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Abstract

In Neutrosophic Normed spaces, we investigate a unique quadratic function and a unique additive quadratic
function of the Hyers-Ulam-Rassias stability for the functional equation Y ", f(z; — (1/n) }_7_ ;) =
S fz) = nf((1/n) >0, ;) which is said to be a functional equation associated with inner products
space.
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1 Introduction

The aim of this article is to prove an Neutrosophic version of the Hyers-Ulam-Rassias stability for the func-
tional equation:

Zf Ii*%sz Zf(%)ﬂf<7llzxz> (A)
=1 =1 i—1 i—1

which is said to be a functional equation associated with inner product spaces. It was shown by Rassias [1]
that the norm defined over a real vector space X is induced by an inner product if and only if for a fixed integer

n > 2 it follows

n 2

2
1 n n
> xi—Eij ZZH%‘HQ—H
j=1 i=1

=1

(B)

n
1
fE T
n -
=1

for all x;,...,x, € X. Interesting new results concerning functional equations associated with inner product
spaces have recently been obtained by Park et al. [2, 3] and Najati and Rassias [4] as well as for the fuzzy
stability of a functional equation associated with inner product spaces [5].

Stability problem of a functional equation was first posed by Ulam [6] which was answered by Hyers [7]
on approximately additive mappings and then generalized by Aoki [8] and Rassias [9] for additive mappings
and linear mappings, respectively. Later there have been proved several new results on stability of various
classes of functional equations in the Hyers-Ulam sense (cf. the following books and papers [10-18] and the
references cited therein), as well as various fuzzy stability results concerning Cauchy, Jensen, quadratic and
cubic functional equations. Furthermore some stability results concerning Jensen, cubic, mixed-type additive
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and cubic functional equations were investigated in the spirit of intuitionistic fuzzy normed spaces, while the
idea of intuitionistic fuzzy normed space was introduced and further studied.

In future studies on this subject, it is also possible to work with the idea of “Probabilistic metric space”
using neutrosophic probability. In 1940, Ulam raised the following question. Under what conditions does
there exists an additive mapping near an approximately addition mapping? The case of approximately additive
functions was solved by Hyers under certain assumption. In 1978, a generalized version of the theorem of
Hyers for approximately linear mapping was given by Rassias. The stability concept that was introduced and
investigated by Rassias is called the Hyers-Ulam-Rassias stability. During the last decades, the stability prob-
lems of several functional equations have been extensively investigated by a number of authors. Neutrosophic
set(NS) is a new version of the idea of the classical set which is defined by Smarandache [26]. The first world
publication related to the concept of neutrosophy was published in 1998 and included in the literature [24].

2 Preliminaries

Definition 2.1. [23] A binary operation * : [0, 1] x [0, 1] — [0, 1] is a continuous t-norm [CTN] if it satisfies
the following conditions :

1. * is commutative and associative,

2. * is continuous,

3. axl=aforal aec|0,1],

4. ax B <~ xdwhenever « < yand 3 < ¢, foreach o, 3,7, € [0,1].

Definition 2.2. [23] A binary operation < : [0, 1] x [0, 1] — [0, 1] is a continuous t-norm [CTCN] if it satisfies
the following conditions :

1. & is commutative and associative,

2. <& is continuous,

3. a0 0=aforall a € [0,1],

4. a O B << 6 whenever o <y and 8 < §, for each a, 3,7, € [0, 1].

Definition 2.3. The six-tuple (X, u, v, w, *, <, ®) is said to be an Neutrosophic Normed Spaces(NNS) if X is
a vector space, Let x and ¢, ® be the CTN and CTCN, respectively. u, v, w are Normed spaces on X x (0, o)
fulfilling the conditions below: For each z, 5 € X and for each s, > 0, ® # 0,

.0<

(
2. u(z,t)
)
)

z,t) < 1,0 <v(z,t) <1,0 <w(z,t) <1, forallt e (0,00);
+v(z,t) +w(z,t) < 3;
>

3. p(z,t

5. u(®z,t)=p (a:, ﬁ) for each @ # 0;
6. p(z,t)*p(B,s) < p(x+ B,t+s);
7. u(z,.): (0,00) — [0, 1] is continuous increasing function;
8. tli>rrolo p(z,t) =1and tlg% p(z,t) =0;
9. v(z,t) < 1,
10. v(z,t) =0iff z = 0;
1. v(®z,t) =v (x, ﬁ) for each ® # 0;
12. v(z, ) v(B,s) > vz + B,t+ s);

13. v(z,.) : (0,00) — [0, 1] is continuous increasing function;
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14. lim v(z,t) = 0 and lim v(z,t) = 1.;
t—0

t—o0
15. w(z,t) <1,
16. w(z,t) =0iffz = 0;

17. w(®z,t) ( %) for each ® # 0;

18. w(z,t) @ w(B,s) = w(z+ Bt +);
19. w(z,.) : (0,00) — [0, 1] is continuous increasing function;

20. lim w(z,t) = 0and lirr(l)w(agt) =13

t—o0 t—

Then (u, v,w) is called Neutrosophic Norm(NN).

