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Abstract
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1 Introduction

In 1965, the idea of fuzzy set (briefly, fs) gives a degree of membership function was first introduced by
Zadeh.™ In 1968, the concept of fuzzy topological space (briefly, fts) was introduced by Chang.” In 1983,
the next stage of fuzzy set was developed by Atanassov® which gives a degree of membership and a degree
of non-membership functions named as intutionistic fuzzy set (briefly, I fs). In 1997, Coker” introduced the
concept of intutionistic fuzzy topological space (briefly, I fts) in intutionistic fuzzy set. In 2005, the concept
of neutrosophic crisp set and neutrosophic set (briefly, N,s) was investigated by Smaradache.™"*"™ After the
introduction of neutrosophic set, there are many fields of mathematics and various applications.”®®™ In 2012,
Salama and Alblowi™ defined neutrosophic topological space (briefly, N ts) and many of its applications
in.*"* The neutrosophic closed sets and neutrosophic continuous functions were introduced by Salama et
al’™ in 2014. Saha™ defined J-open sets in topological spaces. Vadivel et al. in™™ introduced 6-open
sets and their maps in a neutrosophic topological space. P. Iswarya and K. Bageerathi,” studied neutrosophic
frontier and semi-frontier in neutrosophic topological spaces.

In this paper we introduce neutrosophic § frontier, neutrosophic § border and neutrosophic § exterior and
discuss their properties in Ngts’s.

2 Preliminaries

Definition 2.1. ™ Let Y be a non-empty set. A neutrosophic set (briefly, Ngs) L is an object having the
form L = {(y, pr(y),0L(y), vL(y)) : y € Y} where g, — [0, 1] denote the degree of membership function,
o1 — [0, 1] denote the degree of indeterminacy function and vy, — [0, 1] denote the degree of non-membership
function respectively of each element y € Y to the set L and 0 < pr(y) +or(y) +vr(y) < 3foreachy € Y.

Remark 2.2. ™ A Nys L = {(y,ur(y),00(y),vr(y)) : vy € Y} can be identified to an ordered triple
(v, n(y),on(y), ve(y)) in[0,1] on Y.

Definition 2.3. ™ Let Y be a non-empty set and the Nys’s L and M in the form L = {(y, uz(y),or(y),
vi(y) ry € Y M = {{y, pa(y), o0 (y), var(y)) - y € Y}, then

(i) Oy = (y,0,0,1) and 15 = (y,1,1,0),

(i) LC Miff pr(y) < pam(y), on(y) <om(y) &ve(y) 2vm(y):y €Y,
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(iii) L= Miff L C Mand M C L,
(v) Iy = L={{y,v(y),1 —or(y),ur(y)) :y €Y} =L",
V) LU M = {{y, max(ur(y), ur(y)), max(or(y), om(y)), min(vr (y), var(y))) 1 y € Y},

i) LN M = {{y, min(ur(y), ua(y)), min(or(y), om(y)), max(vr(y), vm (y))) : y € Y}

Definition 2.4. " A neutrosophic topology (briefly, N,t) on a non-empty set Y is a family ¥ v of neutrosophic
subsets of Y satisfying

(i) On, 1y € Uy
(i) Ly N Ly € U forany Ly, Ly € Uy
(iii) U L,eVn,V L,:xeX CUy.

Then (Y, ¥p) is called a neutrosophic topological space (briefly, Ngts) in Y. The ¥y elements are called
neutrosophic open sets (briefly, Ns0s) in Y. A Ngs C is called a neutrosophic closed sets (briefly, Nscs) iff
its complement C'¢ is Nos.

Definition 2.5. ™ Let (Y, Uy ) be Nyts on Y and L be an Ngs on Y, then the neutrosophic interior of L
(briefly, Nyint(L)) and the neutrosophic closure of L (briefly, N cl(L)) are defined as

Nyint(L)=| J{I: I C Land I'isa N,osinY}

Nycl(L)=({J:LC Jand Jisa Nycsin Y}

Definition 2.6. ? Let (Y,Uy) be NstsonY and L be an Ngs on Y. Then L is said to be a neutrosophic
regular open set (briefly, Ngros ) if L = Ngint(Nscl(L)).
The complement of a Nsros is called a neutrosophic regular closed set (briefly, Nsrcs) in Y.

Definition 2.7. ™ A set K is said to be a neutrosophic

(i) ¢ interior of G (briefly, Nsdint(K)) is defined by Ndint(K) = |J{B : B C K and B is a Ngros
inY}.

