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Abstract  

 In this paper, a bi-level chance constrained programming problem is considered when the coefficients of the objective 

function is presented as neutrosophic numbers and the right- hand side of the constraints is normal variables and the 

constraints have a joint probability distribution. While the probability problem and applying the score and accurate 

functions the problem is converted into an equivalent deterministic non- linear programming problem, a fuzzy 

programming approach is applied by defining membership function. A linear membership function is used for obtaining 

optimal compromise solution. A numerical example is given to illustrate the proposed methodology. 

Keywords: Optimization; neutrosophic set; single valued neutrosophic numbers Chance- constrained programming; Bi- 

level linear programming; Decision Making; Normal distribution; Joint constraints; Incomplete Gamma function;  

Membership function; Fuzzy programming approach; Optimal compromise solution  

1. Introduction 

Decision making in many planning problem involves hierarchical administrative structure, which involves decisions of 

several individual with independent and conflicting objectives. Bi- level mathematical programming (BLMP) is identified 

as mathematical programming that solves decentralized planning problems with two decision makers (DMs) in a two 

levels or hierarchical organization. The basic concept of the BLMP technique is that the decision maker at the upper level 

and the lower level is termed as the followers. When the leader attempts to optimize his objective, the follower tries to 

find an optimal solution according to each of possible decisions may by the leader (Dempe, [1-2]; and  Colson et al., [3]). 

BLP has researched from theoretical to computational and successfully applied to variety of fields as transport network 

design (Gzara,[4]; Fontainne, and Minner, [5]), Principle- agent problems (Cecchini et al., [6]),  and electricity markets( 
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Zhang et al., [7]).  A numerous methods for solving BLP problems are introduced. Most of these methods are based on 

the concepts of vertex enumeration and transformation methods. Bialas and Karwan [8-9] pioneers of linear BLP problem 

proposed a vertex enumeration method, namely Kth- best solution. These are solved by the simplex method, although it 

is developed to find a global optimal solution, computational and storage requirements of the algorithm increase vastly 

with the number of variables. Bard and Falk [10] developed the grid search algorithm. They transformed the product 

terms into a series of equalities. Anandalingam, [11] and Shih et al., [12] applied mathematical programming and  fuzzy 

programming approaches for multi- level programming problems, respectively. Ye and Zhu [13] studied the linear BLP 

problem where the constraint region has determined implicitly by the solution set of a lower level mathematical 

programming problem. Chen and Florian, [14] studied the regularity and optimality conditions for the linear BLP problem 

using a formulation involving the marginal value function of the parametric lower level problem. Falk and Liu, [15] 

investigated the linear BLP suing an approach which employs strong stability on local optimizers of the lower level 

problem to convert it locally into an equivalent non- differentiable optimization problem. Gendreau et al., [16] argued 

target the linear BLP is an instance of a linear hierarchical decision process where the lower level constraint set is 

independent on decisions taken at the upper level. They proposed approach is applied to solve the NP- hard problem using 

an adaptive search method related to the Tabu search metaheuristic. Dempe and Schmidt, [17] introduced an algorithm 

for solving BLP. This algorithm combined a direction finding problem with regularization for the lower level problem, 

where the upper level objective function was included in the regularization to yield uniqueness of the follower's solution 

set. Safaei and Saraj [18] introduced a method to solve a FFBLP problem, where the problem involving triangular fuzzy 

numbers in all the parameters and decision variables. They decomposed the considered problem into three deterministic 

linear programming problems with bounded variables constraints. Ren, [19] proposed a new approach based on deviation 

degree measures and a ranking function to solve a class of fully fuzzy bilevel linear programming problems in which all 

coefficients and decision variables are fuzzy numbers. Ren, [20] presented interactive programming method to find the 

fuzzy optimal solution of FFBLP problem. Hammad, [21] solved the evacuation location assignment problem using a 

bilvel multiobjective optimization model, where the model incorporates two decision makers' spaces, namely, urban 

planners and evacuees. Tahernejad et al., [22] used a generalized branch- and- cut approach for solving mixed integer bi-

level linear optimization problems through a comprehensive algorithm framework. Rey, [23] introduced the literature on 

exact methodologies for the discrete network design probe and attempts to categorize the main approaches have employed.  

