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Abstract

This paper introduces and investigate a new subclasses of the class X, of analytic functions that both

g and g~ tare p-fold symmetric bi-univalent functions in the open unit disk Q and get the estimates of the initial
coefficients |a;41|, |@zr41] and |as.44| for functions in each of these new subclasses. After this, the work will
be discussing the Hankel determinant and a Fekete-Szegd functional.
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1. Introduction and Preliminaries

The motivation for this paper has come from two directions: firstly, from a wish to introduce two new subclasses
of the function class X,0f bi-univalent -fold analytic functions in Q and get the estimates of the initial

coefficients |41, |@2,+1| and |asy4 | for functions in each of these new subclasses. Secondly to discuss the
Hankel determinant and a Fekete-Szeg6 functional for functions belonging in these new subclasses.

Note: In this paper we will represent by Q = {y € C:|y| < 1} to the open unit disk.
Now, we recall some background information on analytic functions g in Q which satisfy normalization condition
g¢(0) = g'(0) — 1 = 0, where:
g(y) =v+ Z any", €Y)
n=2

In addition to investigate some background information on the class Z of all bi-univalent in Q given by (1), and
some of their properties.

Definition 1.1. Let #denote the family of functions g satisfying (1) which analytic in Q such that ¢(0) =
g'(0) — 1 = 0. Let A be the subclass of
consisting of functions of the form (1) which are also univalent in Q. It is well known that every g € h has an

inverse g1, defined by g7 (¢(»)) =y, (¥ € Q),and g (g (w)) = w, (|w| < ko(g), ko(g) = %) where
g Y w) = w — ayw? + 2az — az)w?3 — (5a3 — Sa,a3 + a)w* + . )
Then g, is bi-univalent in Q, when both ¢ and g~ are univalent in Q.
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Denoted by X, the class of all bi-univalen in ©, given by equation 1. To indeed further details, and examples of

functions in the class Z, can be found in [24], [3], [11], [12] and [17].

Lemma 1.2. For each g € H, satisfy that:

Y’e' @)
2

(¢)

is univalent in Q, and hence g € h. The proof can be found in [12].

-1

<Ly e

Definition 1.3. Denoted by 7'(7), the class containing the functions ¢ € ¢, such that

v:g'¥)
2

(gm)

and 7(1) = T,sowe have T(1) ¢ T c A from (lemmal.2.). And

1l<7t,yeQ0<t<1

2 1
Re (&(’2 - 1) > 1 — 7. Kuroki et. al. [10].
()

A function is said to be p — fold symmetric see ([15] and [9]), if it has the following normalized form:

h(y) =v+ Z eV (Y EQUEN). 3)
k=1
Lemma 1.4. For each function h € h, the function
g =YVr") FeEQUEN), @)

is univalent and maps the unit disk Q into a region with u — fold symmetric.

Let A, be a class of u— fold symmetric univalent functions on €, which are normalized depending on the
series expansion (4). That is, the functions # are 1-fold symmetric. A concept u — fold symmetric bi-univalent
functions is introduced, in this paper, similarly the concept of u — fold symmetric univalent functions. Then
for each integer u € N, the bi-univalent function g of X generates an p — fold symmetric bi-univalent function.
The normalized form of the function g is given as shown above (4). The next equation represents the series
expansion for its inverse g~! which has been proved by Srivastava et al. [23].

k(w) = w — au“w”“ + [(U + 1)“;21+1 - 0‘2u+1]4”2wr1

1
|z M+ DBu+ 2)a3+1 —Bu+2)ay 1z t+ a3u+1] w3 ..., (5)

where h~! = k. Denoted by 2, the class of u — fold symmetric univalent functions in Q, we note that for t =
1, formula (5) coincide with formula (2).

Noonan and Thomas [13], introduced and studied the j®*Hankel determinant for j > 1,n € N,

an LOTEN B Antq-1
Ont1 h :
Hj(n) = :
Ontq-1 o Ong2(g-1)

where a; = 1. Many researchers have studied H;(n), Specifically, the Hankel determinant H,(2), is equivalent
to |a,a, — a?|, were obtained in ([8], [7], and [20]), for many classes. A Fekete-Szegd functional |a; — a?|, is
equivalent to the Hankel determinant H,(1). Also, the Hankel determinant H;(1), studied and investigated by
Babalola [4].

Some other authors have studied various classes of p— fold symmetric bi-univalent functions, such as, see
Refs. ([1], [2], [25], [26], [21], [22], [6], [5], [18] and [19]). Such works encouraged us to create the two new
subclasses of the function class %, of analytic functions which both hand h™! are p— fold symmetric

24
Doi: https://doi.org/10.54216/GJMSA.090102
Received: April 14, 2023 Revised: July 13, 2023 Accepted: October 25, 2023



https://doi.org/10.54216/GJMSA.090102

Galoitica Journal Of Mathematical Structures And Applications (GIMSA) Vol 09, No. 01, PP. 23-30, 2023

bi —univalent functions and we obtain estimates on the initial coefficients |, 1|, |@2u+1|, |@3,+1] , Hankel
determinant and Fekete-Szeg6 functional for functions in each of these new subclasses.

for explaining main results, we need the Remark below [26].