(i) 0 closure of K (briefly, Nyocl(K)) is defined by Nsdcl(K) = (\{J : K C Jand J is a Nyrcsin Y}.

Definition 2.8. ™' A set L is said to be a neutrosophic d-open set (briefly, N dos) if L = N dint(L).
The complement of an Ngdos is called a neutrosophic ¢ closed set (briefly, Nsdcs) in Y.

Proposition 2.9. ™ The Neutrosophic d-interior operator satisfies
(i) Nsoint(K) C K.
(i) K C M = Nydint(K) C Ngdint(M).
(iil) Ngoint(K N M) = Ngbint(K) N Ngdint(M).
(iv) Ngoint(K) is the greatest Nydos containing K.
(V) Ngoint(K) = K iff K is an Ngdos.
(vi) Ngoint(Nsdint(K)) = Ngdint(K).
(vi) (1n, — Nsdint(K)) = Ngocl(ly, — K).
Proposition 2.10. ™ The Neutrosophic d-closure operator satisfies
(i) K C Nyocl(K).
(i) K C M = Nyocl(K) C Nsdcl(M).
(iil) Ngocl(K U M) = Ngdcl(K)U Ngocl(M).
(iv) Ngécl(K) is the smallest Nyocs C K.
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(V) Nsdcl(K) = K iff K is an Ngdc set.
(vi) Ngocl(Ngocl(K)) = Ngocl(K).

(vi) (1n, — Nsdcl(K)) = Nydint(1y, — K).

(viil) y € Ndcl(K) iff K N C # () for every Nydos C containing y.
(ix) Ns6cl(SNT) C Ngocl(S) N Ngocl(T).

Proposition 2.11. ™ The statements are hold for Nts. Every Ngdos (resp. Ngdcs) is a Ngos (resp. Ngcs).
But not converse.

3 Neutrosophic ¢ frontier

In this section, we introduce neutrosophic  frontier and discuss their properties in neutrosophic topological
spaces.

Definition 3.1. Let (Y, Uy ) be a N,ts. Let A be a neutrosophic subset of Y. Then the neutrosophic (resp.
d) frontier of a neutrosophic subset A were denoted by N Fr(A) (resp. Ns;6Fr(A)) and were defined by
N Fr(A) = Nscl(A) N Ncl(A®) (resp. Ns6Fr(A) = Nsdcl(A) N Ngdcl(A°)).

Example 3.2. LetY = {I,m,n} and define Ns’s Y7,Y5 & Y3 in Y are

Yi= (Y, (55, 5 B0, (50, 2, 28, (S0 o 2),

"10.270.370.477°0.5°0.570.5"7°0.8" 0.7 0.6

Ml B Hn Om On Vi Vm Vnp

Yo = (Y, (=, 2 In Zny oL Imo T
2= (01 0.1’ 04) (05 0.5’0.5)’(0.9’0.9’0.6)>

Then we have 7y = {On, Y1, Y5, In}. Let A = (Y, (55, 5%, 5%), (55, 52 0% ), (5%, 5%+

0
() NFr(A) = (Y, (L, to Loy (oL m Ou) (ML L tu))

0.82 07206/ 050505/ 0.27 0.3 04
(i) NoFr(A) =Y, (55, 5% 6%) (75 5% 0%): (55 6% 0%))

Remark 3.3. For a neutrosophic subset A of Y, NyFr(A) (resp. Ns6Fr(A))is Nsc (resp. Nsdc).
Theorem 3.4. For a neutrosophic subset A in Ngts (Y, ¥y ),

(i) NFr(A) = N,Fr(A°).

(ii) N,6Fr(A) = N,6Fr(A°).

Proof. (i) Let A be a neutrosophic subset in Nyts (Y, U ). Then by Definition Bl Ny F'r(A) = Nycl(A) N
Ngcl(A®) = Ngel(A°) N Nscl(A) = Nycl(A®) N (Nycl(A°)°). Again by Definition B this is equal to
N Fr(A°). Hence NyFr(A) = NyFr(A°).

(ii) Let A be a neutrosophic subset in Nyts (Y, ¥ ). Then by Definition B N0 Fr(A) = Nocl(A) N
Ngocl(AC) = Nbel(A°) N Ngdel(A) = Ngdel(A°) N (Ngdel(A°)¢). Again by Definition B this is equal to
N OFr(A°). Hence NyOFr(A) = NyOFr(A°). O

Theorem 3.5. Let A be a neutrosophic subset in Nsts (Y, ¥ ). Then
(i) NsFr(A) = Nscl(A) — Ngint(A).
(il) Ns6Fr(A) = Nsocl(A) — Ndint(A).

