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Abstract  

This paper develops a Multiple Dependent State Sampling Plan (MDSSP) based on the Extended Odd Exponential 

Generalized Exponential (EOEGE– E) distribution for truncated life tests. The proposed methodology determines the 

optimal sampling plan by minimizing the required sample size while satisfying predetermined producer’s and 

consumer’s risk requirements. An optimization algorithm is developed to obtain the optimal plan parameters for 

different combinations of the termination ratio, quality ratio, and consumer’s risk. A comprehensive numerical study 

is conducted to investigate the effects of the design parameters on the optimal sampling plans and their operating 

characteristics. The results show that the proposed methodology produces feasible and stable sampling plans over a 

wide range of design set- tings. In general, the required sample size decreases as the quality ratio and termination ratio 

increase, whereas more stringent consumer protection re- quires larger sample sizes. The proposed methodology is 

illustrated using a real COVID–19 mortality dataset. The EOEGE–E distribution is first fit- ted to the data using the 

maximum likelihood method, and goodness-of-fit analyses confirm its suitability for modeling the observed lifetime 

data. The fitted distribution is then employed to construct the proposed MDSSP. Comparative studies demonstrate that 

the proposed sampling plan consistently re- quires fewer inspected units than both the conventional Single Sampling 

Plan (SSP) and the Weibull-based MDSSP while maintaining the prescribed pro- ducer’s and consumer’s risk 

requirements. The proposed MDSSP provides an efficient and economical inspection procedure for truncated life 

testing and represents a practical alternative for reliability analysis and industrial quality control.  

Keywords: Acceptance sampling; Multiple dependent state sampling plan; Truncated life test; Extended Odd 

Exponential Generalized Exponential distribution; Operating characteristic function; Consumer’s risk; Producer’s risk  

1. Introduction 

Acceptance sampling is one of the most widely adopted statistical quality control techniques for making decisions on 

submitted production lots without conducting complete inspection [11]. Instead of examining every manufactured 

item, a decision regarding lot acceptance or rejection is made based on the quality characteristics observed in a 

representative sample. This approach substantially reduces inspection cost, testing time, and operational effort while 

maintaining an acceptable balance between producer’s and consumer’s risks. Since the pioneering work of [20], 

acceptance sampling has become an indispensable component of industrial quality assurance and has found extensive 

applications in manufacturing, electronics, pharmaceuticals, biomedical engineering, and reliability assessment [12].  

For highly reliable or expensive products, destructive life testing is often impractical because it requires waiting until 

all test units fail. Consequently, truncated life tests have become an attractive alternative by terminating the experiment 

at a predetermined time and making acceptance decisions based only on the observed failures before the truncation 

time.  
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This strategy considerably shortens the testing period and lowers inspection costs while still providing reliable 

information regarding product lifetime characteristics. The fundamental theory of truncated life testing was established 

by [22]  and [26], and has subsequently been extended to numerous lifetime distributions and industrial applications.  

Over the past two decades, acceptance sampling plans based on truncated life tests have been developed for a wide 

variety of lifetime distributions in order to accommodate different failure mechanisms encountered in practice. 

Representative examples include the Log- Logistic distribution [29-30], the Rayleigh distribution [16], the  

Generalized Rayleigh distribution [37], the Marshall–Olkin extended Lomax distribution [35], the Generalized 

Birnbaum–Saunders distribution [17], the Birnbaum–Saunders distribution [32], the Burr Type XII distribution [33], 

the Gompertz distribution [25], the Transmuted Inverse Rayleigh distribution [5], the three-parameter Lindley 

distribution [6], the Rama distribution [7], and the two-parameter Quasi Shanker distribution [8]. More recently, 

acceptance sampling procedures have also been investigated using the Three-Parameter Inverted Topp– Leone 

distribution [33]  and the Zeghdoudi distribution [9], and the Shanker distribution [10], reflecting the continuous 

interest in developing sampling plans under increasingly flexible lifetime models.  

The increasing demand for economical and efficient inspection procedures has motivated the development of more 

advanced acceptance sampling strategies. Among these, the Multiple Dependent State Sampling Plan (MDSSP) has 

received considerable attention because it incorporates information from previously inspected lots into the current 

acceptance decision. Unlike the conventional Single Sampling Plan (SSP), which relies solely on the current sample, 

the MDSSP exploits historical inspection results to improve decision accuracy and reduce the required sample size. 

The concept originated from the multiple deferred state sampling inspection scheme introduced by [39], which 

demonstrated that incorporating information from preceding lots could substantially improve inspection efficiency.  

Since then, numerous extensions of the MDSSP have been proposed under different quality characteristics and 

sampling environments. For example, [14] developed multiple dependent state variable sampling plans incorporating 

process loss considerations, whereas [40] designed an MDSSP based on the process coefficient of variation. 

Extensions to fuzzy environments and deferred-state mechanisms were subsequently investigated by [3] and [18], 

demonstrating the flexibility of dependent-state sampling concepts in practical quality control applications.  

The application of MDSSP to truncated life tests has become an active research area in recent years owing to its ability 

to provide reliable decisions while reducing inspection cost and testing time. [4] proposed a group MDSSP under the 

Weibull distribution, while [13] developed generalized MDSSPs for several lifetime distributions under truncated life 

testing. Economic aspects of MDSSP design were later investigated by [15], highlighting the practical importance of 

minimizing inspection cost without sacrificing the desired protection levels for producers and consumers. Recent years 

have witnessed a rapid expansion in the development of MDSSPs based on increasingly flexible lifetime distributions.  

[8] developed an MDSSP using the MLL3 distribution for pandemic mortality data, demonstrating the practical 

applicability of flexible lifetime models in reliability-based acceptance sampling. Similarly, [24] constructed an 

MDSSP using the Exponentiated Weibull distribution for COVID–19 mortality data, while [38] proposed adjustable 

multiple dependent- state sampling plans based on process capability indices. [1], [31], and [28] further demonstrated 

the applicability of MDSSPs in reliability analysis, medical studies, and generalized lifetime models. More recently, 

[36], [34], [27], and [19] proposed new MDSSP designs under several flexible lifetime distributions, confirming that 

the development of efficient dependent-state sampling procedures remains an active and rapidly evolving research 

direction.  