Example 2.4. Let (X, ||-||) be a NS. Define CTN and CTCN as follows zx 8 = z8and z & 8 = z+ [ —20.
Fort > ||z,
t ]l ]

,U'('T7t):7ay(xat>: 7w($7t):73
t+ [l t+ [l t

forall z, 3 € X and t > 0.If t < ||z]|, then u(z,t) = 0,v(z,t) = 1,w(z,t) = 1. Then (X, p, v,w, %, O, ®)
is NNS

Definition 2.5. Let (X, y, v, w, *, <, ®) be a NNS.
1. A sequence (z,) in X is Neutrosophic convergent to z € X if lim p(z, — z,¢) = 1, lim v(z, —

n—00 n—oo
z,t) =0and lim w(z, —z,t) =0ast > 0.
n—oo

2. Asequence (z,) is said to be Neutrosophic Cauchy sequence if lim p(@p4p—2,,t) =1, lIm v(2,4p—
n—roo n—oo

T, 1) :Oandnli_{gcw(xnw—mn,t) =0toeacht>0andp=1,2,....

3. A(X, p,v,w, %, O, ®) is said to be Complete if every Neutrosophic Cauchy sequence in (X, p1, v, w, %, &, ®)
is Neutrosophic convergent in (X, p, v, w, %, O, ®).

3 Neutrosophic Stability

Throughout this section, assume that X, (Z, i/, v/, w'), and (Y, u, v,w) are linear space, NNS, and Neutro-
sophic Banach space, respectively. For convenience, we use the following abbreviation for a given function
f: X—=>Y:

A ey Ty) = i — — ; — il - C
R Y1 LR I B W E eur (23] ©
We begin with the Hyers-Ulam-Rassias type theorem in NNS for the functional which is said to be a
functional equation associated with inner product spaces.

Theorem 3.1. Let ¢ : X — Z be a function such that p(2x) = ap(x) for some real number o with

0 < |a| < 4. Suppose that an even function [ : X — Y with f(0) = 0 satisfies the inequality
:U'(Af(xlv"'azn)atl+"'+t ) N(@(‘Tl)vtl)* ( (In) )
V(Af(ﬂ?l,...,l‘n),tl+~"+tn)Sl/((p(ﬂ?l),tl)o ( ( ) ) and

forallxy,...,x, € X andallty,. .., t, > 0. Then there exists a unique quadratic function Q : X —'Y such

that

Q) = )0 2 (L=,

v(Qz) — f(2),1) < v, (m (4_8|a|)t) and
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W(Q@) — fla)t) < (

forallx € X andt > 0, where

(
vy (z,t) = [ p(na), 8T(Ln — 17)115) o (@((n —1)x), 8(n—1) t)
((p(a:)7 8(n — 17)1t> oy (90(0), 8(n—1) t) nd

o) = (wln = ). 55 =)
o(x), B — 1) t> s it/ <<P(0)7 Bn — 1) t) :

0.0 = (ot 35—l ) s (itln = Do), 55— )

®w' <g0(sc), 8<nl)t> ®w' <g0(0), 8<nl)t> )
2

Proof. Put x1 = nxy,x; = nag(i = 2,. ..
we obtain

nf(ry+ (n—1)z2) + f((n — 1) (21 — 22))
H( +(n—1)f(x; — 22

n—1)f(z; — z2

)
) —
1/( nf(xy + (n—1)xg) +
+( ) — )
) (n—1)(z1 — 22))
) — )

n—1)f(zx1 — zo

(
w( nf(xy+ (n—1)xg) +
+( (

— (n—1)f(nxzy),nt

4 — |a|)t
2n2 4+ 9n
2n2 4+ 9n
2n2 + 9n
2n2 4+ 9n
2n2 +9n G13)

,n) in (3.1]1), and, using the evenness of f,

>y (p(na), t) x p' (p(n2), 1),

) <V'(p(nx1),t) oV (p(nz2),t) and
) < w'(p(nar),t) @ W' (p(nes), ) GI14)

forall 21,2 € X and ¢ > 0. Interchanging x; with x5 in (3:1[4) and using the evenness of f, we get

nf((n— 1z +z2) + f((n = 1)(z1 — 22))

”((

(
+(n—=1)f(x1 —22) — (n—1)f(nz1) — f(nza),n
V( nf((n— 1z +22) + f((n — 1)(z1 — 22))
(n— Df(z1 —22) — (n—1)f(nx1) — f(nze),nt
" ( nf((n — Dxy +x2) + f((n— 1)(361 — 1'2
(n -1 f(xy —z2) — (n — 1) f(nz1) — f(nxa),

) > 4 (p(ns) ) « 1 (o). 1),

for all z1, 22 € X and ¢ > 0. It follows from (3.1[4) and (3-I[3)) that

nf((n— Dz +2x2) +nf(x; + (n— 1)xs)
p| +2f((n=1)(z1 = 22)) +2(n — 1) f (21 — 72)
—nf(nz1) — nf(nzs),2nt
nf((n— 1Dz +22) +nf(x; + (n—1)x2)
v +2f((n—1)(x1 —22)) +2(n — 1) f(z1 — x2)
—nf(nz1) — nf(nzs),2nt
nf((n— 1)z +x2) + nf(z1 + (n — 1)xz2)
w | +2f((n = 1)(z1 —22)) + 2(n — 1) f(z1 — x2)
—nf(nz1) — nf(nzs),2nt

for all z1,29 € X and t > 0. Putting 1 = nxe,xe = —nxg, ©; =0 (1 = 3,...

in (3.1]1)) and using the evenness of f, we obtain

nf((n — Dxy + a2
M( +2(n — l)f(Il —T9) —

~— ~—

y nf((n — Dxy + a2
( +2(’I’L — 1)f(l‘1 — X)) —

) <V (p(nx1),t) oV (p(nx2),t) and
) < w'(p(nxy), W (p(nag),t)  @B115)
> 1 (p(nw1), t) * ' (p(nz2), t),