Remark 1.5. Let b = {g: g analytic in Q satisfy that Re{g(y)} > 0}, 50, vV¢,and g € ¢ we have |t,| < 2,
and

gy) =1+t y+6,72+ 673+, yEQ
2. Estimates on the Initial Coefficients

Definition 2.1. A function € X, given by (3) is said to be in the class zgu, if the following conditions are
satisfied

VZZ’(V)) am
ar < —, 0<0<1lyeQ 6
jorg (252)| <, ¢ yeQ) ©)
and
w2k (w) or
= <
|arg((k(w))2) < (0<d<1l,weQ) @)

where the function k is the invers of T, given by Equation 5. Denoted by zgu, the class of all p — fold symmetric

bi-univalent functions of order 9.
In our first theorem, we finding the estimates on the initial coefficients |41 |, |azy+1| and |as,44| for function
in the class T3 .

Theorem 2.2. Let £ be a function satisfy Eq. (4) in class zgu, 0<0d<1.Then

22p—1)(20 — 1)

el = =G
< 20
el < Gy
60

ol < Gy
Proof. it follows from (6) and (7) that

YT )
=[r(1°, 38
@)
and
Zkr
W) o, ©)
(k(w))
where r(y) and u(w) in P and have the forms
r(y) = 1+ nyt + gy + 3 + (10)
and
u(w) = 1+ uywt + uyw + ug w3t + - (11)

Cleary, we have

1
[r(N1° =14 ony* + |ory, + 56(6 - 1)7112] Y2+

1
[arzu +0(0 — Dryr + 90 - 1D - z)rj] I,
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1
[u()]® =1+ du,w + [duy, + 56(6 - 1)uﬁ] w +

1
[6u2u+1 +0(0 — Duyu,, + 56(6 -1 - Z)uﬁ] w3+

And,
Y@
s=1+ (- 1)0fp+1)”l + [(Zu - 1)0fzu+1 - (2p- 1)“;2&1]]’2”
rm)
+ [(3H - 1)a2u+1 +2Q@8u-— 1)a2u+10‘u+1 + @u- 1)05;31+1]V3Ll +
and
w?g' (w)
Y 1~ (- Dagawe™ — [~ Dagges — 20— Day,
(9(w))

- Bu- 1)[oc2qu1 — 3041 Q41 T 2a3+1]w3” + -
Notice that, equating the coefficient in (8) and (9), we get:

(”‘ - 1)a|,1_+1 = arp_;
2 1 2
2p-— 1)(a2p+1 - au+1) = arZu + Ea(a - Drt,
Gu— D (i1 + dap1 — 20441 A2p41)
1
=01y, +0(0 — Dryry, + 56(6 -1 - 2)r3,
_(IJ - 1)al.l.+1 = aup,;
2 1 2
- (211 - 1)(a2p.+1 - ap.+1) = auZp. + Ea(a - 1)up_'
and

—GBu- 1)(20(3“ + a1 — 3Aue1Aoypn) =
1
au2u+1 + a(a - 1)uuu2u + ga(a - 1)(6 - Z)ua

From Equations 12 and 15, we get:

From Equation 13, and using Lemma 1.5, we obtain

1 2
0rsy +50(0 — D

|(Zll - 1)(“2u+1 - “;21+1)| = |2u— 1||azu+1 - aﬁ+1| =
2

1
< 6|T’2u| +§6(6 - 1)|Tuz < m

By compensation 14, in 17, and use 18, we find that:

Br— Daysr(aapsr — alyy) = 0(ry + uzy) + 00 — D (rurzy, + uysy),

which gives,
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|(3P- - 1)au+1(a2u+1 - a51+1)| =QBp- 1)|au+1||a2p+1 - ap21+1|

40(20 — 1) 1)
GBu-1) °
Note that, from Equations 19 and 21, we get that:
2(2p—1)(20 — 1)
N TET=
Bu-1)
Now, by subtracting Equation 17 from Equation 14, and use Equation 18, we have:
GBu- 1)(3a3+1 + 20341 — Sau+1a2u+1) = a(7'2;1 - u2p.)
1
+0(0 — D)(ryryy — uyugy) + 300-1DO - 2)r3, (22)
By using Equations 20 and 22, removing a3, ;, we have the following:
231 — D(@ape1 — Ausr@aper) = 0(1ay — Uz ) + 30(1zy + uzy)
= 0(4ry, + 2uy,), (23)
which gives, via Lemma 1.5,
| <20 24
A3pe1 — App1@2p41| = Gu-1) (24)
Also, by using Equations 18 and 21, removing a,,,1@,+1, We have the following:
28— 1)(“3u+1 - aﬁ+1) = a(r2u+1 - u2u+1) + 56(r2u+1 + u2u+1)
= 0(6Typ41 + 4Uspin), (25)
which gives, via Lemma 1.5,
|a —ad,| < _109 (26)
3u+1 u+1| = (3u _ 1)
Now, to be discovered the bound on |a,,,,4|. Using the inequality:
||V1| - |V2|| < lvi =72l (27)
in Equation 19, we have:
1