Despite these significant developments, the performance of any acceptance sampling plan based on truncated life tests 

depends critically on the choice of the underlying lifetime distribution. In practical reliability studies, lifetime data 

frequently exhibit complex hazard rate patterns and varying degrees of skewness that cannot always be adequately 

represented by classical models such as the exponential or Weibull distributions. Consequently, there has been growing 

interest in developing more flexible lifetime distributions capable of accommodating a wider range of data 

characteristics while improving estimation accuracy and decision-making performance.  

In response to this need, numerous generalized lifetime distributions have recently been proposed in the statistical 

literature. For example, [21] introduced a new extension of the exponential distribution and demonstrated its 

effectiveness for modeling COVID–19 mortality data. Subsequently, several flexible models have been developed for 

engineering and biomedical applications, including the New Explanation of Lomax distribution [10], the Modified 

Log–Logistic distribution [2], and the Extended Odd Exponential Generalized Exponential (EOEGE–E) distribution 

proposed by [23]. Owing to its flexible probability density, cumulative distribution, and hazard rate functions, the 
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EOEGE–E distribution is capable of modeling diverse lifetime behaviors encountered in reliability and survival 

studies.  

Although considerable progress has been achieved in developing MDSSPs under various lifetime distributions, most 

existing studies have focused on classical or moderately flexible models. To the best of the authors’ knowledge, no 

study has yet investigated the construction of a Multiple Dependent State Sampling Plan based on the EOEGE–E 

distribution under truncated life tests. Consequently, the potential advantages of this recently developed lifetime model 

for improving inspection efficiency and reducing the required sample size have not yet been explored.  

Motivated by this research gap, the present study develops a new Multiple Dependent State Sampling Plan based on 

the EOEGE–E distribution for truncated life tests. The proposed methodology determines the optimal sampling 

parameters by minimizing the required sample size while simultaneously satisfying the prescribed producer’s and 

consumer’s risk requirements. Extensive numerical investigations are conducted to examine the effects of the design 

parameters on the optimal sampling plans. Furthermore, comprehensive comparisons with the conventional Single 

Sampling Plan (SSP) and the Weibull-based Multiple Depen- dent State Sampling Plan (MDSSP) are conducted to 

demonstrate the efficiency and practical advantages of the proposed methodology.  

The remainder of this paper is organized as follows. Section 2 introduces the EOEGE–E distribution and summarizes 

its main statistical properties. Section 3 presents the proposed Multiple Dependent State Sampling Plan together with 

its design methodology and opti- mization procedure. Numerical results and comparative analyses are reported in 

Section 4. Section 5 illustrates the practical implementation of the proposed methodology using a real COVID–19 

mortality dataset. Finally, Section 6 concludes the paper and outlines possible directions for future research. 

2. The Extended Odd Exponential Generalized Exponential Distribution  

The proposed Multiple Dependent State Sampling Plan (MDSSP) is developed under the Extended Odd Exponential 

Generalized Exponential (EOEGE–E) distribution introduced by [23]. This lifetime model extends the generalized 

exponential family through the odd exponential generator, providing a flexible distribution capable of accommodating 

a broad spectrum of lifetime characteristics encountered in engineering reliability, industrial quality control, 

biomedical investigations, and survival analysis.  

The flexibility of the EOEGE–E distribution arises from the combined effect of its shape parameters, which enable 

the model to represent various distributional forms and hazard rate behaviours while maintaining analytically tractable 

expressions for its principal reliability measures. Consequently, the distribution constitutes an attractive probabilistic 

model for acceptance sampling plans constructed under truncated life tests, where the probability of failure before a 

predetermined termination time plays a central role in the design procedure.  

Since the proposed MDSSP is formulated through the probability that an experimental unit fails before the censoring 

time, only the distributional characteristics required for developing the sampling plan are presented in this section. 

These include the cumulative distribution function, probability density function, survival function, hazard rate 

function, and quantile function. The resulting expressions serve as the mathematical foundation for deriving the failure 

probability, probability of lot acceptance, and operating characteristic function pre- sented in Section 3  

Let T denote a non-negative random variable following the EOEGE–E distribution with parameter vector  

Θ = (α, θ, λ, γ),                     (1) 

Where 

α > 0,   𝜃 > 0, 𝜆 > 0, 𝛾 > 0. 

Throughout this paper, the notation 𝑇 ∼ EOEGE--E(α, θ, λ, γ)  is adopted. 

2.1. Distributional Properties. 

 The construction of the proposed MDSSP requires an explicit expression for the probability that a test unit fails before 

a predetermined termination time. Consequently, the cumulative distribution function (CDF) of the underlying lifetime 

model constitutes the principal quantity from which all subsequent results are derived.  

According to [23], the cumulative distribution function of the EOEGE–E distribution is given by  

𝐹(𝑡; α, θ, λ, γ) = [1 − exp {−λ (exp (
α𝑡γ

γ
) − 1)}]

θ

,        𝑡 > 0,         (2) 
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where 𝛼, 𝜃, 𝜆, 𝛾 are positive model parameters governing the scale and shape of the distribution. 

Equation (2) completely characterizes the probability structure of the EOEGE-E model. In particular, it provides the 

probability that the lifetime of a randomly selected unit does not exceed the specified time point 𝑡, that is, 

𝐹(𝑡) = 𝑃(𝑇 ≤ 𝑡). 

Since acceptance decisions under truncated life tests depend directly on the probability of observing failures before a 

fixed termination time, the cumulative distribution function will serve as the basis for deriving the failure probability 

developed in Section 3.  

Differentiating Equation (2) with respect to t yields the corresponding probability density function  

𝑓(𝑡; α, θ, λ, γ)=
𝑑

𝑑𝑡
𝐹(𝑡; α, θ, λ, γ) = αθλ𝑡γ−1 exp (

α𝑡γ

γ
) exp [λ (exp (

α𝑡γ

γ
) − 1)] ×

                                                                [1 − exp {−λ (exp (
α𝑡γ

γ
) − 1)}]

θ−1

, 𝑡 > 0.                    (3) 

The density function in Equation (3) describes the instantaneous distribution of lifetimes and serves as the fundamental 

building block for obtaining other reliability characteristics, including the survival and hazard rate functions. Owing 

to the interaction among the four model parameters, the EOEGE–E distribution is capable of exhibiting considerable 

flexibility in modelling positively skewed lifetime data encountered in practical reliability studies.  