<V (p(nx1),t) oV (p(nz2),t) and

< w'(p(nzy),t) @ ' (e(na2),t)  @.116)

) > ' (p(nx1),t) * p (p(naz), t) + 1’ (p(0), 1),

) < V' (p(nan),t) o v (p(naa), t) 0 v/ ((0), 1)
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nf((n — Dxy + x2) + f(x1 + (n — 1)x2) , , ,
w( o L v ) ) < (plnn), 1) & (plne), 1) @ o/ (5(0),1

G117
for all 21, z2 € X and t;0. Hence, we obtain from (3.I[6) and (3:1]7) that

8 (f ((n— D) —22)) — (n— D f (1 — 22), 27%)

>y ((nay), t) « i (p(nae), t) * p' (p(—nxs), t) * 1 (0(0),1),
9 n? +2n
y (f((n 1) — 22)) — (n— 12 (a1 — ), t)
< V(p(nr), 1) o v/ (p(na). ) o V' (p(—ns). 1) 0 1/ (9(0).£)  and
o (1= )01 = 22) = (0= VP f(o1 — 22), ")
< W (p(nar). 1) @ (p(nwa) 1) © ! (9(—na). 1) @ ' ((0), ) GI8)

forall 1,22 € X andt > 0. So

i (0= 2) = 0= 172700, 52 2 ot 0) 54 (6100,

v (= 12) = (0= 1270, 5204 <V (ol ) o0/ (00).0) - and

n? 4+ 2n

y (f<<n 1)) — (n— 12 (a), t) < W (p(na), 1) © ' ((0), 1 GT9)

[\

forallz € X and ¢t > 0. Putting 21 = nx,2;, =0(i =2,...,n),t; =t(i = 1,...,n) in (3.1}1), we obtain

p(f(nz) = f((n = Dz) = 2n = 1) f(2),nt) = @' (p(nz),
v(f(nx) = f((n—1Dz) = 2n —1)f(z),nt) <v )
w (f(nz) = f((n = D) = (2n = 1) f(z),nt) < w'(p(nz),t) @ ' (£(0),1) @.1110)

forall z € X and t > 0. It follows from (3.1[9) and (3.I[10) that

n? +4n
£ 2 ol ) (90000,
2
n +4nt
2
n? +4n

() - 1),

y (f(mv) —n2f(a), ) <V (p(na),t) o1/ (p(0).1) and

v (f<mc> n?f(a), t) < W (p(na), 1) @ ((0), 1) G

forallz € X and ¢ > 0. Letting 2o = —(n — 1)z in (3.1}7) and replacing 2 by 7 in the obtained inequality,
we get

forall z € X and ¢t > 0. It follows from (3.1[9), (3-1[10), B-I[T1)) and B-I[12)) that

TL2 n
i (=20 - (0= 0210, )

> ' (p(na),t) « p! (p((n = 1)x), t) * ' (p(nx), 1) 1’ (9(0), ),
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244
n+nt>

v (f((n —92)) — (n— 1)2f(a).
<V (p(na). 1) o 1/ (pl(n — 1)), £) o/ (g(n), 1) o ' (9(0), 1)  and

244
n—|—nt)

o (10020 - (0= 1270, ™
< w'(p(ne),t) ®w'(p((n — 1)z),t) @ W' (p(nx), ) @ W' ((0),1) @.1113)
forall z € X and ¢ > 0. Applying (3.1[11) and (3.1[13), we obtain
p(f(nz) = f((n = 2)z) — 4(n — 1) f(2), (n* + 4n)t)
> i (p(nx),t) * 1/ (p((n — 1)a), t) * 1/ (p(nx), 1) = 1’ (0(0), ),
v (f(nz) — f((n—2)z) — 4(n — 1) f(z), (n*® + 4n)t)
<V'(p(nz),t) o/ (p((n — 1)z),t) o V' (p(nz),t) 0 v'(¢(0),t)  and
w (f(nz) = f((n = 2)a) — 4(n — 1) f(2), (n* + 4n)t)
x),t) @ w'(p((n — 1), 1) @ W' (p(nz), 1) ® W' (9(0), 1) @G.114)

< w'(p(n
Nt =ti=1,..., n) in (3.1}1), we

.....

forallz € X and ¢t > 0. Setting 1 = 2o = nx,2; = 0(i

obtain

i (F((n=22) + (n = )f(20) = flna). 5
v (£((n=22) + (n = Df(22) — f(na), 5t) <V (p(nw), 1) 0/ ((0),1)  and
w (f((n=2)7) + (n = 1)f(22) - f(na), 5t) <o ((na), 1) ® ' (2(0), 1) E11s)

forall z € X and t > 0. It follows from (3.1[14) and (3.1[13) that

) >y (p(na),t) = i (o((n — D)z, t), 1)« p' (e(nx), t) * ' (0(0), 1),

2n2 +9n
2n — 2

( f(2z) —4f(z), )
v <

( f(2z) —4f(x),

w

2n2 + 9n (p(nx), t) o v (p((n — 1), t),t) o V' (p(nx),t) o/ (p(0),t) and
2n —2

f(2z) —4f(z),
w ( 2n2 + 9n

)Sw’(w( ). t) @ W' (p((n —1)z,t),t) @ W' (p(nz),t) @ W' (p(0),1)  @.1116)
2n — 2

w’(w(nm) 2n2+98n 1 8 1
(b 1) @ w'(p(0), sa=adt)

