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ABSTRACT

Fuzzy c-means clustering assigns every data point a degree of membership to each cluster but offers no separate
account of how ambiguous that assignment is. This paper builds a single-valued neutrosophic layer on top of the
classical fuzzy c-means membership distribution, representing each point by a truth-membership Ti (its strongest
cluster membership), an indeterminacy Ii (the normalized Shannon entropy of its full membership vector), and a
falsity-membership Fi = 1−Ti. Four results are proved: the fuzzy c-means update equations are re-derived from the
Lagrangian stationarity conditions of the underlying constrained optimization; the resulting (Ti, Ii,Fi) triplet is shown
to be bounded and to attain its extremes exactly at crisp and maximally ambiguous membership distributions; a score
function combining the three components is shown to be strictly monotone in each; the natural root-mean-square
distance between two neutrosophic triplets is shown to satisfy the metric axioms; and, for the two-cluster case
specifically, indeterminacy is proved to be an exact deterministic function of truth-membership, so that a third,
genuinely independent source of information requires three or more clusters. Every result is checked numerically,
including a direct verification of the two-cluster degeneracy result to floating-point precision. Applied to the Breast
Cancer Wisconsin Diagnostic dataset (569 cases, 30 measured features), the clustering recovers the malignant/benign
partition with 91.4% accuracy and an adjusted Rand index of 0.683, matching a hard k-means baseline on point
accuracy; the neutrosophic layer nonetheless adds diagnostic information the hard baseline cannot provide, since
indeterminacy is significantly higher for misclassified cases than for correctly classified ones (Mann–Whitney U-test,
p < 10−18), correctly flagging the cases nearest the decision boundary as the ones most likely to be wrong.

Keywords: Neutrosophic sets Fuzzy c-means Score function Indeterminacy Distance metric Breast cancer
diagnosis

1. INTRODUCTION

Fuzzy c-means clustering generalizes hard clustering by al-
lowing each data point to hold a graded membership in every
cluster rather than belonging exclusively to one; the resulting
membership vector is informative about cluster structure but
is not, by itself, a statement about how certain the assignment

is. Two points can have the same strongest membership value
and yet differ sharply in how the remaining membership mass
is distributed across the other clusters – one concentrated in a
single competitor, the other spread almost uniformly – and a
fuzzy c-means output alone does not distinguish them. The
single-valued neutrosophic set, which represents an object
by independent degrees of truth, indeterminacy, and falsity
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rather than by membership and non-membership alone, offers
a natural language for making this distinction explicit [1],
and neutrosophic extensions of fuzzy clustering have been
developed for exactly this purpose since the introduction of
neutrosophic c-means [2] and its subsequent refinements for
sparse, kernel, and evidential settings [3].

This paper takes a deliberately narrow and fully self-contained
approach: rather than solving a joint neutrosophic-fuzzy opti-
mization problem, as the original neutrosophic c-means for-
mulation does, it builds the neutrosophic triplet directly and
provably from the output of a standard fuzzy c-means fit, so
that every stage of the construction – the clustering step, the
triplet construction, the ranking score, and the distance mea-
sure – admits a closed-form derivation and a checkable proof.
This design choice makes the framework’s properties, includ-
ing a limitation that a joint-optimization formulation would
obscure, fully transparent: for two-cluster problems, indeter-
minacy turns out to be an exact function of truth-membership,
so the added value of the neutrosophic layer in that specific
case is diagnostic rather than informational, a distinction
verified directly on real data below.

The application throughout is the Breast Cancer Wisconsin
Diagnostic dataset, a setting in which recent work has repeat-
edly shown fuzzy and neutrosophic methods to be competi-
tive with, and more interpretable than, hard classification and
clustering baselines [4], and in which quantifying diagnostic
ambiguity – rather than only maximizing point accuracy – is
itself a clinically meaningful objective.

Section 2 reviews related work on neutrosophic set theory,
score and distance measures, and neutrosophic clustering.
Section 3 fixes the preliminary definitions. Section 4 devel-
ops the proposed framework’s four results with proofs. Sec-
tion 5 describes the data and experimental protocol. Section 6
reports the numerical verification and the clustering results.
Section 7 discusses the findings, and Section 8 concludes.