2.2. Reliability Characteristics. 

 Reliability measures constitute the theoretical basis for the proposed truncated life test since the acceptance decision 

depends on whether a test unit survives beyond a predetermined termination time. Among these measures, the survival 

function and the hazard rate function play particularly important roles in describing the reliability behaviour of the 

EOEGE–E distribution.  

The survival function, also referred to as the reliability function, is defined as the proba- bility that a unit remains 

functional beyond time 𝑡, namely,  

𝑆(𝑡) = 𝑃(𝑇 > 𝑡) = 1 − 𝐹(𝑡),                                  (4) 

where F (t) is the cumulative distribution function given in Equation (2). Therefore, the  

survival function of the EOEGE–E distribution is expressed as  

𝑆(𝑡; α, θ, λ, γ) = 1 − [1 − exp {−λ (exp (
𝛼 𝑡γ

γ
) − 1)}]

θ

, 𝑡 > 0.                (5) 

The survival function represents the probability that an experimental unit survives beyond the inspection time. 

Consequently, it provides a direct measure of product reliability and forms the complement of the failure probability 

employed in the proposed sampling procedure.  

Another important reliability measure is the hazard rate function, which describes the instantaneous failure rate of a 

unit that has survived up to time t. It is defined as  

ℎ(𝑡) =
𝑓(𝑡)

𝑆(𝑡)
, 𝑡 > 0,        (6) 

where f(t) and S(t) are given in Equations (3) and (5), respectively. Hence, the hazard rate function of the EOEGE–E 

distribution becomes  

ℎ(𝑡; 𝛼, 𝜃, 𝜆, 𝛾) =
𝛼𝜃𝜆𝑡𝛾−1 exp (

𝛼𝑡𝛾

𝛾
) exp [𝜆 (exp (

𝛼𝑡𝛾

𝛾
) − 1)] [1 − exp {−𝜆 (exp (

𝛼𝑡𝛾

𝛾
) − 1)}]

𝜃−1

1 − [1 − exp {−𝜆 (exp (
𝛼 𝑡𝛾

𝛾
) − 1)}]

𝜃
,      (7) 

 

The flexibility of the hazard rate function is one of the principal advantages of the EOEGE– E distribution. Depending 

on the parameter configuration, the model can accommodate a variety of lifetime patterns frequently encountered in 

reliability studies, making it suitable for analysing heterogeneous failure mechanisms observed in engineering and 

industrial applications.  
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2.3. Quantile Function and Failure Probability.  

The quantile function is an essential tool in truncated life testing since it determines the specified lifetime used for 

constructing the proposed sampling plan. Let 𝑡𝑞 denote the 100𝑞𝑡ℎ percentile of the EOEGE–E distribution, where 

0 <  𝑞 <  1. By solving Equation (2) for 𝑡𝑞 , the quantile function is obtained as  

𝑡𝑞 = [
γ

α
log (1 −

log(1𝑞1/θ)

λ
)]

1/γ

, 0 < 𝑞 < 1.       (8) 

For simplicity of notation, define 

𝐶𝑞 = log (1 −
log(1 − 𝑞1/θ)

λ
).                  (9) 

Hence, Equation (8) can be rewritten as  

𝑡𝑞 = (
γ𝐶𝑞

α
)

1/γ

,                                          (10) 

which immediately gives 

α

γ
=

𝐶𝑞

𝑡𝑞
γ .                                        (11) 

Suppose that 𝑡𝑞
0 denotes the specified lifetime quantile. Under the proposed truncated life test, the experiment is 

terminated at 

𝑡0 = 𝑘 𝑡𝑞
0, 𝑘 > 0,        (12) 

where 𝑘 is the termination ratio. 

The probability that a test unit fails before the termination time is therefore 

𝑝 = 𝑃(𝑇 ≤ 𝑡0) = 𝐹(𝑡0).      (13) 

Substituting Equation (12) into the cumulative distribution function in Equation (2) yields  

 

𝑝 = [1 − exp {−λ [exp (
α

γ
(𝑘𝑡𝑞

0)
γ

) − 1]}]
θ

.           (14) 

 

Using Equation (11), Equation (14) becomes 

p = [1 − exp {−λ [exp (Cq (
k tq

0

tq

)

γ

) − 1]}]

θ

.                (15) 

 

Now, define the quality ratio as 

𝑟 =
𝑡𝑞

𝑡𝑞
0

,               (16) 

which implies 

𝑡𝑞
0

𝑡𝑞

=
1

𝑟
. 

 

Accordingly, Equation (15) can be written as  
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𝑝 = [1 − exp {−λ [exp (𝐶𝑞 (
𝑘

𝑟
)

γ

) − 1]}]

θ

,            (17) 

 

where 𝑟 = 𝑡𝑞/𝑡𝑞
0 represents the quality ratio between the true lifetime quantile and the specified lifetime quantile. 

Equation (17) gives the probability that a test unit fails before the predetermined termination time and forms the basis 

for developing the proposed Multiple Dependent State Sampling Plan in the following section.  

3. Construction of the Proposed Multiple Dependent State Sampling Plan.  

The proposed Multiple Dependent State Sampling Plan (MDSSP) is developed based on the probability of failure 

derived in Section 2.3. The decision regarding the acceptance or rejection of a submitted lot depends not only on the 

quality of the current sample but also on the inspection results of the immediately preceding lots. This strategy 

generally provides greater flexibility than the conventional single sampling plan while maintaining the desired 

producer’s and consumer’s protection.  

nder the proposed plan, a random sample of size 𝑛 is selected from the submitted lot and each test unit is observed up 

to the predetermined termination time 𝑡0 = 𝑘𝑡𝑞
0. Let 𝑑 denote the number of failed units observed before the 

termination time. The lot acceptance decision is made according to two acceptance numbers, 𝑐1 and 𝑐2, where 𝑐1 <
𝑐2. 

