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Abstract

The algebraic properties of neutrosphic ideals over algebra, isomorphism properties of neutrosophic ideal and
neutrosophic modules over algebra are discussed in this paper. Some of the charactrisations of Neutrosophic
quotient algebra are derived and the role of algebraic structures is studied in the context of neutrosophic set. This

paper expands the definition of quotient algebra within the context of neutrosophical set.

Keywords: Neutrosophic algebra over a neutrosophic subfield, Neutrosophic ideal, Neutrosophic
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1.Introduction

In classical set theory, the membership of elements in a set is assessed in binary terms 0 and 1; according to a bivalent
condition-an element either belongs or does not belong to the set. As an extension, fuzzy set theory permits the gradual
assessment of the membership of elements in a set. A fuzzy set A in X is characterised by a membership function
which is associated with each element in X, a real number in the interval [0,1]. Lotfi A Zadeh [1] introduced a theory
whose objects fuzzy sets-are sets with imprecise boundaries which allow us to represent vague concepts and contexts
in natural language. Fuzzy set theory is limited to modelling a situation involving uncertainty. As an extension of
fuzzy set concept, the theory of intuitionistic fuzzy sets introduced whose elements have degree of membership and
non membership. Intuitionistic fuzzy sets have been introduced by Krassimir Atanassov [2] as an extension of Lotfi
Zadeh’s notion of fuzzy set. Let us have a fixed universe X and A is a subset of X .The intuitionistic fuzzy set can be

defined as 4 = {(x, 4, (x),v ,(x)/x € X }where0 < g, (x)+ v, (x)< 1.4 for membership and v for non

membership, which belongs to the real unit interval [0,1] and sum belongs to the same interval.

Neutrosophy is a new branch of philosophy and logic introduced by Florentin Smarandache [3,4] in 1995 which
studies the origin and features of neutralities in nature. Each proposition in Neutrosophic logic is approximated to
have the percentage of truth (T), the percentage of indeterminacy (I) and the percentage of falsity (F). So this
Neutrsophic logic is called generalization of classical logic, conventional fuzzy logic, intuitionistic fuzzy logic and
interval valued fuzzy logic. This mathematical tool is used to handle problems like imprecise, indeterminate and
inconsistent data. The use of neutrosophic theory becomes inevitable when a situation involving indeterminacy

is to be modelled. The introduction of Neutrosophic theory has led to the establishment of the concept of
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neutrosophic algebraic structures in this article [5,6]. For more information on real applications of neutrosophic
theory, the readers can see [13-15]

The main objective of the neutrosophic set is to narrow the gap between the vague, ambiguous and imprecise real-
world situations. Among the different branches of applied and pure mathematics, abstract algebra was one of the
first few area where research was conducted using the concept of neutrosophic set. Initially, B. Vasantha
Kandasamy and Florentin Smarandache [7] introduced and applied fundamental algebraic neutrosophic structures.
This paper focuses on algebra over a field , quotient algebra over a field and algebraic structures ideal in
neutrosophic domain and derive some algebraic properties. This paper focuses on algebra over a field , quotient
algebra over a field and algebraic structure ideal in neutrosophic domain and derives some algebraic properties.

2. Preliminaries

Abraham Robinson [8] introduced the non-standard analysis in the 1960s, a formalization of the analysis and a branch
of mathematical logic that describes the infinitesimals. Informally, an infinitesimal is an infinitely small number.

Formally, x is said to be infinitesimal if and only if for all positive integers n one has‘ x‘ < % Let £>0 bea

infinitesimal number. Let us consider the non-standard finite numbers 1 = 1+, where 1 is its standard part and &

its non-standard part, and - 0 = 0— €, where 0 is its standard part and e its non-standard part. Then, we call] - 0, 1+
[a non-standard unit interval. Obviously, 0 and 1, and analogously non-standard numbers infinitely small but less than
0 or infinitely small but greater than 1, belong to the non-standard unit interval. Generally the left and right borders of

- +
non standard interval ] Cl,b [ are vague, imprecise and themselves being a non standard subsets.