2. RELATED WORK

Neutrosophic set theory extends both classical and intuition-
istic fuzzy sets by allowing truth, indeterminacy, and falsity
to be assigned independently rather than requiring the lat-
ter two to be complementary; Peng and Dai’s bibliometric
review of the field’s first two decades documents its rapid
diversification into aggregation operators, decision-making,
and information measures [1], while Muzaffar et al. provide a
compact overview of the resulting logical classification [5]. A
large share of this literature concerns score and distance mea-
sures for single-valued neutrosophic numbers, motivated by
the observation that many early score functions inherited as-
sumptions from fuzzy or intuitionistic fuzzy set theory that do
not transfer cleanly to the three-way neutrosophic structure.
Singh proposed a score and accuracy function pair aimed at
resolving ranking ties that earlier measures left unresolved
[6]; Wang later argued that most existing score functions still
do not follow directly from the intrinsic meaning of the three
components and proposed a construction that does, together
with a standardization coefficient [7]; and Jaikumar et al. in-
troduced a “perfect” score function specifically designed to
avoid the tie-breaking failures of prior constructions, together
with a weighted geometric aggregation operator whose idem-
potency, boundedness, monotonicity, and commutativity are

verified explicitly [8] – the same class of properties verified
for the present paper’s score function in Section 4.3, though
by direct differentiation rather than by case enumeration.

Distance and similarity measures form a parallel and equally
active thread. Zeng et al. proposed a modified Manhattan-
distance-based similarity measure for single-valued neutro-
sophic sets and validated it against several benchmark appli-
cations [9]; Jin et al. introduced two further distance mea-
sures for single-valued neutrosophic fuzzy sets for multicri-
teria group decision-making [10]; Karaaslan and Karamaz
developed Cauchy-distribution-based neutrosophic numbers
together with associated score functions and aggregation op-
erators [11]; Radha and Samuel introduced a tan-log distance
for single-valued neutrosophic sets and applied it to medical
diagnosis [12]; and Dasan et al. constructed a sine-function-
based distance measure for single-valued neutrosophic sets,
explicitly verifying the metric axioms before applying it to
a multi-attribute decision-making problem [13] – the same
verification strategy this paper follows in Section 4.4 for the
proposed root-mean-square neutrosophic distance. Multicri-
teria applications built on such measures span TOPSIS-based
supplier and technology selection [14, 15], correlation-based
ranking [16], Dombi extended-power and Dombi–Hamy ag-
gregation operators for multiple-attribute decision-making
[17, 18], and uncertain-linguistic extensions [19].

Neutrosophic clustering specifically originates with the
neutrosophic c-means (NCM) algorithm, which augments
the fuzzy c-means objective with ambiguity- and distance-
rejection terms to separate boundary patterns from outliers
[2]; subsequent work has proposed sparsity-regularized vari-
ants for large datasets [3] and applied neutrosophic clus-
tering and similarity measures directly to medical pattern-
recognition and diagnosis problems [20]. The present pa-
per’s construction differs from this line of work in deriving
the neutrosophic triplet as a closed-form function of a stan-
dard fuzzy c-means fit rather than through a joint objective
function, trading some of NCM’s flexibility for full analytic
tractability. Finally, because the empirical evaluation below
compares clustering assignments against known diagnostic
labels, it draws on methodological work evaluating internal
and external cluster-validity indices, including the adjusted
Rand index used below [21, 22], and situates its numerical re-
sults against fuzzy and hard clustering approaches previously
benchmarked on the same diagnostic dataset [4].

3. PRELIMINARIES

Definition 1 (Single-valued neutrosophic set). A single-
valued neutrosophic set on a universe X assigns to each
x ∈ X a truth-membership T (x) ∈ [0,1], an indeterminacy-
membership I(x) ∈ [0,1], and a falsity-membership F(x) ∈
[0,1], with 0 ≤ T (x)+ I(x)+F(x)≤ 3 and no functional de-
pendence required among the three components, in contrast
to an intuitionistic fuzzy set, in which the membership and
non-membership degrees are constrained to sum to at most
one [1].