The proposed MDSSP operates according to the following decision rules: 

1. Accept the submitted lot immediately if 𝑑 ≤ 𝑐1. 

2. Reject the submitted lot immediately if 𝑑 > 𝑐2. 

3. If 𝑐1 < 𝑑 ≤ 𝑐2,  the decision depends on the inspection outcomes of the previous 𝑚 submitted lots. The current 

lot is accepted only if each of the preceding 𝑚 lots contains at most 𝑐1 failures before the termination time; 

otherwise, the current lot is rejected  

Since each test unit fails independently before the truncation time with probability 𝑝 given by Equation (17), the 

number of failed units in the sample follows a binomial distribution with parameters 𝑛 and 𝑝. Consequently, the 

probability of lot acceptance can be derived as presented in the following subsection.  

3.1. Probability of Lot Acceptance.  

Let 𝑃𝑎(𝑝) denote the probability of accepting a submitted lot under the proposed Multiple Dependent State Sampling 

Plan (MDSSP). Since each test unit fails independently before the predetermined termination time with probability 𝑝, 

the number of failed units in a sample of size 𝑛 follows a binomial distribution. Hence, the probability of observing 

exactly 𝑑 failed units is 

𝑃(𝑑) = (
𝑛

𝑑
) 𝑝𝑑(1 − 𝑝)𝑛−𝑑,   𝑑 = 0,1, … , 𝑛.      (18) 

 According to the proposed MDSSP, a submitted lot is accepted immediately whenever the number of failed units 

does not exceed the first acceptance number 𝑐1. Therefore, the probability of immediate acceptance is 

𝑃𝐼 = ∑ (
𝑛

𝑑
) 𝑝𝑑(1 − 𝑝)𝑛−𝑑

𝑐1

𝑑=0

.                                            (19) 

If the number of failed units falls between the two acceptance numbers, that is, 

𝑐1 < 𝑑 ≤ 𝑐2, 

the current lot is accepted only if each of the preceding 𝑚 lots contains at most 𝑐1 failed units. The corresponding 

probability is therefore 

𝑃𝐶 = ∑ (
𝑛

𝑑
) 𝑝𝑑(1 − 𝑝)𝑛−𝑑

𝑐2

𝑑=𝑐1+1

.                               (20) 
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Assuming that the inspection results of successive submitted lots are independent, the probability that each of the 

previous 𝑚 lots satisfies the acceptance requirement is (𝑃𝐼)𝑚. 

Consequently, the probability of accepting a submitted lot under the proposed MDSSP is given by 

𝑃𝑎(𝑝) = 𝑃𝐼 + 𝑃𝐶(𝑃𝐼)𝑚.       (21) 

Substituting Equations (19) and (20) into Equation (21) gives  

𝑃𝑎(𝑝) = ∑ (
𝑛

𝑑
) 𝑝𝑑(1 − 𝑝)𝑛−𝑑

𝑐1

𝑑=0

+ ( ∑ (
𝑛

𝑑
) 𝑝𝑑(1 − 𝑝)𝑛−𝑑

𝑐2

𝑑=𝑐1+1

) (∑ (
𝑛

𝑑
) 𝑝𝑑(1 − 𝑝)𝑛−𝑑

𝑐1

𝑑=0

)

𝑚

.       (22) 

Here, the failure probability p is computed from Equation (17), which depends on the parameters of the EOEGE–E 

distribution together with the termination ratio k and the quality ratio 𝑟 = 𝑡𝑞/𝑡𝑞
0. 

3.2. Operating Characteristic Function.  

The operating characteristic (OC) function is one of the most important performance measures of an acceptance 

sampling plan. It describes the probability of accepting a submitted lot as a function of the product quality and provides 

a useful tool for assessing the discriminating ability of the proposed MDSSP.  

For the proposed sampling plan, the operating characteristic function is defined by  

𝑂𝐶(𝑟) = 𝑃𝑎(𝑝(𝑟)),            (23) 

where 𝑃𝑎(⋅) is given by Equation (22), and p(r) denotes the probability of failure obtained from Equation (17). Since 

the failure probability depends on the quality ratio  in 𝑟 =
𝑡𝑞

𝑡𝑞
0 𝜖{2,4,6,8,10}, the operating characteristic function can 

be expressed as 

𝑂𝐶(𝑟) = ∑ (
𝑛

𝑑
) 𝑝(𝑟)𝑑[1 − 𝑝(𝑟)]𝑛−𝑑

𝑐1

𝑑=0

+ ( ∑ (
𝑛

𝑑
) 𝑝(𝑟)𝑑[1 − 𝑝(𝑟)]𝑛−𝑑

𝑐2

𝑑=𝑐1+1

)

× (∑ (
𝑛

𝑑
) 𝑝(𝑟)𝑑[1 − 𝑝(𝑟)]𝑛−𝑑

𝑐1

𝑑=0

)

𝑚

.           (24) 

 

The OC function represents the probability of accepting a submitted lot for different quality levels. Generally, the 

acceptance probability increases as the quality ratio 𝑟 increases, indicating that products with longer lifetimes relative 

to the specified lifetime are more likely to be accepted. Conversely, poorer quality products correspond to smaller 

values of 𝑟 and therefore have lower acceptance probabilities. 

The proposed MDSSP is designed by selecting the plan parameters (𝑛, 𝑐1, 𝑐2, 𝑚) such that the OC function satisfies 

the producer's and consumer's risk requirements. The corresponding optimization procedure is presented in the next 

subsection. 

3.3. Design Optimization under Producer’s and Consumer’s Risks.  

The primary objective of the proposed Multiple Dependent State Sampling Plan is to determine the optimal plan 

parameters (𝑛, 𝑐1, 𝑐2, 𝑚)while simultaneously satisfying the producer's and consumer's risk requirements. In practice, 

an effective sampling plan should provide adequate protection to both the producer and the consumer by controlling 

the probabilities of accepting or rejecting submitted lots at different quality levels. 

Let α𝑝 and β𝑐  denote the producer's and consumer's risks, respectively. The producer's risk is defined as the probability 

of rejecting a lot whose quality is at the acceptable quality level (AQL), whereas the consumer's risk is the probability 

of accepting a lot whose quality is at the limiting quality level (LQL). 