      Stochastic programming deals with the methods and theory of stochastic variations into a mathematical programming 

(Segupta, [24]). Three main approaches to stochastic programming (Goicoechea et al. [25]) are recognized as: 

i. Chance constrained programming, and  

ii. Two- stage programming. 

The chance- constrained programming solves problem with chance constraints (i. e., constraints having finite probability 

violated). Leclercq [26] and Teghem et al. [27] introduced interactive methods in probabilistic programming. Sinha et al. 

[28] studied multiobjective probabilistic linear programming with right- hand -side of the constraints distributed randomly 

with known means and variances and applied fuzzy programming approach for obtaining the optimal compromise solution 

for the corresponding deterministic problem.  

         In many scientific areas, such as system analysis and operators research, a model has to be setup using data which 

is only approximately known. Fuzzy sets theory, introduced by Zadeh [29] makes this possible. Fuzzy numerical data can 

be represented by means of fuzzy subsets of the real line, known as fuzzy numbers. Dubois and Prade [30] extended the 

use of algebraic operations on real numbers to fuzzy numbers by use of a fuzzification principle. Fuzzy Set Theory has 

been widely used to solve many practical problems, including financial risk management, since it allows us to describe 

and treat imprecise and uncertain elements present in a decision problem. Then the imperfect knowledge of the returns 

on the assets and the uncertainty involved in the behavior of financial markets may also be introduced by means of fuzzy 

quantities and/ or fuzzy constraints.  Decision making in a fuzzy environment was developed by Bellman and Zadeh [31].  

Zimmermann [32] is the first one discussed the nature in a goal programming problems and later followed by Narasimhan 

[33] and a lot of other authors working in that field. Al-Sharqi et al. [34-36] introduced several algebraic contributions 

supported by algorithms that employed these algebraic structures in solving decision-making real-life problems.  

Leberling [37] applied the min- operator for solving multi-criteria optimization problem. Fuzzy linear programming with 

multiple objective functions gas studied by Zimmermann [38].  

     A bi- level organization has the following common features (Sinha and Biswal, [39]) 

• Interactive decision making units within a predominantly hierarchical structure, 

• Execution of decision is sequential , from upper to lower level, 

• Each unit independently maximizes or minimizes its own benefits, but is affected by the actions of other units 

through externalities, 

• External effect on a decision maker's problem can be reflected in both the objective function and the set of 

feasible decision space.  

Recently, many researchers have introduced their studied about bilevel optimization in different environments  ( see, Liu 

et al. [38] and  Camacho- Vallejo et al. [39]). 
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The rest of the paper is organized as: Section 2, introduced some preliminaries related to the neutrosophic set and 

trapezoidal neutrosophic numbers.  Section 3 formulates the probabilistic BLP problem. Section 4 applies the fuzzy 

programming approach for obtaining the optimal compromise solution of the BLP problem. Section 5 gives a numerical 

example to illustrate the proposed solution procedure. Finally, some concluding remarks are reported in section 6. 