Qw (w(nm) 2n249n

It follows that
’ 8(n— 1)
B W (p(na), et ) * 1 ): swront
2n2+9n 2n2+9n
o V(p(na), 2,5&3;) Y (p((n— 1)), 8£?+$it>
v(f(z) =471 f(22),1) < ( ov (p(n), SB=Lp) o 1/ (p(0), Sl y) and
( S ) @ w(p((n — 1)a), S0 ) G117

Define

8(n—1) t) ! (<P((n = ), 287(5;91%75) )

//( t) lu’/ <¢(nx)7 2n24+9n
M1 (T, = n— n—
! (cp(nw), 287(Lz+;r)1 ) ! (90(0) 287(12+;7)1t)
v (et ) o0 (o= 1)), Sk) ;
vy (Z‘, )'_ , 8(n—1) / 8(n—1) an
oV ((nz), i ronl) oV ©(0), TR
(e ) (- e 2500
Wi (x?t) = / 8(n—1) / 8(n—1) ’ @18)
Qw (go(nx), mt) Q@ w <<p(0), 2n2+9nt>
6
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Then, by our assumption,
" " t " " t 7" " t
py (2, t) = py (a:, a) vy (2z,t) = 1y (x, a) and wy (2z,t) = wy (x, a) (3:1119)
Replacing x by 2"z in (B-I[17) and applying (3.1[19), we get
2ny  f(2ntlz) ant " fe )y g "
H(4n T o ) TR f(2"z) - ot > pp (272, 0"t) = py (2, 0),
on 2n+1 ng 2n+1 . .,
v (m _ @) a> =v (f(Q"a:) — M,a"t) <y (2"z,a"t) = v, (z,t) and

qn Yn+1 7 yn 4

g f(2ntlz) ant N f@ertlz)y "
‘“(4” T aativr Bl PACK A wa

Thus for each n > m, we have

my o f(273) e okt B 2 F(2kx)  F(2Rlz) R aft
H 4qm 4n ’ 47 =M Z 4k - 4k:+1 ’ Z 47]C
1

k=m k=m k=m
n— k k+1 k
x  f(2"tx) oft "
=z (k T gkl 0 gk > >y (2,1),
k=m
(2 pera) et (RS feR) fe ) Z okt
qm an ’kim 4k P 4k QR 7k7m 4k
n—1 k k+1 k
x  f(2Ftla) ot "
< H (k_ S 4k><”1(x’t) and
k=m
o (2 _ 1) Z oft) _ Z f@a) _ fR*a) Z okt
n—1 . )
2k$ f(2k+1x) Oékt "
<[ (4k e e ) Swiad) G121
k=m
wherel_[?zlaj =y *ag k- -- ,*an,]_[;.lzlaj :aloago---anandﬂyzlaj =41 ®as®---ap.Lete >0

and 0 > 0 be given. Since lim oy (z,t) = 1, lim vy (x,t) = 0 and lim w; (x,t) = 0 there exists some

1" t
to > 0 such that ) (z,to) > 1 — e v, (2,t0) < € and w] (z, o) < €. Since Z ( " O) < 00, there is some
k=0

t
ng € N such that Z (a 0) < 6 for each n > m > ng. It follows that

oMy f(2n7) F2mz)  f(2nm) S= oty .
Tm > - > _
:u(4m 4qn 76> _/~‘L< Am 4n 7]§n 4k _/Ll(l'7t0)>1 €
om . f‘(2n$> f(2mx) f(an) n—1 Otkto .
_ < _ <
”(47" 4 ’6>‘V< 1 i ’kzzm 7 | Snlmt) <e and
2mz  f(2"x) F2mz)  f(2nw) W= okt p
< - E <
w ( 4m 4n 75) S w ( Am 4n akim Ak S Wy (I, to) < € @_22)

for all ¢ > to. This shows that the sequence { L2} is Cauchy in (Y, 1, v,w). Since (Y, v, w) is Neu-
trosophic Banach space, {f (i:gﬂ)
Q(z) : X = Y such that Q(x) := (u,v,w) — lim, (%) Moreover, if we put m = 0 in (3.1)21), we

get

} converges to some point Q(z) € Y. Thus, we can define a mapping

u(—f Zi>>ﬂ1fft)

k=0
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k=0
27L n—1 kt .,
o <4 .3 %) 2wl E123)
k=0
Thus,
2”.%‘ 2 t
,LL< n _f(‘r)ﬂt)zul (.’E, n—1 k)’
4 oo (9)
2" " t
14 < an — f(z),t) S 141 <.’7J, nlak> and
2o (5)
2” " t
w (4:" - f(ﬁ)at) <uwy (% n—1k> : @.1124)
r-o (%)
Now, we will show that @ is quadratic. Setting #; = 2™z;(i = 1,...,n)and t; = (L) (i = 1,...,n) in
(B[}, we obtain
Af(2m o, 2Mx, t t
M( f( -Tlli ) x >7t> ZMI ((p(?m'$1),4m) *"'*M/ ((P(men)>4m>
m n n

p(z1), i)m ;) woew gl (@(xn), (i)m ;) ;

” (Af(? $1Zi...72 xn)7t> S I// <¢(2mx1),4mt> o - --Ol// (@(men)74mt>
m n

n

_ <<p(ac1), (i)m ;) oo <<p($n), (i)m fl) and

Af(2Mxy,...,2Mxy,) m m m m
w( qm it Sw/ ‘P(Q x1)74 ﬁ ®"'®w/ 90(2 xn)a4 E

= (<P($1), (i)n i) ® QW (sﬁ(xn% (i)mi) @G.125)

forall zy,...,2, € X and t > 0. Letting n — oo in (3.1]23)), we obtain
wWAQ(z1, ..., xpn),t) = L,v(AQ(x1,...,2n),t) =0 and w(AQ(x1,...,x,),t) =0 (3:1126)

for all xq,...,x, € X and all t > 0. This means that () satisfies the functional and so it is quadratic (see
Lemma 2.2 of [4]).