Let 𝑟1 and 𝑟2 denote the quality ratios corresponding to the AQL and LQL, respectively, where 𝑟1 > 𝑟2. The associated 

probabilities of failure are obtained from Equation (17) and are denoted by  
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𝑝1 = 𝑝(𝑟1),                  (25) 

and 

𝑝2 = 𝑝(𝑟2).                    (26) 

To satisfy the producer's risk requirement, the probability of accepting a good-quality lot should be at least 1 − α𝑝. 

Hence, 

𝑃𝑎(𝑝1) ≥ 1 − α𝑝.              (27) 

Similarly, to satisfy the consumer's risk requirement, the probability of accepting a poor-quality lot should not exceed 

β𝑐 . Therefore, 

𝑃𝑎(𝑝2) ≤ β𝑐 .                (28) 

Among all feasible sampling plans satisfying Equations (27) and (28), the optimal plan is selected by minimizing the 

sample size. Accordingly, the optimization problem is formulated as  

min 𝑛, 

subject to 

𝑃𝑎(𝑝1) ≥ 1 − α𝑝, 

𝑃𝑎(𝑝2) ≤ β𝑐 , 

0 ≤ 𝑐1 < 𝑐2 < 𝑛,      𝑚 ≥ 1, 𝑛 > 1. 

The resulting optimal values of (𝑛, 𝑐1, 𝑐2, 𝑚) are obtained through an exhaustive search over all feasible combinations 

satisfying the above constraints. The computed optimal sampling plans for different choices of the design parameters 

are reported in the numerical results section. 

3.4. Algorithm for Determining the Optimal Sampling Plan.  

The optimal parameters of the proposed Multiple Dependent State Sampling Plan are determined through an 

exhaustive search procedure. The objective is to identify the sampling plan with the minimum sample size while 

satisfying both the producer's and consumer's risk requirements. 

The computational procedure is summarized as follows. 

1. Specify the design parameters, namely the producer's risk α𝑝, the consumer's risk β𝑐 , the percentile level 𝑞, the 

termination ratio 𝑘, and the quality ratios 𝑟1 and 𝑟2 corresponding to the acceptable and limiting quality levels, 

respectively. 

2. Compute the auxiliary quantity 𝐶𝑞 using Equation (9).  

3. Evaluate the probabilities of failure 𝑝1 and 𝑝2 from Equation (17)  by substituting 𝑟 = 𝑟1 and 𝑟 = 𝑟2, respectively. 

4. Select feasible values of the plan parameters  (𝑛, 𝑐1, 𝑐2, 𝑚)  satisfying 

0 ≤ 𝑐1 < 𝑐2 < 𝑛,   𝑚 ≥ 1. 

5. Compute the probability of lot acceptance 𝑃𝑎(𝑝1) and 𝑃𝑎(𝑝2) using Equation (22). 

6. Verify whether the following conditions are satisfied: 

𝑃𝑎(𝑝1) ≥ 1 − α𝑝,    and        𝑃𝑎(𝑝2) ≤ β𝑐 . 

7. Repeat the search over all feasible combinations of (𝑛, 𝑐1, 𝑐2, 𝑚) until all admissible sampling plans are obtained. 

8.  Among all feasible plans, select the one having the minimum sample size 𝑛. If more than one plan possesses the 

same minimum sample size, the plan with the smallest acceptance numbers (𝑐1, 𝑐2) is selected. 

The above algorithm is implemented in the R statistical software to obtain the optimal sampling plans reported in the 

subsequent numerical study. 

4. Numerical Results and Discussion.  

This section presents the numerical investigation of the proposed Multiple Dependent State Sampling Plan (MDSSP) 

developed for the EOEGE–E distribution. The optimal plan parameters are obtained by minimizing the sample size 
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while satisfying the producer’s and consumer’s risk requirements described in Section 3.3. The numerical study 

examines the effects of the termination ratio, the quality ratio, and the consumer’s risk on the optimal sampling plans. 

Furthermore, the proposed MDSSP is compared with the conventional Single Sampling Plan (SSP), followed by an 

illustration using a real COVID-19 mortality dataset.  

4.1. Optimal Sampling Plans.  

Tables 1–3 summarize the optimal parameters of the proposed MDSSP under different combinations of the model 

parameters and design specifications. Each table reports the minimum sample size 𝑛, the acceptance numbers (𝑐1, 𝑐2), 

the dependent-state parameter 𝑚, and the corresponding probability of acceptance at the producer’s quality level, 

𝑃𝑎(𝑝1). 

The optimal sampling plans were obtained using the optimization algorithm presented in Section 3.4. For each 

combination of the design parameters, the selected plan satisfies the prescribed producer’s and consumer’s risk 

constraints while minimizing the required sample size.  

Table 1: Optimal parameters of the proposed MDSSP for EOEGE-E with 𝜃 =  0.8, 𝜆 =  0.9 and 𝛾 =  3.2 

 

Discussion. Table 1 presents the optimal parameters of the proposed MDSSP for the EOEGE–E distribution with θ = 

0.8, λ = 0.9, and γ = 3.2. The optimal sampling plans were obtained for different combinations of the consumer’s risk 

𝛽𝑐, termination ratio 𝑘, and quality ratio 𝑟.  

Several important observations can be made from the table. First, for any fixed values of 𝛽𝑐,  and 𝑘, the required 

sample size decreases considerably as the quality ratio r increases. This behavior is expected because larger values of  

r=
𝑡𝑞

𝑡𝑞
0   correspond to products with lifetimes substantially exceeding the specified lifetime, resulting in lower 

probabilities of failure before the termination time. Consequently, fewer inspected units are required to satisfy both 

the producer’s and consumer’s risk constraints.  

Second, increasing the termination ratio from k = 0.5 to k = 1.0 consistently reduces the required sample size for all 

considered values of 𝛽𝑐. A longer termination time allows additional lifetime information to be collected during the 

experiment, thereby improving the effectiveness of the inspection procedure and reducing the sampling effort required 

to achieve the desired protection levels.  
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It is also evident that decreasing the consumer’s risk from  𝛽𝑐= 0.25 to 𝛽𝑐 = 0.01 substantially increases the required 

sample size. This result reflects the stricter protection imposed on the consumer, since reducing the probability of 

accepting poor-quality lots inevitably requires more extensive inspection.  