Proof. (i) Let A be a neutrosophic subset in Ngts (Y, U ). By Theorem ITI0 (vii), (Nscl(A°))¢ = Ngint(A)
and by Definition B, Ny F'r(A) = Nycl(A) N (Nycl(A°)) = Nscl(A) N (N int(A))°. By using A — B =
AN B¢, NyFr(A) = Nycl(A) — Nyint(A). Hence N,Fr(A) = Nscl(A) — Ngint(A).

(ii) Let A be a neutrosophic subset in Nts (Y, ¥ ). By Theorem I (vii), (Nsdcl(A€))¢ = Nydint(A)
and by Definition B, N;dFr(A) = Ngocl(A) N (Nsocl(A®)) = Nocl(A) N (N6 int(A°))°. By using
A—B=ANDB° N;Fr(A) = Nsdcl(A) — Nsdint(A). Hence N6 Fr(A) = Ndcl(A) — Nsdint(A). O

Theorem 3.6. A neutrosophic subset A is Nyc (resp. Nsdc) set in Y if and only if NyF'r(A) C A (resp.
N OFr(A) C A).
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Proof. Let A be a Nidc set in the Nsts (Y, ¥y). Then by Definition B, NoFr(A) =

Ngocl(A°) C Nidcl(A). By using Theorem PZT0 (v), Nyocl(A) = A. Hence N0Fr(A)
NsbcinY.

Conversely, Assume that, N;dFr(A) C A. Then Ngocl(A) — Nydint(A) C A. Since Ngdint(A) C A,

O

Ngdcl(A) N
C A, if Ais

we conclude that N 0cl(A) = A and hence A is Ngdc.
The proof of the other is similar.

Theorem 3.7. If A is a Njo (resp. Nsdo) setin Y, then N Fr(A) C A€ (resp. N;oFr(A) C A°).

Proof. Let A be a Nydo set in the Nits (Y, ¥y). By Definition I8, A€ is Nydc set in Y. By Theorem BB,
N O0Fr(A°) C A° and by Theorem B8, we get N6 Fr(A) C A°.
The proof of the other is similar. O

Theorem 3.8. Let A C B and B be any Nc (resp. Nsdc) setin Y. Then NyFr(A) C B (resp. NsdFr(A) C
B).

Proof. By Theorem IZ10 (ii), A C B, Ny ocl(A) C Nsdcl(B). By Definition B, N0 F'r(A) = Nsdcl(A) N
Ngocl(A°) C Nyocl(B) N Nsdcl(A®) C Nsdcl(B). Then by Proposition EZI0 (v), this is equal to B. Hence
N Fr(A) C B.

The proof of the other is similar. O

Theorem 3.9. Let A be a neutrosophic subset in the Nsts (Y, Uy). Then (NsFr(A))¢ = Ngint(A) U
Ngint(A°) (resp. (Ns0Fr(A))¢ = Nsdint(A) U Ngdint(A°)).

Proof. Let A be a neutrosophic subset in the Ngts (Y, ¥y). Then by Definition B, (N;0Fr(A))¢ =
(Nsdcl(A) N Ngocl(A))¢ = ((Nsdcl(A))¢ U (Ngdcl(A€))e. By Theorem IO (vii), which is equal to
Ngdint(A°) U Ngdint(A). Hence (N0 Fr(A))¢ = Ngdint(A) U Ngdint(A°).

The proof of the other is similar. O
Theorem 3.10. For a neutrosophic subset A in the Nyts (Y, ¥ ), then NoFr(A) C N Fr(A).

Proof. Let A be a neutrosophic subset in the Nyts (Y, ¥y ). Then by Proposition T, Nydcl(A) D Ngcl(A)
and Nscl(A€) C Nycl(A°). By Definition B, N0 F'r(A) = Ngdcl(A) N Ngocl(A°) C Nycl(A) NNyl (A°),
this is equal to Ny Fr(A). Hence N6 Fr(A) C NFr(A). O

Theorem 3.11. For a neutrosophic subset A in the Nyts (Y, V), Nycl(NsFr(A)) C NgFr(A) (resp.
Ngocl(Ns6Fr(A)) C Ns6Fr(A)).