Next, we approximate the difference between f and @ in Neutrosophic sense. By (3.1[24), we have

Q) = 10,0 = (@) - L2 5 ) (L2 = 1o )

! ¢ z (4—a)t
> (%W) =1y (x, 3 )’
/(@) - s < v (@) - L2 D) ew (152 s 5)

4’!7,

" t " 4 - t
< <as7 w) =" (33, ( 8@) and
2375 (5)

w( Q@) = f(x)t) Sw (Q(Js) - f(i:x), ;) -~ (f(i:x) @), ;)
i (o) o 5 €2
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forevery x € X,t > 0 and large enough n. To prove the uniqueness of ), assume that @’ is another quadratic
mapping from X to Y, which satisfies the required inequality. Then, for each z € X and ¢ > 0,

Q) - Q@) 2 (@)~ fo0 5 )+ (@) - flong) 2 (2 ).

v(Qw - s 5) ov (@@ - s 5 ) <o (5 852 ana

w(Q) — Q'(2).t) < w (czu) ~ f@), L

v(Qz) — Q'(x),1)

IN

Jou(Qw-sw.g) <ol (= U @me9

2

Since @ and Q' are quadratic, we have

. AV (g —
Y(Qx) - Q'(0),1) = v (Q(2"w) — Q'(2"2),4") < my (x 2 (16 W)
/ n n n " (é)" (4 - Oé)t
w(Q(z) = Q'(2),1) =w (Q(2"z) — Q'(2"x),4™t) < w; |, = (1129
forallz € X,t > 0andn € N. Since 0 < a < 4 and limy, o (2)" = 00, we get
EA
i (BB
AN g
nlgrolo 1/1/ (:1:, W) =0 and
4\ _
lim o] <xW> -0 (-1130)

Therefore u(Q(z) — Q' (x),t) = 1, v(Q(x) — Q'(x),t) = 0 and w(Q(z) — Q'(x),t) = 0 forall x € X and
t > 0. Hence Q(z) = Q'(x) for all x € X. This completes the proof of the theorem. O

Theorem 3.2. Let ¢ : X — Z be a function such that ¢(2x) = ap(x) for some real number o with
0 < |a| < 2. Suppose that an odd function [ : X — Y satisfies the inequality

N(Af(l‘lv B In)vtl +e tn) > :U’/(@(xl)vtl) *oeee X ,u/((p(l‘n),tn),
VIAf(Z1, .y xn), b1+ -+ b)) <V (p(x1),t1) 0oV (o(Tn),tn)  and
WAf(T1,. . )ty 4+ ) S (0(21),81) @ @ W' (p(Tn), tn) 3B21)

forall x1,...,x, € X and all t,...,t, > 0. Then there exists a unique additive quadratic function A :
X — Y such that

) - 5.6 2 i (. EE) ao) = sty <o (B2

and w(A(w) = f(@),1) < w, <x W) 622

forallx € X andt > 0, where

,U/ (@(233), n2+4nt) * ,U/ (QO(J:), ﬁt)

e (o1) = *p/ (90( ), n2+4n ) * (ga(()), ﬁt) 7
v t) = I/< (22), ”2+4" ) ( ((n = 1)z), "2+4"t) an
2 () = ov/! (‘P(x)7 nZ+4n ) (SD ’n2+4n ) ’
wy (,1) = “ (@(21‘), e ) (‘Pl((” R n2+4nt> G323

Quw’ (cp(x), Y Ewr ) ®w (cp(O), mt)
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Proof. Putx1 = nx1,x; = nxll(z =2,...,n),t;=t(i=1,...,n)in (3.2]1) and using the oddness of f, we
obtain

u ( ~( nf(z1+ (n—Day) + > i/ (p(nwn), 1) ' (p(nay), 1),

n—1)f(z, — <V'(p(na1),t) o v/ (p(na)),t)  and

)

)

) ( nf(wr+(n—Day) +

+( ) = £

o ( nf(z1+(n = Day) +
+( )

n—1)(z1 — ) ) < W (p(nar), ) @' (p(nay),t)  G24)

for all z1, zll € X and ¢ > 0. Interchanging =; with :cll in 1| and using the oddness of f, we get

nf (= s+ 23) = (0= 1)(ar — 1) o) £ o ol
(e 2 e e ) = #0500 )t ),
(A= Dar ) - f((n - D - 7)) ot D) orl (o) 1) an
(ot 2 Ly sty e ) <m0 o)) and
nf((n =D +2) = (=D =) ) o (o]
(st o e sy ) </ 000 t02)0) - @B