Furthermore, the probability of acceptance at the producer’s quality level, 𝑃𝑎(𝑝1), always exceeds the required value 

of 1 − 𝛼𝑝, confirming that all reported sampling plans satisfy the producer’s risk requirement while maintaining the 

minimum feasible sample size.  

Table 2: Optimal parameters of the proposed MDSSP for EOEGE-E with θ = 0.5, λ = 0.5 and γ = 3.2 

 

 

Discussion. Table 2 reports the optimal MDSSP parameters for the EOEGE–E distribution with θ = 0.5, λ = 0.5, and 

γ = 3.2. Although the distribution parameters differ from those used in Table 1, the proposed sampling plan exhibits 

similar monotonic behavior with respect to the design parameters.  

For all values of the consumer’s risk, increasing the quality ratio leads to a noticeable reduction in the optimal sample 

size. This trend confirms that products possessing higher lifetime performance require less inspection effort because 

the probability of failure before the truncation time decreases as the lifetime quality improves.  

The influence of the termination ratio is also pronounced. Larger values of 𝑘 consistently produce smaller sample 

sizes, indicating that extending the duration of the life test enhances the capability of the proposed MDSSP to 

discriminate between acceptable and unacceptable lots. Consequently, reliable inspection decisions can be achieved 

with fewer tested units.  

Compared with Table 1, it can be observed that the optimal sample sizes are generally larger under the current 

parameter configuration. This indicates that the underlying lifetime distribution plays an important role in determining 

the efficiency of the proposed sampling plan. Different parameter combinations produce different failure probabilities, 

which directly influence the optimal design through the probability of lot acceptance.  

Finally, the reported values of 𝑃𝑎(𝑝1) remain above the target producer’s acceptance probability, demonstrating that 

the proposed optimization procedure successfully satisfies both risk requirements for all reported sampling plans.  
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Table 3: Optimal parameters of the proposed MDSSP for EOEGE - E with θ = 0.5, λ = 0.9 and γ = 3.5 

 

Discussion. Table 3 summarizes the optimal MDSSP parameters for the EOEGE–E distribution with θ = 0.5, λ = 0.9, 

and γ = 3.5. Comparing the results with those reported in Tables 1 and 2 reveals the influence of the distribution 

parameters on the optimal sampling design.  

As in the previous tables, increasing the quality ratio substantially decreases the required sample size, whereas 

increasing the termination ratio leads to more economical inspection plans. These consistent trends demonstrate the 

robustness of the proposed MDSSP under different parameter settings of the EOEGE–E distribution.  

A comparison with Table 2 shows that modifying the distribution parameters changes the optimal combinations of 

(𝑛, 𝑐1, 𝑐2, 𝑚). This behavior is expected because the parameters θ, λ, and γ directly affect the failure probability before 

the truncation time, which in turn determines the probability of lot acceptance and the resulting optimal sampling plan.  

Another noteworthy observation is that the proposed optimization procedure continues to satisfy the producer’s risk 

requirement across all parameter settings while maintaining relatively small sample sizes, confirming the flexibility 

of the proposed MDSSP for different lifetime distributions generated by the EOEGE–E model.  

The numerical results demonstrate that, although the optimal sampling parameters depend on the values of the 

EOEGE–E distribution parameters, the overall behavior of the proposed MDSSP remains stable. Specifically, 

increasing the quality ratio or the termination ratio consistently reduces the required sample size, whereas imposing 

stricter consumer protection increases the inspection effort. This stability indicates that the proposed MDSSP 

possesses robust operating characteristics over a wide range of distributional parameter settings.  

4.2. Comparison with the Single Sampling Plan.  

The performance of the proposed Multiple Dependent State Sampling Plan (MDSSP) is further evaluated by 

comparing it with the conventional Single Sampling Plan (SSP) under identical design specifications. Since both 

sampling plans are designed to satisfy the same producer’s and consumer’s risk requirements, the comparison focuses 

primarily on the required sample size, which directly reflects the inspection cost and testing effort.  

Table 4 presents the optimal sampling parameters obtained using both sampling schemes. It is evident that the 

proposed MDSSP consistently requires a smaller sample size than the corresponding SSP for almost all combinations 

of the design parameters considered in this study. 
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Table 4: Comparative overview of MDSSP and SSP under the EOEGE - E distribution using fixed values of θ = 

0.5, λ = 0.9, γ = 2.6 

 

Discussion. The results presented in Table 4 clearly demonstrate the effciency of the proposed MDSSP over the 

conventional SSP. For every combination of the consumer’s risk, termination ratio, and quality ratio, the proposed 

plan achieves the required producer’s and consumer’s protection levels with fewer inspected units.  

The reduction in sample size is primarily attributed to the dependent-state mechanism incorporated into the proposed 

sampling plan. Unlike the SSP, which bases the acceptance decision solely on the current lot, the MDSSP utilizes 

information from previously accepted lots. Incorporating historical quality information improves the efficiency of the 

inspection process and consequently reduces the number of units that must be tested before reaching a reliable 

decision.  

Another important observation is that the advantage of the proposed MDSSP becomes more pronounced when the 

consumer’s risk requirement becomes stricter. Under these con- ditions, the SSP requires a substantial increase in 

sample size to satisfy the specified risk constraints, whereas the proposed MDSSP maintains considerably smaller 

sample sizes by effectively exploiting the information from preceding lots.  

Overall, the comparison confirms that the proposed MDSSP provides a more economical inspection strategy than the 

traditional SSP while preserving the desired protection levels for both producers and consumers. Therefore, the 

proposed procedure offers an attractive alter- native for lifetime acceptance sampling, particularly in industrial 

applications where reducing inspection cost and testing time is of primary importance.  

4.3. Operating Characteristic Curve. 

 Figure 1 compares the operating characteristic (OC) curves of the proposed Multiple Dependent State Sampling Plan 

(MDSSP) and the conventional Single Sampling Plan (SSP) under the EOEGE–E distribution. The comparison is 

based on the optimal sampling plans obtained under identical design specifications.  