Definition 2.1 [9,10] A Neutrosophic set A on the universal set X is defined as 4 = {<x, t,(x),i,(x),f, (x)>} where

xeXand t,,0,, fA X > ]0_, l+[ where ¢,i & f are known as Neutrosophic components which are subsets of

]Of,lJr[and_OSfA(X)+iA(X)+fA(X)S3+. A Neutrosophic set A can be written as

n .
A= Z(tA (%), 0x,), S (X, % ,X; €X . Thus a Neutrosophic set has 3 components.
i i

1) t represents membership value (Percentage of truth)
ii) i represents indeterminacy (Percentage of indeterminacy)

iii) f represents non membership value (Percentage of falsity)

Since the membership function # , I 4. f 4 defined in real life and scientific applications are from X in to the unit

interval [0,1] as? ol A fi:X —)[0,1], a Neutrosophic set A will be denoted by a mapping defined by
A4:X > [01]x[0.1]x [0,1]

Example 2.1 Assume that X = {x, ¥, z}, Xis hard work, V is capability and z is knowledge in particular area. They

are obtained from the questionnaire of some domain experts about the question good researcher. A is single valued
Neutrosophic set of X defined by
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A= (0.4,0.5,0.2% 4(0.5,02.03)/ (0.6,0.2,0.3y
B X v z

Definition 2.2 [3,9] Let A and B be two Neutrosophic sets on X. Then

i) A is contained in B, denoted as 4 < B if and only if A(x) < B(x), Vx € X this means that

1400 <0, () <1 (0) & £,() 2 f(x)

ii) The union of A and B is denoted by C = AU B and defined as C(x) = 4(x) v B(x)where
for cach x € X This means that ACO)V BO)={t, (0 v £, (0.1, () Vi (), f, OV [, e

t(x) =max {tA (), 25 (x)} ,Ic(x) = max {iA (%), 15 (x)} & fc(x)=min {fA (%), /5 (x)}

iii) The intersection of A and B is denoted by C = A[) Band defined as C(x) = A(x) A B(x)
where A(X) A B(x) ={tA () AL5(X),1 ,(X) Nig(x), [, (X) /\fB(x)} for each x€ X .
i f0(x) =min {t, ()., (0} i () = min{i, (x),1, ()} & fo.(x) = max { £, (x). f, ()}
iv) The compliment of A is denoted by A and defined as A (x) =( f,(x),1—i,(x),7,(x)),

for each x€ X . Here (AC)C =A

Definition 2.3 [11] An algebra is an algebraic structure which consist of a set, together with multiplication,
addition and scalar multiplication by elements of underline field and satisfies the axioms implied by vector field
and bilinear. An algebra over a field is a vector space equipped with bilinear product.

Definition 2.4 [12] Let V be a vector space over a field F equipped with binary operation from V' xV — V.
Then V is an algebra over a field F if the following conditions hold Vx, y,z €V and a,b € F

o (x+y)z=xz+yz
e z(x+y)=zx+zy
o (ax).(by) = (ab)(x.y)

3 Neutrosophic quotient algebra

This section defines neutrosophic quotient algebra over a field and derive some elementary properties by extending
the concept of algbra over a field in neutrosophic set.

Definition 3.1 Let A be algebra over field F, then the neutrosophic subset N 4 of A is called neutrosophic algebra

over Fifforallx,y e A,a € F', we have
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DN, (x=y)2N, (x)AN ()

=>t,(x=2t, (At )i (x=)2i, ()AL, [ =)< [ () v f5(y)
i) N, ()2 N () AN, ()

=t )zt () At (i ()2 () AT (0), fa()< fi(x)v fr(p)
iiiy N, (ax)= N (x)

= t,(ax) 2 1,(x),i (ax) 2 i, ()~ i, (¥), filax) < [, (x)

i N,(0)=1

:tA(O) :laiA(O) :19f,4(0) =0

Definition 3.2 Let IV F be a neutrosophic subset of a Field F. If ﬂl,ﬂz eF,
i) NF(/?Vl _/12) e NF(/ll)/\ NF(/IZ)

Stp(x=)2t, ()AL (¥)ipg(X= )20 ()AL (P), [r(Xx =)< fe(X)V [ (¥)

i Ne(hd, )= Np () AN (L)

11

=t () 2t (B) At (B)i (A 2) 21 (B) Aip(A), fr(A ) S fr(A) Y £ (Ay)

then N £ 1s called neutrosophic subfield of F

Definition 3.3 Let A be an algebra over a field F and N £ be a neutrosophic subfield of a Field F. A neutrosophic
. . A . r .

subset IV 4 0f A is called neutrosophic algebra N  of A over the neutrosophic subfield N pif it satisfies the

following condition. If for &;,d, € A and AeF

) N,(a,-a,)>N ,(a))A N (a,)