|0‘2u+1| - |0(ﬁ+1| S |a2u+1 - aﬁ+1| = Zam’

for this, the following is evident:
| | < 20
RN
Also, to be discovered the bound on |“3u+1|- By using the inequality (27) in (24) and (26), we obtain:

60
a3 < 3y

Remark 2.3. In case of 1-fold symmetric bi-univalent functions, we obtain from Theorem 1, the following
results
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lasl <2< las < 20 and |a,| <30.(0< 9 < 1)

Remark 2.4. In case of 1-fold symmetric bi-univalent functions and d =1, the coefficients initial
|@ys1 s |@2p+1] and |az,44| for function in the class zgu, is given through

la,| <1,las] < 2and |a,| < 3.

Corollary 2.5. Let ¢ be a function satisfy 4, in class zgu. The Hankel determinant H,(2) and Fekete-Szego
functional are given by |a,a, — @3] < 7,and |a; — aZ| < 3, respectively.

Definition 2.6. A function h given by Equation 4, is said to be p — fold symmetric bi-univalent function for
ordert, (0 <7 <1),if

z2h’(z) _
{(h@f} S1-1, (z€Q) (28)
and
w?k'(w) _
Re{(k(m))z} >1-7, (0 €Q) (29)

where the function k is the invers of h, given by Equation 5. Denoted by itfu, the class of all p — fold symmetric

bi-univalent functions of order t.
Theorem 2.7. For 0 < t < 1, if a function h given by Equation 3, be in the class ‘I‘u, then the coefficients

@41, Azpe1 and agy,q satisfy the inequalities

22p—1 2T 6T

)
|t | < BT |2z < =D |asusal < Gu-1)

Proof. Using the Equations 26 and 27, we can write:

VZh,(yz =1-19)+ 1), (30)
(r)
and
w?k' (w)
——7 = (-1 +u(w), (31)
(k)

where, r(y), and” u(w) are given by Equations 10 and 11, respectively.
Therefore, we have
A -1+l =1+my" + 1y + gyt + -,
1 -1 +u(w) =1+ tuwt + tupw + tug w3t + -

Using Equations 4 and 5, we obtain:

V'
7 =1+ (k= Daypy* + [(ZH —Dazyer — 2p— 1)0‘2+1])’2Ll
(F») ' " '
+ [(3P- — Dagysr + 260 — Dagpig e + Gp— 1)0-’;31+1]V3u + -
and
BT ) g (= Dy — (20— Datgas — @t — Do
(g(w))

- (3|J. - 1)[a2u+1 - 3a2u+1au+1 + 2a3+1]w3u + tty
28
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Now, arrangement the coefficients in Equations 30 and 31, we get:

(= Dty = 0, (32)
(a2u+1 - aﬁ+1) =T, (33)
2(0»’3+1 + azpe1 — 2“p+10‘2p+1) = 3 (34)
(= Dt = 1, 35)
2 _
- (a2u+1 - ap.+1) = TUzy, (36)
and

—2(2a3 1 + @gpp — 31 Aopir) = TUigy 37)

We can now complete the further proof by continuing in the same way as with Theorem 2.2 O
Now, from this theorem and when p = 1 we could get the following results:
Remark 2.8.

Lla,| <1,las| < 2tand |a,| < 37.
11.Also, Theorem 2.7 restricts the findings to the Naik and Patil (2017), that we remember here below as Corollary
2.9.

Corollary 2.9. (Naik and Patil, 2017) Let the function h, Given through Equation 3, be in the class ‘I;u. Then
la;] <1,|as| < 2tand |a,| < 37.

Remark 2.10. Set m = 1 and t = 1, in results of Theorem 2.7. The Hankel determinant H,(2) and Fekete-
Szego functional are given by |a,a, — a2| < 7,and |a; — aZ| < 3, respectively.

3. Conclusions.

i- The estimates |“u+1|' dependent on @ and independent on t, for the subclasses zgu and .Tfu, respectively.
ii- In case of 1-fold symmetric bi-univalent functions, when you look at the estimates |a,,1| and |as,44], It's
intriguing to see here that, we can expanding it to |a,,1,| < nma, (n > 2) for the subclass 1§u and |ay,44] <
nmt, (n = 2) for the subclass zgu.

iii- The value of H,(2) and Fekete-Szegd functional for the subclasses zgu and zgu are similar.
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