As expected, the probability of lot acceptance decreases monotonically as the failure prob- ability increases for both 

sampling schemes. When the failure probability is small, corresponding to high-quality lots, both plans exhibit 

acceptance probabilities close to one, indicating a very low likelihood of rejecting conforming lots. Conversely, as the 

failure probabil- ity increases, the probability of lot acceptance declines rapidly, providing effective protection against 

accepting poor-quality lots.  
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A closer examination of Figure 1 shows that the OC curve of the proposed MDSSP lies below that of the conventional 

SSP over most of the intermediate range of failure probabilities. This indicates that the proposed plan is more 

discriminative, as it reduces the probability of accepting marginal-quality lots while preserving a high probability of 

accepting good-quality lots.  

It is also noteworthy that the proposed MDSSP achieves this improved discriminatory performance with a 

considerably smaller sample size (n = 18) than the corresponding SSP (n = 28). Therefore, the proposed plan provides 

a more economical inspection procedure by reducing the number of tested units without compromising the required 

producer’s and consumer’s protection levels.  

Overall, the OC curves confirm that incorporating the dependent-state mechanism en- hances the efficiency of lifetime 

acceptance sampling. By utilizing information from preceding lots, the proposed MDSSP simultaneously reduces 

inspection effort and maintains reliable decision-making performance.  

For the design considered in Figure 1, the proposed MDSSP reduces the required sample size from 28 to 18 units, 

corresponding to a reduction of approximately 35.7% in inspection effort compared with the conventional SSP. This 

substantial reduction highlights the practical advantage of the proposed sampling plan in applications where inspection 

cost and testing time are critical considerations.  

 

Figure 1. OC Curves for MDSSP and SSP under EOEGE-E. 

Overall, the numerical results confirm that the proposed MDSSP provides a practical and efficient alternative to 

conventional acceptance sampling procedures. The advantages become increasingly apparent for higher-quality 

products and larger dependent-state param- eters, where the reduction in sample size is more pronounced.  

5 Real Data Application.  

5.1. Description of the Dataset.  

To demonstrate the practical applicability of the proposed Multiple Dependent State Sampling Plan (MDSSP), a real 

lifetime dataset was analyzed. The dataset consists of 76 daily COVID-19 mortality observations recorded in the 

United Kingdom over the period from April 15 to June 30, 2020. These data were previously analyzed by El-Metwally 

and Mubarak (2021) and have been widely employed as a benchmark for evaluating flexible lifetime distributions.  

The observations are positive continuous measurements exhibiting considerable variability, making them suitable for 

reliability and lifetime modeling. Consequently, this dataset provides an appropriate benchmark for evaluating the 

capability of the proposed Extended Odd Exponential Generalized Exponential (EOEGE–E) distribution to represent 

real lifetime data and for illustrating the practical implementation of the proposed MDSSP under truncated life tests. 

The complete dataset is reported in Table 5.  
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Table 5: The UK’s COVID-19 data covering 76 consecutive days between April 15 and June 30, 2020. 

 

5.2. Model Fitting and Goodness-of-Fit Assessment. 

Before implementing the proposed Multiple Dependent State Sampling Plan, it is necessary to verify that 

theunderlying lifetime distribution provides an adequate representation of the observed data. To this end, the 

parameters of the EOEGE-E distribution were estimated by the maximum likelihood method, followed by graphical 

and numerical goodness-of-fit analyses. 

Figure 2 presents the graphical diagnostics of the fitted EOEGE-E distribution. Overall, the diagnostic plots indicate 

an excellent agreement between the fitted model and the observed data. The P–P plot shows that the empirical 

probabilities closely follow the theoretical proba- bilities, whereas the Q–Q plot demonstrates a nearly linear 

relationship between the empirical and theoretical quantiles, with only minor deviations appearing in the upper tail.  

The histogram superimposed with the fitted probability density function illustrates that the proposed distribution 

accurately captures the overall shape of the data, including its pronounced asymmetry. Likewise, the empirical 

cumulative distribution function closely matches the fitted cumulative distribution function throughout the entire range 

of observa- tions. The violin plot further confirms the asymmetric nature and variability of the data, while the TTT 

plot suggests a non-constant hazard rate, supporting the use of a flexible life- time distribution such as the proposed 

EOEGE–E model.  

Collectively, these graphical diagnostics provide strong visual evidence that the EOEGE– E distribution adequately 

represents the observed COVID–19 mortality data.  

The maximum likelihood estimates of the model parameters together with their standard errors and goodness-of-fit 

statistics are summarized in Table 6.  

The estimated parameters indicate that the EOEGE–E distribution provides sufficient flexi- bility for modeling the 

observed lifetime data. More importantly, the goodness-of-fit statistics strongly support the adequacy of the fitted 

model. The Kolmogorov–Smirnov statistic is rela- tively small (KS = 0.0578), while the corresponding p-value 

(0.9614) is considerably larger than the conventional significance level of 0.05. Therefore, there is insufficient 

evidence to reject the null hypothesis that the data are consistent with the fitted EOEGE–E distribution. 

Furthermore, the proposed model yields smaller information criteria values than the competing Weibull distribution 

while simultaneously producing a larger maximized log- likelihood. These results indicate that the proposed EOEGE–

E distribution achieves a better balance between model flexibility and model complexity, leading to an improved 

representation of the observed data.  

Consequently, the fitted EOEGE–E distribution provides a reliable probabilistic basis for constructing the proposed 

Multiple Dependent State Sampling Plan in the subsequent analysis.  
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Figure 2. Graphical goodness-of-fit diagnostics for the fitted EOEGE–E distribution. 

Table 6 :Maximum likelihood estimates, standard errors, and goodness-of-fit statistics for the fitted models.  

 

5.3. Implementation of the Proposed MDSSP. 

 Having established the adequacy of the EOEGE–E distribution for modeling the COVID–19 mortality data, the 

estimated parameter values were substituted into the design equations developed in Section 3 to construct the proposed 

Multiple Dependent State Sampling Plan (MDSSP). The optimal sampling plans were obtained by minimizing the 

sample size while satisfying the prescribed producer’s and consumer’s risk requirements.  
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The resulting optimal plan parameters are summarized in Table 7. For every combination of the design parameters, 

feasible sampling plans were successfully obtained, demonstrating the applicability of the proposed optimization 

algorithm to real lifetime data.  