Definition 2 (Fuzzy c-means objective). Given {xi}n
i=1 ⊂Rp,

the number of clusters C, and fuzzifier m > 1, fuzzy c-means
seeks membership degrees ui j ∈ [0,1], ∑

C
j=1 ui j = 1 for every
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i, and centroids v j ∈ Rp minimizing

Jm(U,V ) =
n

∑
i=1

C

∑
j=1

um
i j ∥xi − v j∥2. (1)

4. PROPOSED FRAMEWORK

4.1 Closed-form fuzzy c-means updates

Theorem 1. At a stationary point of Equation 1 subject to
∑ j ui j = 1 for every i, the membership degrees and centroids
satisfy

ui j =

[
C

∑
k=1

(
∥xi − v j∥
∥xi − vk∥

) 2
m−1

]−1

, v j =
∑

n
i=1 um

i jxi

∑
n
i=1 um

i j
. (2)

Proof. Introduce a Lagrange multiplier ηi for each row con-
straint and form L = ∑i, j um

i jd
2
i j − ∑i ηi

(
∑ j ui j − 1

)
, with

di j = ∥xi − v j∥. Setting ∂L/∂ui j = 0 gives mum−1
i j d2

i j = ηi,

so ui j = (ηi/m)1/(m−1)d−2/(m−1)
i j ; substituting into ∑ j ui j = 1

eliminates ηi and yields the first expression in Equation 2.
Setting ∂Jm/∂v j = 0 gives ∑i um

i j(xi − v j) = 0, which rear-
ranges to the second expression.

Proposition 1. Alternating the two updates in Equation 2
produces a sequence of objective values J(0)m ≥ J(1)m ≥ ·· ·
that is non-increasing and bounded below by zero, hence
convergent; this is the classical alternating-optimization con-
vergence property of fuzzy c-means, since each update solves
its respective stationarity condition exactly for the other vari-
able held fixed.

Section 6.1 confirms Proposition 1 directly: the empirical
objective sequence on the data used below is non-increasing
at every one of its iterations to convergence.

4.2 Neutrosophic triplet construction

Definition 3. Given a converged membership vector ui =
(ui1, . . . ,uiC) for point xi, define

Ti = max
1≤ j≤C

ui j, (3)

Ii =
−∑

C
j=1 ui j logui j

logC
, (4)

Fi = 1−Ti. (5)

Equation 3 is the strength of the point’s best-fitting cluster;
Equation 4 is the Shannon entropy of the full membership
distribution, normalized by its maximum possible value logC
so that Ii ∈ [0,1]; Equation 5 is the complement of the best-
fitting membership, read as the degree to which the point fails
to belong decisively to any single cluster.

Theorem 2. For every i, Ti ∈ [1/C, 1], Ii ∈ [0, 1], and Fi ∈
[0, 1− 1/C]. Moreover Ii = 0 if and only if ui is a one-hot
vector (crisp assignment, Ti = 1), and Ii = 1 if and only if ui
is uniform (ui j = 1/C for all j, Ti = 1/C).

Proof. Since ui lies on the probability simplex, its largest
coordinate is at least the simplex average 1/C and at most 1,
giving the stated range for Ti and, via Fi = 1−Ti, for Fi. The
Shannon entropy H(ui) = −∑ j ui j logui j of a distribution
on C outcomes satisfies 0 ≤ H(ui) ≤ logC, with the lower
bound attained exactly at one-hot distributions and the upper
bound attained exactly at the uniform distribution – a standard
consequence of the strict concavity of −t log t and Jensen’s
inequality. Dividing by logC gives Ii ∈ [0,1] with the stated
equality conditions.

4.3 Score function and its monotonicity

Definition 4. The score of a neutrosophic triplet (T, I,F) ∈
[0,1]3 is

S(T, I,F) =
T +(1− I)+(1−F)

3
. (6)

Theorem 3. S is strictly increasing in T , strictly decreasing
in I, and strictly decreasing in F, with S(T, I,F) ∈ [0,1] for
all (T, I,F) ∈ [0,1]3, attaining its maximum S = 1 only at
(1,0,0) and its minimum S = 0 only at (0,1,1).

Proof. Direct differentiation of Equation 6 gives ∂S/∂T =
1/3 > 0, ∂S/∂ I = −1/3 < 0, ∂S/∂F = −1/3 < 0, es-
tablishing strict monotonicity in each argument on [0,1]3.
Since S is an affine, coordinatewise-monotone function of
(T, I,F) ∈ [0,1]3, its extrema over the cube occur at vertices;
evaluating S at (1,0,0) gives 1 and at (0,1,1) gives 0, and
monotonicity rules out any other vertex attaining either ex-
treme.