forall 21,2, € X and ¢ > 0. It follows from (3.214) and (3.2|5) that

nf(z1+ (n— 1)x/1l) —nf((n—l)xl—l—x/l)/ /
p| +2f((n =Dz —2y)) = 2(n = Df (@1 —ay) | 2 1 (p(nw1), t) * i (p(nay),t),
+(n —2)f(nx1) — (n —2) f(nay), 2nt
nf(sr:l—&—(n—l)xi/)—nf((n—l)a:l—km/l)/ ,
v +2f((n—1)(z1 —21)) —2(n — 1)Jf(x1 —z;) | <V(p(nz),t)o v (p(nxy),t) and
+(n—2)f(nx1) — (n —2)f(nxy),2nt
nf(l’1+(77,71)1’/1l)7’rlf((n71)131+$,1)/ /
wl F2f((n=1D)(e1 —a1)) =2(n = 1) f(z1 —zy) | < w'(p(ne1),t) @ W' (p(nwy), t) @26
+(n—2)f(nr) — (n —2)f(nz}), 20t

forallacl,x/1 € X and ¢ > 0. Setting x1 = nx1,rs = —n:c'l, x;=00E=3,...,n),t;, =t (i=1,...,n)in
(3-2[T) and using the oddness of f, we get

( f((n = 1)ar + zy) = f(z1+ (n - 1)z))
+2f (1 —x1) — f(nzy) — f(nwy),nt
5 ( f((n = 1)z +$1) — flz1+(n —/1)3?/1)

+2f (1 —21) — f(nzy) — f(nwy),nt

F((n— a4 2) — Floa+ (= D) ) o
o (1 m ) b D)) < gt ) 96 (-l ) 0 W (6(010) @B

>>MWWMMHMWFMOﬁ*Mﬂ%W

) <V (p(nay),t) o V' (p(—nay), t) o ' (p(0),t) and

for all z1, xll € X and t > 0. It follows from (3.2/6)) and (3.27)) that

“(“W—”@u—d»+ﬂm—mb—ﬂmm+fmaxn;2%>
> ' (p(nay), t) * ,u’(go(mc/l),t) * /j,/(gp(—nm/l)ﬂf) « 1/ (0(0), 1),
v <f((n - 1)(331 - .13/1)) + f(xl - 33,1) — f(nml) + f(nq;ll), n ; 2nt>

’ ’ ’ n2 n
“ (f((n 1)@ — a)) + flor —a)) — Flnay) + flna), t)
< W' (p(na1),1) ® W' (p(nay),t) @ W' (p(—nay), 1) © &' (p(0), 1) B.23)

10
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forall z € X and t > 0. Putting 2y = n(x; — ), 2, =0 =2,...,n),t; = t(i =1,...,n) in (3.2L1), we
obtain

p(f(n(er —zy)) = f((n = 1)(21 — 27)) — f(w1 —z,),nt) >
v(f(n(zy —2y)) = f((n = 1)(z1 — ) — fz1 — z)),nt) <
w(f(n(ar — 1)) — f((n— 1) (21— 27)) — f( <

for all z1, ,Tll € X and ¢ > 0. It follows from lEi and lEi that

p (ot = a20) = stnan) + o), ™ ;4’%)

> i (p(n(wy — 2y),8) = 1/ (p(ny), 8) = 1 (p(ny), 8) = 1 (p(—nay), 1) * 1/ (2(0), 1),

V(f(n(xl —2})) - f(na1) + f(na)), +4”t)

<V (p(n(ar — ), ) oV (p(nar), 1) o 1V (p(na), 1) o v/ (p(—nay), ) o 1/ (1p(0),4)  and
. (f(n(wl a) — flna) + (), ™ * in
< W (p(n(zr — 21),1) ® & (p(nay), > W (p(nay), 1) @ W (p(—nay), 1) @ W' (9(0),6)  B310)

for all x € X and ¢ > 0. Replacing z; and m/l by & and —* in respectively, we have

t

p (f20) - 21000, )

> ' (p(23),t) * 1 (), 1) * (1 (p(=), 1) % 1 (0(0), 1),

TL2 n
v (20) = 250, 5T ) < V(002 00V (pla) )0V (ol t) 01/ (9(0).0)  and

n2 +4dn
2

w (f(%) —2f (), t> < W' (p(22),1) @ W' (p(2), 1) @ W (p(—2), 1) @ W' ((0),8). @211

It follows that
1 :u/ (@(2‘%)7 nzi4n ) * MI (QD(ZL’), ﬁt)
p(f@) -2 e = | , =),
1 50( LU), n2+4nt> * ((P(O), mt)

Y ((20), i) oV (p(@), i) ) »

Szt S|y ﬁt) o/ (600 stt)
(

o (@ -2 e < | E"(m’ ++4 v ) @w(?(jzé )i?t) ) S 1
= ( ) ).
O O A e, i I
“alent) = @c;f((i(? xi>++t )®<§;d:u<(90(07)7 ++2) ) B3

Then, by the assumption,

1" 1" t " 1" t 1 " t
o (22,1) = pq (ac, ) Vs (2m,t) = 1y (ac, ) and w, (22,t) = wy (x, ) (3214)
a a a

11
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Replacing x by 2"z in (3:2[12) and applying (3.2]T4), we get

2ny  f(2ntlz) ot n ety N m "
“(2n_2n+1 =p| f2") - ——F——=,a"t | > puy (2", a"t) = py(z,1),

Ton 2
on 2n+1 ny 2n+1 . .
v@jﬂwﬁfé>vawﬂizﬁwﬂS%@%@m%mw and

n n+1 n n+1
w (22;” - % 0;;) —w (f(?”a:) - M,a”t) < wy 2"z, a™) = wy (,t).  BD15)