2. Preliminaries 

In this section, some basic notions of fuzzy sets, intuitionistic fuzzy sets, intuitionistic fuzzy numbers and neutrosophic 

sets are recalled (see, Atanassov, [40];  Smarandache, [41]; Wang et la., [42]; and Wang et al., [43]) 

  Definition 1(Neutrosophic set) A neutrosophic set  ℬ̃ of non-empty set 𝒳 is defined as:   

   ℬ̃N = {〈𝓍;  Iℬ̃N(𝓍), Jℬ̃N(𝓍), Vℬ̃N(𝓍)〉: 𝓍 ∈ 𝒳, Iℬ̃N(𝓍), Jℬ̃N(𝓍), Vℬ̃N(𝓍) ∈ ]0
−, 1+[} 

 where Iℬ̃N(𝓍), Jℬ̃N(𝓍), and Vℬ̃N(𝓍) are functions that fulfill truth-membership, indeterminacy-membership, and falsity-

membership: 0− ≤ Sup{IB̃N(𝓍)} + Sup{JB̃N(𝓍)} + Sup {VB̃N(𝓍)} ≤ 3 +, where ]0−, 1+[  is a nonstandard unit interval  

Definition 2 (Single-valued neutrosophic set)A Single-valued neutrosophic set ℬ̃𝒮𝒱𝒩of a non-empty set 𝒳 is described 

as ℬ̃𝒮𝒱𝒩 = {〈𝓍;  Iℬ̃N(𝓍), Jℬ̃N(𝓍), Vℬ̃N(𝓍)〉: 𝓍 ∈ 𝒳}  where Iℬ̃N(𝓍), Jℬ̃N(𝓍) and Vℬ̃N(𝓍) ∈ [0, 1] for each 𝓍 ∈ 𝒳  and 0 ≤

Iℬ̃N(𝓍) + Jℬ̃N(𝓍) + Vℬ̃N(𝓍) ≤ 3. 
Definition 3(Single-valued pentagonal fuzzy neutrosophic number (SVPFN)).  Let ζ𝜌̃, σ𝜌̃, ψ𝜌̃ ∈ [0, 1] and r, s, t, u, v ∈

ℛ where, r ≤ s ≤ t ≤  u ≤ v. Then a SVPFN, 𝜌̃PN = 〈(r, s, t, u, v); ζ𝜌̃, σ𝜌̃, ψ𝜌̃ 〉 is a specific neutrosophic set on ℛ, with 

truth-membership, hesitant-membership, and falsity-membership functions are  

          𝜁𝜌̃PN(𝓍) =

{
 
 
 
 
 

 
 
 
 
 

     
   0,                                                   𝓍 < r;

 𝜁𝜌̃PN  (
1

2

1

(s−r)2
(𝓍 − r)2) ,    r ≤ 𝓍 ≤ s;

𝜁𝜌̃PN (
1

2

1

(t−s)2
(𝓍 − t)2 + 1) ,   s ≤ 𝓍 ≤ t;

𝜁𝜌̃PN (
1

2

1

(u−t)2
(𝓍 − t)2 + 1) ,    t ≤ 𝓍 ≤ u;

𝜁𝜌̃PN (
1

2

1

(v−u)2
(𝓍 − v)2) ,       u ≤ 𝓍 ≤ v;

     
  0,                                                       𝓍 > v.  

     

 

σp̃PN(𝓍) =

{
 
 
 
 
 
 

 
 
 
 
 
 

     
   0,      𝓍 < r;

σ𝜌̃PN  (
1

2

1

(s − r)2
(𝓍 − r)2) ,    r ≤ 𝓍 ≤ s;

σ𝜌̃PN (
1

2

1

(t − s)2
(𝓍 − t)2 + 1) , s ≤ 𝓍 ≤ t;

σ𝜌̃PN (
1

2

1

(u − t)2
(𝓍 − t)2 + 1) ,    t ≤ 𝓍 ≤ u;

σ𝜌̃PN (
1

2

1

(v − u)2
(𝓍 − v)2) , u ≤ 𝓍 ≤ v;
     

  0,   𝓍 > v.  
     