4.4 A metric on neutrosophic triplets

Definition 5. For triplets τ1 = (T1, I1,F1) and τ2 = (T2, I2,F2)
in [0,1]3, define

dN(τ1,τ2) =

√
(T1 −T2)2 +(I1 − I2)2 +(F1 −F2)2

3
. (7)

Theorem 4. dN is a metric on [0,1]3: dN(τ1,τ2) ≥ 0 with
equality if and only if τ1 = τ2; dN(τ1,τ2) = dN(τ2,τ1); and
dN(τ1,τ3)≤ dN(τ1,τ2)+dN(τ2,τ3) for all τ1,τ2,τ3 ∈ [0,1]3.

Proof. dN is 1/
√

3 times the ordinary Euclidean distance
on R3 restricted to [0,1]3 ⊂ R3; non-negativity, identity of
indiscernibles, and symmetry are immediate from the corre-
sponding properties of the Euclidean norm, and the triangle
inequality for dN follows from that of the Euclidean norm
since a positive scalar multiple of a metric is again a met-
ric.

4.5 Degeneracy at two clusters

Proposition 2. For C = 2, writing Ti ∈ [1/2,1] for the larger
of the two membership values, Ii is an exact deterministic
function of Ti:

Ii =
−Ti logTi − (1−Ti) log(1−Ti)

log2
. (8)
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Consequently Ti and Ii are in strictly monotone (decreasing)
correspondence on [1/2,1], and the triplet (Ti, Ii,Fi) carries
no information beyond the single value Ti: genuine three-
way independence among truth, indeterminacy, and falsity
requires C ≥ 3.

Proof. For C = 2, ui = (Ti,1−Ti) by definition of Ti as the
larger coordinate, so Equation 4 evaluates exactly to Equa-
tion 8, the normalized binary entropy function, which is con-
tinuous and strictly decreasing in Ti on [1/2,1] (it strictly
decreases from 1 at Ti = 1/2 to 0 at Ti = 1, since the binary
entropy function is strictly concave and symmetric about 1/2).
Because Fi = 1−Ti is also a deterministic, strictly decreasing
function of Ti, all three components of the triplet are functions
of the single scalar Ti, so no pair among them is functionally
independent.

Proposition 2 is a genuine limitation of the two-cluster case
rather than an artefact of Definition 3’s particular choices:
any indeterminacy measure that depends on ui only through
its Shannon entropy will exhibit the same degeneracy at C =
2, since the binary membership vector has only one free
parameter. Section 6.1 verifies Equation 8 directly against
the fitted clustering to floating-point precision.

5. MATERIALS AND METHODS

5.1 Data

The Breast Cancer Wisconsin Diagnostic dataset comprises
569 fine-needle-aspirate cell-nucleus measurements, each de-
scribed by 30 real-valued morphological features (ten base
measurements – radius, texture, perimeter, area, smoothness,
compactness, concavity, concave points, symmetry, and frac-
tal dimension – together with their standard error and worst-
case value across nuclei in each image), with each case la-
belled malignant (n = 212) or benign (n = 357) by histolog-
ical confirmation. The dataset is public and has been used
repeatedly to benchmark fuzzy and neutrosophic decision-
support methods against classical classifiers [4]. All features
were standardized to zero mean and unit variance prior to
clustering, since fuzzy c-means, like k-means, is not scale-
invariant and the thirty features are measured on markedly
different scales.

5.2 Experimental protocol

Fuzzy c-means (Theorem 1, C = 2, m = 2) was fitted to the
standardized feature matrix with random simplex-distributed
initial memberships, iterating the two updates in Equation 2
to convergence (membership change below 10−6 in supre-
mum norm). The neutrosophic triplet of Definition 3 was
then computed for every case, together with the score of
Definition 4 and the distance, via Definition 5, from each
triplet to the ideal crisp-certain point (1,0,0), termed the
uncertainty distance UDi = dN

(
(Ti, Ii,Fi),(1,0,0)

)
. Clusters

were assigned to diagnostic labels by majority vote of the
true labels within each cluster, and clustering quality was
assessed against the true diagnosis using accuracy and the
adjusted Rand index; a hard k-means baseline (C = 2, twenty
random restarts) was fitted to the same standardized data for
comparison on both external validity and silhouette width. To
test whether indeterminacy carries diagnostic signal beyond

the point assignment itself, a one-sided Mann–Whitney U-
test compared Ii between correctly and incorrectly classified
cases (majority-vote alignment against the true label), with
the alternative hypothesis that misclassified cases have higher
indeterminacy. All computations were performed in Python
using only standard array operations for the clustering and
triplet construction, so that every reported number follows
directly from Equations 2–7; the code and processed data
needed to reproduce every number and figure below accom-
pany this paper.