Proof. Let A be the neutrosophic subset in the Nsts (Y, ¥ ). Then by Definition B, N écl(Ns;0Fr(A)) =
Ngocl(Nsdcl(A) N (Ns6cl(A°))) C (Nsdel(Ngoel(A))) N (Nsdel(Ngdcl(A°))). By Theorem IO (vi),
Ngocl(NsdFr(A)) = Nsdcl(A) N (Ngdcl(A°)). By Definition B, this is equal to N6 Fr(A).

The proof of the other is similar. O

Theorem 3.12. For a neutrosophic subset A in the Nits (Y, Uy), NoFr(Ngint(A)) C NgFr(A) (resp.
N OFr(Ngdint(A)) C NFr(A)).

Proof. Let A be the neutrosophic subset in the Nsts (Y, ¥y ). Then

NgOFr(Nsdint(A)) =N docl
=N,dcl

Nyint(A)) N (Nsdcl(Ngoint(A))¢)[by Definition B
Ngéint(A)) N (Nsdcl(Nsdel(A)))[by Theorem 9 (vii)]
=N;dcl(Ngdint(A)) N (Ngdel(A°))[ by Theorem IO (vi))
CN6cl(A) N Ngdcl(A°)[ by Theorem 7Y ()]

=N 0Fr(A)[ by Definition BI.

—~ o~~~

Hence N 6 Fr(Nsdint(A)) C (NgoFr(A)).
The proof of the other is similar. O

Theorem 3.13. For a neutrosophic subset A in the Nyts (Y, Uy ), then N Fr(Nscl(A)) C NyFr(A) (resp.
N,OFr(N,3cl(A)) C N,3Fr(A).
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Proof. Let A be a neutrosophic subset in the Ngts (Y, Uy ). Then
N OFr(Ngdcl(A)) =Ngocl(Ngocl(A)) N (Nsdel(Nsdel(A))¢)[by Definition B
=N;dcl(A) N (Nsdcl(Ngdint(A°)))[by Theorems IO (vii) and Z7T0 (ii) & (vi))
CNdcl(A) N Nydcl(A°)[by Theorem 29 (i)]
=N;dFr(A)[by Definition BT

Hence N 0Fr(Ngdcl(A)) C NoFr(A).

The proof of the other is similar. O

Theorem 3.14. Let A be a neutrosophic subset in the Nts (Y, ¥ ). Then Nyint(A) C A— N Fr(A) (resp.
Ngdint(A) C A— NOFr(A)).
Proof. Let A be a neutrosophic subset in the Nts (Y, ¥ ). Now by Definition B,
A — NgoFr(A) =AN (Ns0Fr(A))°

=AN[Nocl(A) N Ngocl(A)]°

=A N [Ngdint(A°) U Nsdint(A)]

=[AN Nyoint(A%)] U[AN Nsdint(A)]

=[A N Nydint(A°)] U Nydint(A) DO Ngdint(A)

Hence Ngdint(A) C A— N O0Fr(A).
The proof of the other is similar.
Remark 3.15. In general topology, the following conditions are hold:
(i) NsFr(A)N Ngint(A) = 0n (resp. Ny0Fr(A) N Ngdint(A) = O0n),
(ii) Ngint(A) U NgFr(A) = Ngcl(A) (resp. Ngdint(A) U NydFr(A) = Ngocl(A)),
(iil) Ngint(A) U Ngint(A°) U NgFr(A) = 1y (resp. Ngdint(A) U Ngdint(A°) U NsdFr(A) = 1n).

But the neutrosophic topology, we give counter-examples to show that the condition of neutrosophic subset
of the above remark may not be hold in general.

Example 3.16. In Example B2, Let A = (Y, (&%, 5%, 64

(i) NOFr(A) = (Y, ({5, 5= 6%) ( %)
Nsoint(A) = (Y, (§5, 65, 6%) (55, 525 6%)s )
Ny3Fr(A) N Ny &nt(A (Y, (5, b b)), (55, 62, 82), (5% 62, &%)
)

= N 0Fr(A) N Ngdint(A) # Oy

(i) Nooint(A) = (Y, (53, 65> 04): (05 5% 55) (5% 0% 56)):
N55int(Ac) = <Y’ (%’ g%’ ﬁ)v (%a %7 %)a ((;isa V%Y%a (1),7%»,
NOFr(A) = (Y. (f5. 5 65). (75 6. 63). (5. 5. £4)
= Nyoint(A) U Nsdint(A°) U NOFr(A) # 1n

Example 3.17. In Example B2, Let A
Ngoint(A) = (Y, (5%, 5%, &
NoFr(A) =Y, ({%, 5=, 5%
NS5CZ(A) = lN.