 

ψp̃PN(𝓍) =

{
 
 
 
 
 
 

 
 
 
 
 
 

     
    0,                                                     𝓍 < r;

 ψ𝜌̃PN  (
1

2

1

(s − r)2
(𝓍 − r)2) ,    r ≤ 𝓍 ≤ s;

ψ𝜌̃PN (
1

2

1

(t − s)2
(𝓍 − t)2 + 1) , s ≤ 𝓍 ≤ t;

ψ𝜌̃PN (
1

2

1

(u − t)2
(𝓍 − t)2 + 1) ,    t ≤ 𝓍 ≤ u;

ψ𝜌̃PN (
1

2

1

(v − u)2
(𝓍 − v)2) , u ≤ 𝓍 ≤ v;
     

  0,                                                      𝓍 > v.  
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Where 𝜁𝜌̃PN , σ𝜌̃PN , andψ𝜌̃PN symbolise the max-truth, min-hesitant, and min-falsity membership degrees, respectively. 

SVPFN, 𝜌̃PN = 〈(r, s, t, u, v);  ζ𝜌̃, σ𝜌̃, ψ𝜌̃ 〉 may described in an ill-defined quantity about 𝜌, that is approximately equal to 

[s, u]. 
Definition 4: Suppose, 𝜌̃PN = 〈(r, s, t, u, v);  ζ𝜌̃, σ𝜌̃, ψ𝜌̃ 〉 , and 𝓆̃PN = 〈(r′, s′, t′, u′, v′);  ζ𝓆̃ , σ𝓆̃ , ψ𝓆̃ 〉  be two pentagonal 

neutrosophic numbers. Then we have  

1. 𝜌̃PN⊕ 𝓆̃PN = 〈(r + r′, s + s′, t + t′, u + u′, v + v′); ζ𝜌̃PN ∧ ζ𝓆̃PN , σ𝜌̃PN ∨  σ𝓆̃PN , ψ𝜌̃PN ∨ ψ𝓆̃PN〉 , 

2. 𝜌̃PN⊖ 𝓆̃PN = 〈(r − v′, s − u′, t − t′, u − s′, v − r′); ζ𝜌̃PN ∧ ζ𝓆̃PN , σ𝜌̃PN ∨  σ𝓆̃PN , ψ𝜌̃PN ∨ ψ𝓆̃PN〉, 

3. 𝜌̃PN⊗ 𝓆̃PN = 〈(rr′, ss′, tt′, uu′, vv′);  ζ𝜌̃PNζ𝓆̃PN , σ𝜌̃PN + σ𝓆̃PN − σ𝜌̃PNσ𝓆̃PN , ψ𝜌̃PN+ψ𝓆̃PN − ψ𝜌̃PNψ𝓆̃PN〉, 

4. 𝓂 𝜌̃PN = {
〈(𝓂r,𝓂s,𝓂t,𝓂u,𝓂v); ζ𝜌̃PN , σ𝜌̃PN , ψ𝜌̃PN  〉,𝓂 > 0,

〈(𝓂v,𝓂u,𝓂t,𝓂s,𝓂r); ζ𝜌̃PN , σ𝜌̃PN , ψ𝜌̃PN  〉,𝓂 < 0,
 

5. 𝜌̃PN
−1
= 〈(

1

v
,
1

u
,
1

t
,
1

s
,
1

r
) ; ζ𝜌̃PN , σ𝜌̃PN , ψ𝜌̃PN  〉 , 𝜌̃

PN ≠ 0. 

Definition 5:  (Accuracy and Score function ). Let 𝜌̃PN = 〈(r, s, t, u, v);  ζ𝜌̃PN , σ𝜌̃PN , ψ𝜌̃PN  〉 be a SVPFN number, then  

1. Accuracy AC(p̃PN) = (
1

15
) (r +  s + t + u + v) ∗ [2 + ζ𝜌̃PN − σ𝜌̃PN]. 

2. Score SC(p̃PN) = (
1

15
) (r +  s + t + u + v) ∗ [2 + ζ𝜌̃PN − σ𝜌̃PN − ψ𝜌̃PN]. 