Thus for each n > m, we have

M<T%_f@%ﬂ"1aW>:u<"lﬂW@_f@“%)nla“>
-1

om on ’ k

E by f(2FHz) oft "
2 27 - 2k+1 ) 2]{: 2 Mo (l‘,t),
k=m
2mx  f(2"x) 1 okt B — f(2Fz)  f(2Fia) 2okt
v om 9n ’Z ok =v Z ok ok+l ’ZQT
k=m k=m k=m
n—1
2kx  f(2Flz) Pt "
=~ ( 2k: 2k+1 9 Qk S V2 (I?t) and
k=m
MMy f(2"m) = oft B O f(2kz)  f(2Ra) R okt
w om  9n O’ ok | — w Z ok 9k+1l Z ok
k=m k=m k=m
n—1
kg f(2Mx) ot "
< <2,€2k+1a2k < wy (w,t) @216
k=m
whereH;.Lzlaj =y %ag k- ,*an,Hyzlaj =a10a2% - ay, andH?Zlaj =a1®ay®---ay.Lete >0

and § > 0 be given. Since lim fi (2,¢) = 1, lim vy (2,t) = 0 and lim wy (z,¢) = 0 there exists some
t—o00 t—o0 t—o0

© sk
7" " " . t .
to > 0 such that pi, (z,t9) > 1 — €, vy (2, t9) < € and wy (x, ) < €. Since E (ao> < 00, there is some

2k
k=0
n—1 akt
ng € N such that Z (2k0> < ¢ for each n > m > ny. It follows that
k=m
n—1
2my  f(2"x) f@2mx)  f(2"x) oty "
M(gm— )z o T 2 | 2t > 1
k=m
n—1
oMy f(27) ) ( f@mz)  f(2ra) akt()) p
y( — ) <v — — ,Z — | Sva(z,to) <e and
2 2 2 2 = 2

m n m n n—1
w (22; _ f(;n:v)75> <w <f(§m:c) N f(;nx)7 T a;to> < wy (,t0) < € G217

k=m

for all ¢ > to. This shows that the sequence {f(zi:“c)} is Cauchy in (Y, y, v,w). Since (Y, p, v, w) is Neu-

trosophic Banach space, {f (g:x)} converges to some point A(z) € Y. Thus, we can define a mapping

A(x) : X — Y such that A(z) := (p, v, w) — lim,,_, (f(§:$)). Moreover, if we put m = 0 in (3.2[16), we
get

12
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2™ il Ckkt "
) D D o) E218)
k=0
Thus,
2”@7 " t
M(n—f(ﬂf),t) 2/“1’2 (J?, n_1 k)’
2 Y=o (%)
2” 1" t
v (f —f(:v)nﬁ) <y (m, — k) and
2o (3)
2"y " t
w<2nf(z),t) Swy | @, M) G219
k=0 \ 32
Next, we will show that A is Additive. Putting z; = 2™z;(i = 1,...,n)and t; = (L) (i = 1,...,n) in
(3:2[7)), we obtain
Af(2™xy, ..., 2™ t t
u( i x12,m ’ x”),t> >y (@(mel),zmn) ool (w(zmxn),an>

= (oo (2) L) e (st (2) 1),
(

V(Af(? Tlyenn,2 xn),t) < ’ (p(2ml’1),2mt)<>"'<>l// (@(men)72mt>
n

o
v ((p(atl), (2)m 2) oreol ((p(a?n), (2),” 2) and

w (Af(Q Ti,...,2 xn)7t> éw/ (¢(2mm1)72mt> Q- Quw <(P(2mxn)’2mt)
n n

-
—o (vte. (2) D)o ou (e (2) 1) @20

forall zy,...,2, € X and t > 0. Letting n — oo in (3.2]20), we obtain
WAA(z1, .. xn),t) = Lv(AA(z1, ..., 20),t) =0  and w(AA(x1,...,2,),t) =0 (32121)

for all z,...,2, € X and all t > 0. This means that A satisfies the functional and so it is additive (see
Lemma 2.1 of [4]).

Next, we approximate the difference between f and A in Neutrosophic sense. For every x € X, ¢ > 0 and
sufficiently large n, by (3.2]19), we have

) = 1000 2 0 (A0 - L2, D) (182 - po). )

VA 2n 2

" " t _ " .Z‘(2_a)t
2’”(’22?_0(3)’“) i (55

v (A) — f(2).) <v <A(x) _f@w) t> (f(2"x) o t)

VA 2n

" t 17 2 - t
<y (m, M) =y <x, ( 4a) ) and
23 5o (5)

o () — ) <0 (40 - 18D Do wr (L2 o), )

2n 2n

wy xit = w, xL_a)t
- 2(’zzz°_o<;>k> (=55, B

To prove the uniqueness of A, assume that A’ is another additive mapping from X to Y, which satisfies the
required inequality. Then, foreach z € X and ¢ > 0,

H(A) = A0 > (A = )5 )+ (4@ - Fo05) 2 (2 B,

8
13
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A) ~ A@h) < v (460 = 10§ ) ov (40 = ) g ) <04 (2 B5) ang
(A0 - A1) < (A0) - 10,5 ) oo (40 - ). 5) <wf (2 B52) @2y

Therefore, by the additivity of A and A’, we have

H(A(x) — A'(2),1) = p(A(2"2) — A'(2"2),2") > u)

A
—
Qv
N—

3
—
SN\
|
Q
N
=
\—/

v(A() — A(2),t) = v (A@2"x) — A'(2"2),2"t) < v} (x(><2—a>t> and

8
" 2)" (2 — a)t
w(A(x) — A'(z),t) = w (A(2"z) — A'(2"x),2"t) < w, (w, W (3:2124)
forallz € X,t > 0andn € N. Since 0 < a < 2 and lim,, % " = 0o, we get