= N,oint(A) U NsdFr(A) # Ngocl(A)

Theorem 3.18. Let A and B be neutrosophic subsets in the Ngts (Y, ¥ ). Then Ny Fr(AUB) C N Fr(A)U
N Fr(B) (resp. Ns0Fr(AU B) C Nyg0Fr(A) U NyoFr(B)).
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Proof. Let A and B be neutrosophic subsets in the Nsts (Y, Uy ). Then

Ny 0Fr(AUB) =Ndcl(AU B) N Nsdcl(A U B)°[by Definition B
=N dcl(AU B) N Ngdcl(A° N B°)
C(Ngbcl(A) U Ngoel(B) N ((Ngoel(A))) N (Nsdel(B€))[by Theorem PZT0 (iii) & (ix)]
(N, 8el(A) U (N,Bel(B)) 1) (NGl A%)))] 0 [(No56l(A) U (NoBel(B)) 0 (Nsdel(B))]
—[(NL0el(4) N NoBel(A%)) U ((NoSel(B) 1 (NaBel(A%))))] 1 [(Nadel(A) 1 (NGl (B)))
U ((Nsdcl(B) N (Nsdcl(B9))))]
=[Ns0Fr(A) U (Nsdcl(B)) N (Nsdcl(A))] N [(Ns6cl(A) N (Ngocl(B€))) U (Ny0Fr(B))]
[by Definition B])
—(NJSFr(4) U N.GFr(B)) 0 [(N.0el(B) 1 (NoBel(A%))) U (Noel(A) 1 NoSel( B))]
CN;6Fr(A)U N;6Fr(B).

Hence, Ny0Fr(AU B) C N,6Fr(A) U N,0Fr(B).
The proof of the other is similar. O

Note 1. The following example shows that

(i) N,Fr(AnB) ¢ N,Fr(A)UN,Fr(B)and N,Fr(A) N N,F(B) Z N,Fr(An B).

(i) No6Fr(ANB) ¢ N,6Fr(A) U N,6Fr(B) and N,6Fr(A) N N,SF(B) € N,6Fr(AnN B).
Theorem 3.19. For any neutrosophic subsets A and B in the Nits (Y, U ), NgFr(AN B) C (NFr(A) N

(Nyel(B))) U (NsFr(B) N Nycl(A)) (resp. NodFr(ANB) C (Ny6Fr(A) N (Nydel(B))) U (NoSFr(B) N
Ndcl(A))).

Proof. Let A and B be neutrosophic subsets in the Nts (Y, ¥y ). Then

N, 6Fr(AN B) =N,5cl(AN B) N (Ny6cl(A N B)°)[by Definition B
=N,5cl(AN B) N (N,Scl(A° U BY))
C(N,5cl(A) N N,Scl(B)) N (Nydcl(A°) U N,bel(B€))[by Theorem I (iii) & (ix)]
=[(N.Scl(A) N Nybcl(B)) N Nodcl (A°)] U [(No6cl(A) N Nybel(B)) N Nobel(B)]
=(N,0Fr(A) N Nyocl(B)) U (No6Fr(B) N N,dcl(A))[by Definition BI.

Hence N0 Fr(AN B) C ((Ns0Fr(A) N (Ngocl(B))) U (NgoFr(B) N (Nsdcl(A)))).
The proof of the other is similar. O

Corollary 3.20. For any neutrosophic subsets A and B in the Nsts (Y, Uy ), N Fr(AN B) C NgFr(A) U
Ny Fr(B) (resp. Ng0Fr(AN B) C NydFr(A)U NsdFr(B)).

Proof. Let A and B be neutrosophic subsets in the Nsts (Y, U ). Then
N 0Fr(AN B) =Ns6cl(AN B) N (Nsdcl (AN B)°)[by Definition B
=N dcl(AN B) N (Nsdcl(A° U B°)
C(Ngécl(A) N Ngoel(B)) N (Ngdel(A°) U Ngoel(B€))[by Theorem T (iii) & (ix)]
=(Ny0cl(A) N Ngocl(B)) N (Ngoel(A°) U (Nsdel(A) N Nsdel(B)) N (Nsdel(B€)))
=(NsdFr(A) N Nsdcl(B)) U (Nsdcl(A) N N0 Fr(B))[by Definition B
CNFr(A) U (NsOFr(B).