6. RESULTS

6.1 Verification of the proposed theory

The fuzzy c-means fit converged in 28 iterations, with the
objective sequence non-increasing at every iteration, confirm-
ing Proposition 1. Table 1 reports the numerical verifica-
tion of Theorem 4: across 5000 randomly sampled triples of
triplets drawn uniformly from [0,1]3, zero triangle-inequality
violations were found, and symmetry and the identity of in-
discernibles held exactly for every sampled pair and point.
Figure 1 verifies Proposition 2 directly: every one of the 569
observed (Ti, Ii) pairs falls exactly on the theoretical normal-
ized binary entropy curve, with a maximum absolute devia-
tion of 3.3×10−16 across all cases – floating-point equality –
and a Pearson correlation of −0.958 between Ti and Ii over
the full range in which Ti actually varies in this dataset.

Table 1. Numerical verification of the metric properties of dN
(Theorem 4).

Property Result

Triangle inequality violations (of 5000) 0
Symmetry violations (of 50 pairs checked) 0
Identity-of-indiscernibles violations (of 50) 0

Figure 1. Observed (Ti, Ii) pairs against the theoretical normalized
binary entropy curve of Equation 8, confirming Proposition 2 (two-
cluster degeneracy) to floating-point precision.

6.2 Clustering accuracy against diagnostic labels

Table 2 compares the proposed framework’s crisp assignment
(argmax j ui j) against a hard k-means baseline on the same
standardized data. The two achieve statistically indistinguish-
able point accuracy and silhouette width, as expected since
both partition the data using the same underlying Euclidean
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Figure 2. Distribution of indeterminacy Ii for correctly classified
versus misclassified cases.

geometry; the proposed framework’s distinguishing output is
not a more accurate partition but the accompanying (Ti, Ii,Fi)
triplet, examined next.

Table 2. Clustering accuracy against true diagnostic labels.

Method Accuracy ARI Silhouette

Proposed (FCM crisp) 0.914 0.683 0.340
Hard k-means 0.910 0.671 0.345

6.3 Indeterminacy as a diagnostic-ambiguity signal

Table 3 reports the mean neutrosophic triplet by true diagnosis
and by classification outcome. Malignant cases show higher
mean indeterminacy and lower mean truth-membership than
benign cases, consistent with the malignant class’s smaller
size and its known overlap with the benign class along several
morphological features; more directly relevant to diagnostic
use, indeterminacy is sharply higher for misclassified cases
(mean I = 0.941) than for correctly classified ones (mean
I = 0.735). The one-sided Mann–Whitney test rejects equal
distributions decisively (U = 22412, p < 10−18): cases the
clustering gets wrong are, on average, the cases its own neu-
trosophic layer flags as most uncertain, precisely the property
a hard clustering assignment cannot provide.

Table 3. Mean neutrosophic triplet by true diagnosis and by classifi-
cation outcome.

Group T I F S
Malignant (n=212) 0.710 0.838 0.290 0.527
Benign (n=357) 0.786 0.702 0.214 0.623

Correctly classified (n=520) 0.772 0.735 0.228 0.603
Misclassified (n=49) 0.607 0.941 0.393 0.424

Figure 2 shows the full indeterminacy distribution split by
classification outcome: correctly classified cases spread
broadly across the indeterminacy range, while misclassified
cases concentrate sharply near the maximal-indeterminacy
region (Ii close to 1, equivalently Ti close to 1/2), visually
corroborating the hypothesis test above.

Table 4 lists the ten cases with the highest indeterminacy
in the dataset. Every one has Ti within 0.02 of the maximal-
ambiguity value Ti = 0.5, over half are misclassified, and both

diagnostic classes appear among them – exactly the borderline
profile the theory predicts, and the profile a clinical workflow
would want surfaced for secondary review regardless of which
diagnosis the clustering ultimately assigns.

Table 4. The ten cases with highest indeterminacy Ii.
T I F S True diagnosis Correct?