 Definition 6: [42]. The order relations between 𝜌̃PNand q̃PNbased on SC(𝜌̃PN) and AC(𝓆̃PN) are defined as: 

1. If SC(𝜌̃PN) < SC(𝓆̃PN), then 𝜌̃PN < 𝓆̃PN, 
2. If SC(𝜌̃PN) = SC(𝓆̃PN), then 𝜌̃PN = 𝓆̃PN, 
3. If AC(𝜌̃PN) < 𝐴𝐶(𝓆̃PN), then 𝜌̃PN < 𝓆̃PN, 
4. If AC(𝜌̃PN) > 𝐴𝐶(𝓆̃PN), then 𝜌̃PN > 𝓆̃PN, 

5. If AC(𝜌̃PN) = AC(𝓆̃PN), then 𝜌̃PN = 𝓆̃PN. 
  3.Problem statement and solution concepts 

           A bi- level linear chance constrained programming problem with a joint probability constraints and trapezoidal 

neutrosophic numbers in the objective functions coefficients can be formulated as follows 

  

                 max
x1

Z1(x) = 𝑐̃11
𝑁 x1 + 𝑐̃12

𝑁 x2                                                                                                              (1) 

     Where 𝑥2   solves 

                 max
x2

Z2(x) = 𝑐̃21
𝑁 x1 + 𝑐̃22

𝑁 x2                                                                                                              (2) 

                Subject to 

                            

                        Pr[Ai1x1 + Ai2x2 ≤ bi] ≥ 1 − α, i = 1, 2, … ,m;                                                                      (3) 

 

                         x1, x2 ≥ 0.                                                                                                                                (4)                              

 

Where 𝑍 = (Z1, Z2),  𝐶̃ 
𝑁 is the single valued  trapezoidal neutrosophic cost coefficient matrix, 𝑥 is the decision vector, 

𝐴 is the coefficient matrix, and 𝑏𝑖′𝑠 are   independent normal random variables with known means and variances. Let 𝑛 

be the total number of decision variables in the system, and 𝑚 be the total number of constraints of the problem. Let us 

define: 

𝑥1 = {𝑥1
1, 𝑥1

2, … , 𝑥1
𝑛1}: Decision variables under the control of the center, 

𝑥2 = {𝑥2
1, 𝑥2

2, … , 𝑥2
𝑛2}: Decision variables under the control of division1. 

Let 𝑥 = (𝑥1, 𝑥2), and 𝑛 = 𝑛1 + 𝑛2.  Inequality (3) is a joint probabilistic constraint and 

 0 < 𝛼 < 1 is specified probability. Here, we assume that the decision variables are deterministic.  

Now, let the mean and standard deviation of  𝑏𝑖′𝑠 denoted by 𝐸(𝑏𝑖) and 𝜎(𝑏𝑖), respectively. Then inequality (3) can be 

rewritten as follows: 

          ∏ Pr[Ai1x1 + Ai2x2 ≤ bi] ≥ 1 − α
𝑚
𝑖=1                                                                                                   (5) 

Inequality (5) can be simplified as 
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          ∏ Pr [
bi−E(bi)

σ(bi)
≥

Ai1x1+Ai2x2−E(bi)

σ(bi)
] ≥ 1 − α𝑚

𝑖=1                                                                                      (6) 

Where 
bi−E(bi)

σ(bi)
, 𝑖 = 1, 2, … ,𝑚 is standard normal variable with E(bi) = 0 and σ2(bi) = 1. 