Hence N;6Fr(AN B) C N;6Fr(A) U N;6Fr(B).
The proof of the other is similar. O

Theorem 3.21. For any neutrosophic subset A in the Ngts (Y, ¥ ),

(i) (a) NsFr(NgFr(A)) C N,Fr(A),
(b) NoFr(NgsFr(NsFr(A))) C NyEFr(NgsoFr(A)).

(ii) (a) NgOFr(Ns0Fr(A)) C Ns0Fr(A),
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(b) NsdFr(NgoFr(NsdFr(A))) C NsdFr(NgoFr(A)).
Proof. (ii) (a) Let A be a neutrosophic subset in the Nyts (Y, ¥y ). Then

NOFr(NsoFr(A))

=N0cl(Ng6Fr(A)) N Nyocl(NsdFr(A)°)by Definition B

=Ngocl(Ngoel(A) N (Nsdel(A)) N

(Nsdcl(Ngdel(A)) N

(Nsdcl(A°))¢))by Definition Bl

C(Ngbcl(Nsdel(A)) N

(Nsdcl(Nsdel(A9))) N

(Ns6cl(Nsdint(A°))) U

(N, dint(A)))

by Theorem IZT0 (vi) & (ix)
=(Nsdcl(A) N (Nsdcl(A%)) N (Ngoel(Nsdint(A) U Nydint(A))))by Theorem IO (vi)
CNcl(A) N Ngoel(A°)

=N 0Fr(A)by Definition BE.

Therefore N0 Fr(Ns0Fr(A)) C N,0Fr(A).
(b) Again, NyOFr(Ns0Fr(NgoFr(A))) C NoFr(Ns0Fr(A)).
The proof of the other is similar. O

4 Neutrosophic 6 border and neutrosophic ¢ exterior

In this section, we introduce the neutrosophic § border, neutrosophic § exterior using neutrosophic § open sets
and their properties are discussed in N,ts’s.

Definition 4.1. Let A be a neutrosophic subset of Nsts (Y, Wy ). Then the set NyBr(A) = AN Ngint(A)
(resp. NsdBr(A) = ANN,dint(A)) is called the neutrosophic (resp. §) border of A (briefly, NsBr(A) (resp.

N.5Br(A)))
Example 4.2. In Example B2, Let A = (Y, (&5, 5%, 6%), (55, 3%, 5%), (5%, 0% %)), then
(i) Nint(4) = (Y. (¢3. 55 6:4)- (55> 63> 63): (¢ 6% 6%))
AN Neint(4) = (Y. (35, 5% 6%): (55> 53 63)- (5% 6% 6%))
— N:Br(A) =Y, (55, 6% 63): (55 5% 5%): (5% 5% 0%))
(i) Nsoint(A) = (Y, (55, 6%, 6%) (75, 5% 0%): (55 0% 6%))-
AN Noint(A) =Y, (85, 5%, 64) (55, 5% §5): (650 6% 0%)
= NOBr(A) = (Y, (L, b o) (L gum Gu) (M ¥m La))
Theorem 4.3. If a subset A of Y is Ngc (resp. Nsdc), then NyBr(A) = N;Fr(A) (resp. Ng0Br(A) =
N OFr(A)).
Proof. Let A be a Nydc subset of Y. Then by Theorem IO (vii), Nydcl(A) = A. Now, N0Fr(A) =
Ngocl(A) — Nyoint(A) = A — Nydint(A) = NsdBr(A).
The proof of the other is similar. O

Theorem 4.4. For a neutrosophic subset A of Y, A = Nyint(A) U NsBr(A) (resp. A = N dint(A) U
N 6Br(A)).

Proof. Letx(q, ) € A. If 24,8, € Ndint(A), then the result is obvious. If z(4 5,,) & Ns6int(A), then
by the definition of N,6Br(A), z(a,5,y) € Ns0Br(A). Hence x4 5,y € Nsbint(A) U Ny6Br(A) and so
A C Ngdint(A) U N6Br(A). On the other hand, since Nydint(A) C A and N;dBr(A) C A, we have
Nydint(A) U N;6Br(A) C A.

The proof of the other is similar. O

Theorem 4.5. For a neutrosophic subset A of Y, Nyint(A)NNgBr(A) = Oy (resp. Nydint(A)NNOBr(A)
=0n).