=>t,(a, —a)zt,(a)nt,(a,)i,(a, —ay)zi(a)niya,), fu(a, —ay)< fu(a) v f,(a,)
i) N, ,(la,)2 N .(A)A N ,(a,)
>t(la)zt (W)t (a)i(Aa)zip(A)niy(a), fy(a)< fr(A)v fy(a))

i) N ,(a,a,)>N,(a,) A N ,(a,)
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=t (aa,)zt,(a )~ (ay)i(aa,)zi,(a)niy(a,), fi(aay)< fu(a) v fi(ay)
. . A
It is denoted as neutrosophic algebra N F

" . A
Definition 3.4 Let U be a neutrosophic algebra N p.Iffora, a,e 4 and AeF

i) U(a,a,)>U(a,)AU(a,)

=ty (aay) 2t (a) Aty (ay) iy (@ay) 21y (a) Aig(ay), fu(@ay) < fu(a) v f(a,)

i) U(da,) > U(A) AU (a,)
=1, (Aay) 2t (D Aty (a) iy (Aay) 2i(D) Ny (@), [, (Aa) < fr(D v [ (@)

Y
then U is called neutrosophic N r ideal

Y
Definition 3.5 Let A be neutrosophic N x -ideal and Y be an algebra over a field X, then y € Y, define neutrosophic
subset (Y + A)(y,) = A(y, = y), y, €Y

Y
Preposition 3.1 Let A be neutrosophic N x -ideal, then forall y ,y, € Y,
WA=y, +4< Ay, - y,) = 4(0)

Proof
Necessary part

Given y + A=y, + 4

(yy + A)y) = Ay, = yy)-(1)

ry + AD(y) = Ay, = yy) = 4(0)..(2)

ie, yy+Ad=y,+4—> A(y, - y,) = 4(0)
Sufficient part

Consider (y, + A)(y) = A(y — »,)

W+ A(y)=A(y =)=y = 1))

b+ A)y) 2 A(y = y) A~ Ay = ¥3))

(yy + A)(y) 2 A(y = yy) ~ A(0) = (y, + A)(y)

y+A4z2y,+4...03)

DOI: 10.5281/zen0d0.3930148 87



International Journal of Neutrosophic Science (IINS) Vol 0, No. 2, PP. 83-89, 2019

Similarly we can prove that y, + 4 > y, + 4 ... (4)

From (3)and (4) y, + A=y, + A < A(y, - y,) = 4(0)

Proposition 3.2: Let A be neutrosophic N)); -ideal, then forall y ,y,,x,,x, € Y,4 € X then
)x, +4=y,+4,x,+4=y,+4=> (x;,+x,)+A=(y, +y,)+ 4
i) x,x, +4=y,y,+ 4
). x + A=y, +4= Ax, + A= 1y, + 4
Proof. i) and ii)

A +2,)= (7 = )2 A(x, = y) A A(x, = y,) = 4(0)
A(x1x2 _ylyz): A((x1 _yl)'x2 +y(x2 _yz)) 2 A('xl _yl)/\A(xz _yz): A(0)

So, A((x, + x,) = (¥ + ¥,)) = A(x,x, = y,y,) = A4(0)
From preposition 1,(x, + x,)+ A =(y, + y,)+ dand x,x, + A=y, y, + 4
i) x, +4=y,+ 4> Ax, + A=Ay, + 4
Proof
AQAx, = Ay)) = A(A(x, =y, ) = A(x, = y,) = 4(0)

ie. A(Ax, — Ay,) = A(0),hence Ax, + 4 = Ay, + 4
. . NY . . Y/ ~Y
Preposition 3.3 Let A be neutrosophic x -ideal, then )7 is algebra over X and = where
A A 4,
v/ ly+d\ye 4} 4 =y €/ A0) = A0)f ana

(yl +A)+(y2 +A):(y1 +y2)+A
D+ Ay, +A)=yy, +4
Ay, +A) =4y, +A,Vy,,y, €Y, e X

Proof.

From prepositions stated above ,we can conclude that % is an algebra over X and f . % - % defined by
0

SO+A)=y+ AO is an isomorphism. Hence % = %o
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Y
Definition 3.3 Let A be a neutrosophic N  ideal, then % is called neutrosophic quotient algebra of Y concern with
A

5. Conclusions

Neutrosophic quotient algebra is one of the generalizations of quotient algebra. This paper has developed a
combination of an algebraic structure , quotient algebra with neutrosophic set theory. Neutrosophic quotient algebra
becomes a key element in the study of neutrosophic quotient modules of an R- module and their properties. This
study leads to algebraic nature of neutrosophic algebraic structure and the evolution of new neutrosophic algebraic
structures.
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