, "
O

Definition 5.30. ©Let f,, : X[I] — Y[I] be a type-1 neutrosophic function generated by a classical function
fe: X — Y and classical sets X and Y respectively. Let B[I] be a type-1 neutrosophic subset of Y[I]
generated by B C Y. Define the type-1 neutrosophic image of B[I] under f,, , written f,;1(B/[I]), as follows:

F(Bl) = {z € X[I] : fulw) € B}
Remark 5.31. ©If B[I] = {2} consist of a singleton element x, the notation f,, ! (x) use instead of f,, ! (x).

Example 5.32. * Let f,, : R[I] — R[] be a type-1 neutrosophic function on type-1 neutrosophic set of real
numbers defined by:

fo(@) = fr(xr + 220) = fo(x1) + fo(z2) fu(I), where f.(z) = 22 + 2, then:
A1+ 110) = {x € R[] : fo(x) = 11 + 111}.
= {z € R[] : fo(x1) + fe(@a) fu(I) = 11 + 111},
={z eR[I]: (27 +2) + (23 +2)] = 11 + 111}
={(3+3I),(-3-30)}.
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Theorem 5.33. * Let f,, : X[I] — Y[I] be a type-1 neutrosophic function generated by a classical func-
tion fo: X — Y and classical sets X and Y respectively. C[I|Y[I] and B[I|Y[I]. if C[I] = B[I], then
faH(Cl)) = £ (Bl).

Proof. Suppose that C[I] = B[I], and letx € f,1(C[I]).

= f,(z) € C[I].

= fn(x) € B[I].

=z € f,1(B[I]).

=f, (C[T]) C fy ( [1]).

By similar method, f,, 1 (B[I]) C f,1(C[I]). Hence, f, *(C[I]) = f,*(B[I]). O

The converse of the theorem is not true, by the following example.

Example 5.34. © Let f,, : R[I] — R[I] be a neutrosophic function of type-1 generated by the neutrosophic
set of real numbers to itself. Defined by f,, () = |z1 + |z2] . Consider C[I] = {z1 + x2l : z1,22 € C =
(1,2)} = 14+ 11,2+ 2I), and B[I] = {z1 + 22 : #1,20 € B = —1,2)} = (=1 — 11,2 + 2I), here
C[I] # B[], but f; (1 +11,2+21)) = (1+11,2+2[) and f,; (-1 — 11,2+ 21)) = (1 + 11,2 + 2I),
we have f,, 1(C[I]) = f,7'(B[I]), but C[I] # BI[I].

Theorem 5.35. “ Let f,, : X[I] — Y[I] be a type-1 neutrosophic function generated by a classical function
fe: X — Y and classical sets X and Y respectively. Let C[I| C Y[I| and B[I] C Y[I], then:

Proof. 1. Letz € f1(C[I
—fu(z) € (CI|UB
< fn(z) € C[I|V fn(z) € B[I].
=z e f,jl(C[I]a\/x Jzn—l(B[I]).
1

U B[I]).

=z € (f, {(C) U £ 1 (BI))).
= f, {(CI|UBI)) = f,H(CI) U £, 1 (B[I)).

2. Letz € f,}(C[I] N B[I)).
= fn(x) € (CI] N B[I)).
> fo(x) € CI)V fu(x) € B[I].
e fICl) A e £, (Bl).
€ (fi-1(Cl]) N £, (BI)).
=/ {(ClI N BII)) = £, (CI)) N £, (BIT)).

3. Letz € f,1(C[I] - BI)).

= fn(x) € (Cl] - [I])

= fnlx) € []/\fn(ﬂf)ﬁé BI].

=€ [, ' (ClI) Ax ¢ [ (BI]).

= € (fy HC) — £ H(BI])).

= ' (ClI] - B[I]) = f;(C[I]) — f; 1 (BI])
4. Suppose that z € f,,1(C°[I])).

—fn(x) € (C°I)).
<:>fn(x) gé C[I].

C[I]).
v e (f71(CID)". Hence, f7 (CI1)) = (f7(CLI))"
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Definition 5.36. © Let f,, : X[I] — Y[I] be a type-1 neutrosophic function generated by a classical function
fe: X — Y and classical sets X and Y respectively. Consider P(X[I]) and P(Y'[I]) are type-1 neutrosophic
power sets of X[I] and Y[I]. A function f,, is called induce type-1 neutrosophic function, if

[+ P(XI]) — P(Y[I]) by ClI] — fu(C[1]), C[I] € X[I].