Proof. Suppose N dint(A) N Ny6Br(A) # On. Let 24,5, € Nsdint(A) N NdBr(A). Then (4, 5.4 €
Niéint(A) and (o 5.y € Ns6Br(A). Since NydBr(A) = A — N,dint(A), then z(, 3.,y € A. But
T(a,8,y) € Ne0int(A), x(q ) € A. There is a contradiction. Hence N,dint(A) N N6 Br(A) = On.

The proof of the other is similar. O
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Theorem 4.6. For a neutrosophic subset A of Y, A is a No (resp. N,do) set if and only if N;Br(A) = Oy
(resp. Ns6Br(A) = 0p).
Proof. Necessity: Suppose A is Nydo. Then by Theorem Z9 (v), N dint(A) = A. Now, N6Br(A) =
A — Ngdint(A) = A— A =0y.

Sufficiency: Suppose N0 Br(A) = 0. This implies, A — Nsdint(A) = On. Therefore A = N;dint(A)
and hence A is Ndo.

The proof of the other is similar. O

Corollary 4.7. For a Nsts, N;Br(Oy) = Oy and NyBr(ly) = Oy (resp. NsdBr(Oy) = Oxn and
NS§BT(1N) = ON)

Proof. Since Oy and 1y are Ngdo, by Theorem B8, N;6Br(0y) = Oy and NydBr(1y) = Ox.
The proof of the other is similar. O

Theorem 4.8. For a neutrosophic subset A of Y, Ny Br(Ngint(A)) = On (resp. NsdBr(Nsoint(A)) = On).

Proof. By the definition of N,d border, Ny Br(Ngdint(A)) = Nydint(A) — Ngdint(Nsdint(A)). By The-
orem 9 (vi), Nsdint(Nsdint(A)) = Ngoint(A) and hence Ny6Br(Ngdint(A)) = On.
The proof of the other is similar. O

Theorem 4.9. For a neutrosophic subset A of Y, Ngint(NsBr(A)) = O (resp. Nsdint(N;0Br(A)) = Op).

Proof. Let x(4,5.~) € Ngdint(Nys0Br(A)). Since Ny0Br(A) € A, by Theorem X9 (i), Nydint(Ny0Br(
A)) C Nyoint(A). Hence x(4,p,) € Nsdint(A). Since Nydint(Ns0Br(A)) € NsdBr(A),zp.4) €
N,0Br(A). Therefore 24 g,4) € Nsdint(A) N NydBr(A), 2(a,8,4) = On-

The proof of the other is similar. O

Theorem 4.10. For a neutrosophic subset A of Y, N, Br(N;Br(A)) = NsBr(A) (resp. NsdBr(N;6Br(A))
= N,6Br(A)).

Proof. By the definition of Nd border, N;0 Br(Ny0Br(A)) = NsdBr(A) — Nydint(Ns0Br(A)). By The-
orem B9 N, éint(Ny0Br(A)) = O and hence Ny0Br(NsdBr(A)) = NyoBr(A).
The proof of the other is similar. O

Theorem 4.11. For a subset A of a space Y, the following statements are equivalent
(1) Ais N,o (resp. Nsdo).
(ii) A = Ngint(A) (resp. A = Ngdint(A)).
(iii) NsBr(A) = Oy (resp. N6 Br(A) = Oy).

Proof. (i) — (ii) Obvious from Theorem 9.
(ii) — (iii). Suppose that A = Ngdint(A). Then by Definition, N;0Br(A) = N dint(A) — Nydint(A) =

On.

(ili) — (). Let N;0Br(A) = Oy. Then by Definition B, A — Nydint(4A) = Ox and hence A =
Ngdint(A).

The proof of the other is similar. O

Theorem 4.12. Let A be a neutrosophic subset of Y. Then, N;Br(A) = AN N,cl(A°) (resp. N;dBr(A) =
AN Ngocl(A°)).

Proof. Since N,0Br(A) = A — Ndint(A) and by Theorem 0, NydBr(A) = A — (Ngocl(A%))® =
AN (Ngdel (A9)¢) = AN Ngocl(A°).

The proof of the other is similar. O
Theorem 4.13. For a neutrosophic subset A of Y, Ny Br(A) C N Fr(A) (resp. Ns6Br(A) C N;6Fr(A)).
Proof. Since A C N, dcl(A), A — Ngoint(A) C Nydcl(A) — Ngdint(A). That implies, N;dBr(A) C
N 6Fr(A).