Several important observations can be drawn from Table 7. First, the required sample size increases as the consumer’s 

risk β becomes more restrictive. For example, under a fixed termination ratio and quality ratio, reducing 𝛽𝑐 from 0.25 

to 0.01 leads to a substantial increase in the minimum sample size. This behavior is expected because stronger 

consumer protection requires additional inspection evidence before accepting a submitted lot.  

Second, increasing the quality ratio 𝑟 =
𝑡𝑞

𝑡𝑞
0 consistently reduces the required sample size. Larger values of r correspond 

to products whose true lifetime substantially exceeds the specified lifetime, resulting in lower failure probabilities 

before the truncation time. Consequently, fewer test units are required to satisfy the prescribed producer’s and 

consumer’s risk constraints.  

The termination ratio also has a noticeable influence on the optimal sampling plans. As the termination ratio k 

increases, the required sample size generally decreases. A longer truncation time allows more lifetime information to 

be collected during the experiment, thereby improving the efficiency of the inspection procedure and reducing the 

number of units that must be tested.  

Another noteworthy observation is that the acceptance constants (𝑐1, 𝑐2 ) and the dependent- state parameter m remain 

relatively stable for moderate and large quality ratios. Most of the adjustments required to satisfy the risk constraints 

are therefore achieved through changes in the sample size rather than through substantial modifications of the 

acceptance criteria. This behavior indicates that the proposed optimization procedure naturally converges toward 

simple and practically implementable inspection rules.  

Finally, the producer’s acceptance probabilities reported in Table 7 consistently exceed the required protection level 

of 1 − 𝛼𝑝, confirming that all obtained sampling plans simultaneously satisfy both the producer’s and consumer’s risk 

requirements. Overall, these results demonstrate that the proposed MDSSP can be effectively implemented in practical 

reliability applications while maintaining economical inspection costs and reliable decision-making performance.  

Table 7: Optimal MDSSP parameters obtained from the fitted EOEGE–E distribution for the COVID–19 mortality 

dataset.  
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5.4. Comparison with the Weibull-Based MDSSP. 

 To further evaluate the practical performance of the proposed methodology, the optimal Multiple Dependent State 

Sampling Plans obtained under the fitted EOEGE–E distribution were compared with those constructed using the 

classical Weibull distribution. The comparison was performed using the same COVID–19 mortality dataset and 

identical design specifications in terms of the producer’s risk, consumer’s risk, quality ratio, and termination ratio. 

The corresponding optimal sampling plans are reported in Table 8. For each design configuration, both sampling plans 

satisfy the prescribed producer’s and consumer’s risk requirements, allowing the comparison to focus primarily on 

the inspection effort measured by the required sample size. The results clearly demonstrate that the proposed EOEGE–

E-based MDSSP consistently requires fewer inspected units than the Weibull-based MDSSP. The reduction in sample 

size ranges from approximately 24% to 33%, depending on the selected design parameters. Such reductions represent 

a substantial improvement in inspection efficiency while maintaining the same protection levels for both producers 

and consumers.  The observed improvement can be attributed to the superior fitting performance of the EOEGE–E 

distribution for the COVID–19 mortality data. As demonstrated in the previous subsection, the proposed distribution 

provides a better representation of the underlying lifetime behavior than the Weibull model. Consequently, the 

estimated failure probabilities more accurately reflect the actual reliability characteristics of the data, leading to more 

efficient sampling plans with smaller required sample sizes. It is also noteworthy that the producer’s acceptance 

probabilities remain very close for both distributions, indicating that the reduction in sample size is not achieved at 

the expense of producer protection. Similarly, the consumer’s risk remains within the specified limits for all reported 

sampling plans. Therefore, the proposed methodology achieves greater inspection efficiency without compromising 

the prescribed operating characteristics. Overall, the comparison confirms that employing the EOEGE–E distribution 

as the un- derlying lifetime model leads to more economical Multiple Dependent State Sampling Plans than those 

obtained under the Weibull distribution. This improvement is particularly attractive in truncated life testing 

applications, where reducing the required sample size directly decreases inspection cost and testing time while 

preserving the desired reliability protection.  

Table 8: Comparison of the optimal MDSSP parameters obtained from the Weibull and EOEGE–E distributions for 

the COVID–19 mortality dataset.  

 

6. Conclusion  

This paper developed a Multiple Dependent State Sampling Plan (MDSSP) based on the Extended Odd Exponential 

Generalized Exponential (EOEGE–E) distribution for truncated life tests. The proposed methodology determines the 

optimal sampling plan by minimizing the required sample size while satisfying the specified producer’s and 

consumer’s risk requirements. An efficient optimization procedure was employed to obtain the optimal design 

parameters under different combinations of the termination ratio, quality ratio, and consumer’s risk. The numerical 

results demonstrated that the proposed MDSSP exhibits stable and reli- able operating characteristics across a wide 

range of design settings. In particular, the required sample size decreases with increasing quality ratio and termination 
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ratio, whereas more stringent consumer protection results in larger sample sizes. Moreover, all obtained sampling 

plans satisfy the prescribed producer’s and consumer’s risk requirements, confirm- ing the effectiveness of the 

proposed design methodology. The practical applicability of the proposed methodology was illustrated using a real 

COVID–19 mortality dataset. The goodness-of-fit analysis showed that the EOEGE–E dis- tribution provides an 

adequate representation of the observed lifetime data, supporting its suitability as the underlying lifetime model for 

constructing the proposed sampling plan. Furthermore, comparison with the Weibull-based MDSSP demonstrated that 

the proposed methodology achieves the required operating characteristics while requiring fewer inspected units, 

leading to a more economical inspection procedure. Overall, the proposed MDSSP provides an efficient and practical 

framework for lifetime acceptance sampling under truncated life tests. By combining a flexible lifetime distribution 

with a dependent-state sampling strategy, the proposed methodology enhances inspection efficiency while reducing 

the required sample size, inspection cost, and testing effort, making it suitable for reliability assessment and industrial 

quality control applications. Future research may consider extending the proposed methodology to group and repeti- 

tive group sampling plans, Bayesian and adaptive sampling schemes, accelerated life testing, progressively censored 

data, and other flexible lifetime distributions. Such extensions may further improve the applicability and efficiency of 

acceptance sampling procedures in mod- ern reliability and quality engineering.  
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