. 1 (2 - a )t
lim py (2,
n—oo
1" t
lim v, m, =
n—roo

2
Jim w, <x ()8> =0 6:225)
Therefore u(A(x) — A'(z),t) = 1, v(A(z) — A'(z),t) = 0 and w(A(z) — A'(x),t) = 0 forall z € X and
t > 0. Hence A(z) = A'(z) for all z € X. This completes the proof of the theorem. O

Theorem 3.3. Let ¢ : X — Z be a function such that p(2z) = ap(x) for some real number o with
0 < |a| < 2. Suppose that a function f : X — Y with f(0) = 0 satisfies the inequality

PAf (1, @)ty + -+ tn) > (1), 1) %% 1 (o), tn),
VIAF(Z1, .y xn),t1+ -+ 1) <V (p(x1),t1) 0oV (o(zn),tn)  and
WAF(T1, ey xn), b1+ 1) < (0(x1),t1) @+ QW (p(Tn), tn) 3G3l1)

forallxy,...,x, € X andall ty,. .., t, > 0. Then there exists a unique quadratic function Q : X — Y and
a unique additive function A : X — Y such that

Q) ~ Aw) ~ floht) 2 3 (o S A (o, B2

v(Q(x) — Alz) — f(),t) < M, (x M"‘J‘)t) o M, (:g @_O‘W) and

16 8
w(Q(x) — Alx) — f(),t) < My <x (41|6&)t) ® My (z (28|a|>t> 632

forallz € X andt > 0, where
i (o), s5mamt) * 1 (w((n = Da), S555kt) + 1 (#(), $57mt)
M{’(%t) = *1! (@(—nx), figlézlt) * ! (@(_(n - Dx), ;(LZ;;T)J) ,
' (o(-), sikgont) * i ((0), 5ant)
— ( (27), nz+4nt) * ! (w( ), n(?+41,3t) * 1/ (@(—x), nz;ﬁt)
Ml ($7t) = 4
! ( (—2z), n2+4nf) * ! (@(O)amt)
v (). S53ht) o' (o((n = 1), $555kt) o (e, S8t
My (w,1) = | o/ (p(=na), 35535t) o0/ (p(—(n = D)a), Szt o' (p(—a), 35502t) |
ov! (cp(O), %t)

14
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—, v (QD(QSU), ﬁt) o (gp(w), ﬁt) ov (go(—x), ﬁt)
M, (x,t) := 44 4 4 and
ov’ (@(—2.')3), ﬁt) < Vl (@(0), ﬁt)
n—1 8(n—1
o (o), $5ht) @ (o((n = 1)a), $555kt) @0 (o), Spabt
My (2,1) = | @ (p(—na), 3a75kt) @0 (e(—(n = a), 35550t) @ o' (p(-2), S5k

I COR ="

Mg(:p,t) _ w' <g0(2:16)7 ﬁt) R w' (go(x), ﬁt) Rw' (go(—x), ﬁt) ) '

20’ (p(=22), ﬁt) © (<p(0)7 ﬁt)

Proof. Passing to the even part f. and odd part f, of f, we deduce from (3.3[1)) that

WA fe(xr, oo xp),ty + -+ 1y)
> (o), t1) % p/ (p(=a1),t1) * - % w1/ (0(2), 1) * i1 (p(—20), t0),
V(Afe(1, . oy xpn) b+ -+ tn)
<V (p(x1),t1) oV (p(—1),t1) 0oV (0(20), 1) 0V (p(—2y), t,)  and
W(Afe(xl,..., ) t + - +tn)
< W (@(x1),t1) @ W (@(=21),t1) ® - - @ W (@(x0), tn) @ W (P(—20), tn)
On the other hand,

wAfolxy, ..., xn),t1+ -+ tn)

> gl (), 1) * p (@(—21),t1) % - 5 1 (0(20), tn) * 1 (@(—2n), tn),
v(Afo(z1, ..., xn),t1 + -+ tp)

<V (p(z1),t1) oV (p(=21),t1) 0 -0V (p(xn), tn) © V' (p(—n), 1)  and
wW(Afo(x1,. . xn) b1+ + tn)

< W (p(x1), 1) @ W (@(—=21),t1) ® - - @ W' (9(x0), tn) @ W (P(—20), tn)

(3313)

@34

3315

Applying the proofs of the Theorem [3.1]and [3.2] we get a unique quadratic function @ and a unique additive

function A satisfying

(Q(x) — folw),t) < M (x “ —8'0“'>t) and
w(Q(x) — folw).1) < M; ( “ —8|a|>t) |
Also,
H(A(@) — foa). ) > B ( 2 —4|“|>f) ,
v(Alz) — folx).1) < M <x (2 —4|a>t> and
w(A(z) — folw).t) < NIy (gc 2 —4a|>t)
Therefore,
Q) — A(x) — f(x),1) > M, ( “ - 6a|>t) Y (x (2 —8|a|>t) |
Qi) — Ae) — f(o).0) < 245 (. S oty (1, B2 g
w(Q(e) — A(x) — f(2),t) < M} ( o - 6al>t) o 1! (m (2 —8|a|>t>

This completes the proof of the theorem.

3316)

@3

(3318)
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Conclusion

In this article, we prove existence of unique quadratic function and unique additive quadratic function between
linear space and Neutrosophic Banach Space.
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