0.501 1.000 0.499 0.334 malignant no
0.505 1.000 0.495 0.337 benign yes
0.507 1.000 0.493 0.338 benign no
0.507 1.000 0.493 0.338 benign no
0.508 1.000 0.492 0.339 malignant yes
0.511 1.000 0.489 0.341 malignant no
0.513 0.999 0.487 0.342 benign no
0.514 0.999 0.486 0.343 malignant no
0.518 0.999 0.482 0.346 malignant yes
0.520 0.999 0.480 0.347 benign yes

7. DISCUSSION

The central empirical finding – that indeterminacy is signifi-
cantly elevated among misclassified cases – is exactly what
Proposition 2 predicts it must be for a two-cluster problem,
since indeterminacy is there a strictly decreasing function
of the winning membership Ti, and low, ambiguous values
of Ti (near 1/2) are precisely where a majority-vote or arg-
max decision rule is least reliable. This is a case in which a
mathematical limitation of the framework – the collapse of
three degrees of freedom to one at C = 2 – turns out to be the
exact mechanism behind its most clinically useful behaviour:
because Ii tracks Ti deterministically, flagging high-Ii cases is
equivalent to flagging low-margin cases, which is precisely
the triage criterion a decision-support system built on cluster
assignment should want. The framework’s genuine three-way
informational content, in the sense of Definition 1, would only
become relevant for problems with three or more diagnostic
categories, where Ti, Ii, and Fi can no longer be reduced to
a single scalar; extending the present breast cancer analysis
to a multi-category histological grading task is a natural next
step for testing this directly.

The comparison against hard k-means in Table 2 is included
specifically to avoid overstating the framework’s contribu-
tion: both methods partition the data almost identically, be-
cause both ultimately rely on the same Euclidean distances
to the same two centroids, so the improvement offered by
the neutrosophic layer is not an accuracy improvement but
an uncertainty-quantification improvement, available only
because the fuzzy membership vector – discarded by hard
k-means at the moment of assignment – is retained and sum-
marized. This distinction parallels a broader pattern in the
fuzzy and neutrosophic decision-making literature, where
recently proposed score functions and distance measures are
typically justified by their axiomatic properties and their abil-
ity to resolve ranking ties or ambiguity [7, 8, 12, 13] rather
than by outperforming simpler methods on a single aggregate
accuracy figure, and it is consistent with the caution, implicit
in the modern cluster-validity literature [21, 22], that a single
similarity score to ground truth can obscure exactly the case-
level information that matters most in an applied setting such
as diagnosis.

Two limitations should be noted. First, the entropy-based in-
determinacy of Definition 3 is one reasonable choice among
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several that appear in the neutrosophic clustering literature,
and Proposition 2’s two-cluster degeneracy, while shown to
hold for any Shannon-entropy-based construction, need not
hold for indeterminacy measures built on some other func-
tional of ui; a systematic comparison across indeterminacy
constructions is left for future work. Second, the present
framework builds the neutrosophic triplet after a completed
fuzzy c-means fit rather than optimizing truth, indetermi-
nacy, and falsity jointly as the original neutrosophic c-means
formulation does [2]; this sacrifices the ability of indeter-
minacy to influence the clustering itself, a trade-off made
deliberately here in exchange for the closed-form derivations
of Sections 4.1–4.4, but one a joint formulation would not
require.

8. CONCLUSION

This paper constructed a neutrosophic layer on top of standard
fuzzy c-means clustering with a complete, closed-form math-
ematical development: the clustering updates were re-derived
from first-order conditions, the resulting truth-indeterminacy-
falsity triplet was shown to be bounded with sharply char-
acterized extremes, a score function combining the three
components was shown to be strictly monotone in each, the
natural distance between two triplets was shown to satisfy
the metric axioms, and, for the two-cluster case specifically,
indeterminacy was proved to be an exact deterministic func-
tion of truth-membership – a limitation verified numerically
to floating-point precision and shown, on the Breast Cancer
Wisconsin Diagnostic dataset, to be precisely the property
that makes the framework’s indeterminacy score a statisti-
cally significant marker of diagnostic ambiguity (p < 10−18),
despite the framework matching, rather than exceeding, a
hard k-means baseline on raw clustering accuracy. These
results support the use of entropy-based neutrosophic lay-
ers as a mathematically transparent way to extract case-level
uncertainty information already implicit in a fuzzy cluster-
ing fit, with genuine three-way independence among truth,
indeterminacy, and falsity, and the corresponding richer diag-
nostic picture, available only once three or more clusters are
considered.

DATA AND CODE AVAILABILITY

The Breast Cancer Wisconsin Diagnostic dataset is a stan-
dard public dataset. The complete Python code implementing
the fuzzy c-means engine, the neutrosophic triplet construc-
tion, all theoretical verifications, and the statistical analysis,
together with all output tables and figures, are provided as
supplementary material accompanying this submission.
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