And
ft e P(Y[I]) — X[I] by B[I] — f, " (B[1]), B[] C Y[1].

Theorem 5.37. ” Let f,, : X[I] — Y[I] be a neutrosophic one-to-one function of type-1 generated from a
classical function f. : X — Y and classical sets X and Y respectively, then: f, : P(X[I]) — P(Y[I])isa
neutrosophic one-to-one function.

Proof.

Case 1. Let X[I] # ¢[I], then P(X|[I]) contains at least two neutrosophic elements, say:
C[I] € P(X[I)) A BI| € P(X[I]) > C[I] # B[I].
=(Jz € X[I] > 2 € C[I]) Az ¢ B[I]).
= fn(x) € fn(C[I]) A fn() & fo(BI]).

‘We conclude that

X[I] # olIl=fu(C[I]) # fuBlI]).

Hence
fn: P(X[1]) — P(Y[I])

is a neutrosophic one-to-one function.

Case 2. Let X[I] = ¢[I], that P(X[I]) = {¢1 + ¢11}, it’s obvious one-to-one function, since there is no two
different elements have the same image.

O

Theorem 5.38. © Let f,, : X[I] — Y[I] be a neutrosophic one-to-one function of type-1 generated from
a classical function f.: X — Y and classical sets X and Y respectively. then the neutrosophic induced

function:
fi': POY[I) — P(X[I])

preserves the neutrosophic elementary operations.

Lo Upel B,[I]) = Upel (f 1 (Ball])), and

2 fa (Naer Balll) = Noen(fa (Ball])).

Proof. 1. Suppose thatz € f,' (U, 1 Ball]).
(E)fn(ﬂ;‘) S UQGHBQ[I]).
—=Ja el folz) € (Ba[l]).
«—3Jacl,z € f," (B.[]).
=3z eU,fn (Ball]).

Hence, f,, ' (U, 1 (Ball]) = U, 1 (£, ' (Ball]))-
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2. Suppose that z € f,7* (N, 1 Ball]).
—fn(x) € ﬂadBa[I]).
=Vael, f,(z) € (Ba[l]).
«—=Vaecl,ze f, " (Bal]).
=V en,gfit (Balll).
Hence, f;7' (N, op (Ball)) = Noep (fi 1 (BalD).
O

Theorem 5.39. % Let f,, : X[I] — Y[I] be a neutrosophic one-to-one function of type-1 generated from a
classical function f.: X — Y and classical sets X and Y respectively. Let C[I] C X[I] and B[I] C Y[I]
Then:

1. ClI] C fH (fa(CI11)), and
2. fulfi1(BH))) € BlI].

Proof. 1. Considerz € C[I|=f,(z) € fo(C[I))=>z € f;1(fo(C[I])). Hence, C[I] C f, 1 (fu(C[I))).

2. By the same technique.

O

Example 5.40. © Let f,, : R[I] — R[I] be a neutrosophic function of type-1 generated by the neutrosophic
set of real numbers to itself. Defined by:

fulz) = x? + x%].
Consider:

ClI)=A{x1 + a2l 121,29 € C ={1,2,3}}
={1+11,1+21,1+3[,2+11,2+21,2+ 31,3+ 11,3+ 21,3+ 3[}.

And

f(C) = f{(1+11,1+21,1+31,2+11,2+21,2+ 31,3+ 11,3+ 21,3+ 3I}.
={1+11,14+41,1+91,4+ 11,44+ 41,4 +91,9+ 11,9+ 41,9+ 97}.

Therefore,
[ (fo(CH)) = f {14+ 1,1+ AL, 1+ 91,4+ 11,4 + 41,4+ 91,9+ 11,9 + 41,9+ 91 }.
1+17,-1—1I,1+2I,—1—2I,1+3I,—1—3I,

={ 2411, -2—11,2+2[,-2—2I,2+3I,-2 — 31,
3411,-3—11,3+21,-3—21,3+31,-3—31

It is clear that f, 1 (f,(C[I])) # C[I]. Also, consider
f (=4 = 41) = ¢[I] = {ur + ual s ur,u1 € ¢}

Then
Salfi (=4 = A1) = fu(6[1]) = 8[1) # BT = 4 - 4T.
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