The proof of the other is similar. O

Definition 4.14. Let A be a neutrosophic subset of a Nsts (Y, ¥ y). The neutrosophic (resp. §) interior of A°
is called the neutrosophic (resp. 0) exterior of A and it is denoted by NyExt(A) (resp. Ng6Ext(A)). That is,
N Ezt(A) = Ngint(A€) (resp. NydExt(A) = Ngdint(A°)).
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47 0.
(i) Nyint(A€) = (Y, (L, b M) (O Gm gu) (1 Yo Fo))
— N,Ezxt(A) = { E

0 0 . .
(i) NoSint(A°) = (Y, ({5, ., ), (5, S, &2), (&, b, £2).

0.2 0.37 0.4/ 0505705/ \0.8"
= Ns0Ext(4) =Y. (55, 5% 63): (5 5% 53): (58> 0% 06))-
Theorem 4.16. For a neutrosophic subset A of Y, NyExt(A) = (Nscl(A))¢ (resp. NsdExt(A) = (Ngo
cl(A))).
Proof. We know that, 1y — Ndcl(A) = Nydint(A°), then Ny0Ext(A) = Nydint(A°) = (Nsdcl(A))°.
The proof of the other is similar. O

Theorem 4.17. For a neutrosophic subset A of Y, NyExt(NsExt(A)) = Ngint(Ngcl(A)) DO Ngint(A)
(resp. Ns0Ext(NgoExt(A)) = Ngdint(Nsocl(A)) D Nydint(A)).

Proof. Now, NydExt(Ny0Ext(A)) = NdExt(Ngdint(A®)) = Ngdint((Nsdint(A€))€) = Ndint(Ng
dcl(A)) D Nsoint(A).
The proof of the other is similar. O

Theorem 4.18. For a neutrosophic subset A of Y, If A C B, then NsExt(B) C N Ext(A) (resp. Ngo
Ext(B) C Ny,6Ext(A)).

Proof. Suppose A C B. Now, N dExt(B) = Nsdint(B°) C Nsdint(A°) = N;dExt(A).
The proof of the other is similar. O

Theorem 4.19. For a neutrosophic subset A of Y, NyExt(1y) = Oy and N;Exzt(0n) = 1y (resp. Ngo
Ext(lN) = ON and NséEl‘t(ON) = 1]\/).

Proof. Now, N,6Ezt(ly) = Ngdint((1n)¢) = Nsdint(On) and NydExt(0y) = Ngdint((0n)¢) =
Ngéint(1y). Since On and 1y are Ngdo sets, then N dint(On) = Oy and Nydint(1y) = 1y. Hence
NséExt(ON) = ]-N and NS5E1't(1N) = ON.

The proof of the other is similar. O

Theorem 4.20. For a neutrosophic subset A of Y, NyExt(A) = NyExt((NsExt(A))¢) (resp. NsdExt(A)
= N;dExt((NsdExt(A))9)).

Proof. Now, N;dExt((NsdExt(A))¢) = NydExt((Nsdint(A°))¢) = Nedint((((Nsdint(A))¢))¢) = Ngo
int(Ngdint(A®)) = Nsdint(A°) = N;0Ext(A).
The proof of the other is similar. O

Theorem 4.21. For a sub sets A and B of Y, the followings are valid.
(i) NyExt(AU B) C NyExt(A) N NyExt(B) (resp. Ns0Ext(AU B) C NyoExt(A) N NySExt(B)).
(ii)) NsExt(AN B) 2 NyExt(A) U NyExt(B) (resp. Ny0Ext(AN B) O NyoExt(A) U NySExt(B)).

Proof. (i) NyExt(AU B) = Nydint((AU B)°) = N,oint((A°) N (BY)) C Nydcl(A°) N Nydel(B®) =
N 0Ext(A) N NsdExt(B).

(ii) Ns0Exzt(A N B) = Ngdint((A N B)¢) = Ngdint((A°) U (B€)) O Nsdcl(A°) U Nydcl(B¢) =
N SEzt(A) U NyoExt(B).

The proof of the other is similar. O

5 Conclusions

So far, we have studied some new operators called neutrosophic ¢ frontier respective border and exterior
with the help of neutrosophic d-open sets in neutrosophic topological space. Also, we discussed the important
properties of them and the relations between them. This can be extended to some weaker forms of neutrosophic
open sets, in future.
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