Therefore,  

          ∏ ϕ[
Ai1x1+Ai2x2−E(bi)

σ(bi)
] ≥ 1 − α𝑚

𝑖=1                                                                                                        (7) 

Where ϕ(. ) characterized the cumulative distribution function of the standard normal variables. Let  

     𝜑 =
Ai1x1+Ai2x2−E(bi)

σ(bi)
, 𝑖 = 1, 2, … ,𝑚                                                                                                         (8) 

And, 

    ϕ(𝜑𝑖) = 𝑢𝑖 , 𝑖 = 1, 2, … ,𝑚                                                                                                                          (9) 

Then, 

∏ 𝑢𝑖 ≥ 1 − 𝛼𝑚
𝑖=1 .                                                                                                                                           (10) 

It is known that 

ϕ(𝜑𝑖) =
1

√2𝜋
 ∫ 𝑒

(−
𝑧2

2
)𝑑𝑧
 

𝜑𝑖
−∞

                                                                                                                           (11) 

Let us assume that 
𝑧2

2
= 𝑣, hence (11) can be simplified as 

ϕ(𝜑𝑖) =
1

2√𝜋
 ∫ 𝑒(−𝑣)𝑣

(𝑣2−1)𝑑𝑣∞
𝜑𝑖
2

2

                                                                                                                                       (12) 

=
1

2√𝜋
 [∫ 𝑒(−𝑣)𝑣

(𝑣2−1)𝑑𝑣 − ∫ 𝑒(−𝑣)𝑣
(𝑣2−1)𝑑𝑣𝜑𝑖

2/2

0

∞

0
]                                                         (13) 

          =
1

2
(

1

Γ(
1

2
)
𝛾 (

1

2
,
𝜑𝑖
2

2
) − 1) 

          =
1

2
(𝑃 (

1

2
,
𝜑𝑖
2

2
) − 1 ),                                                                                                 (14)    

         𝑃(𝑎, 𝑦) =
𝛾(𝑎,𝑦)

Γ(𝑎)
 

                =
1

Γ(𝑎)
∫ 𝑒(−𝑣)𝑣

(𝑎−1)𝑑𝑣 , 𝑎 > 0
𝑦

0
                                                                            (15)   

Equation (15) is an Incomplete Gamma Function ( Sinha et al., [46]), where 

   𝛾(𝑎, 𝑦) = 𝑒(−𝑦)𝑦
𝑎 
∑

Γ(𝑎)

Γ(𝑎+1+𝑠)
𝑦𝑠∞

𝑠=0                                                                              (16) 

Referring to equation (9), we have 

𝑒(
𝜑𝑖
2

2
)∑

𝜑𝑖
(2𝑠−1)

2𝑠Γ(
3

2
+𝑠)

∞
𝑠=0 = √2(2𝑢𝑖 + 1)                                                       (17)                                                                                 

 

Simply,   equation (17) can rewritten as 
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    ∑
𝜑𝑖
(2𝑠−1)

∏ (2𝑚+1)𝑠
𝑚=0

= √
𝜋

2
 (2𝑢𝑖 + 1)𝑒

𝜑𝑖
2/2∞

𝑠=0                                                                      (18)   

Clearly, the series     ∑
𝜑𝑖
(2𝑠−1)

∏ (2𝑚+1)𝑠
𝑚=0

∞
𝑠=0    is convergent for any 𝜑𝑖  . So, it can be expanded as follows 

     ∑
𝛿𝑖
(2𝑠−1)

∏ (2𝑚+1)𝑠
𝑚=0

∞
𝑠=0 = 𝜑𝑖 (1 +

1

3
𝜑𝑖
2 +

1

15
𝜑𝑖
4 +⋯) 

                                  ≤ 𝜑𝑖 (1 +
1

3
𝜑𝑖
2 +

1

15
𝜑𝑖
4 +⋯) 

                                       = 𝜑𝑖 (
3

3−𝜑𝑖
2) , 𝜑𝑖

2 < 3.                                                                                                                   (19) 

     Equation (19) can be simplified as 

     
3

3−𝜑𝑖
2 (−

𝜑𝑖
2

2
) ≤ √

𝜋

2
 (2𝑢𝑖 + 1)                                                                                                                                     (20)   

Thus problem (1)- (4) can be converted into the following deterministic problem as 

              max
x1

Z1(x) = c11x1 + c12x2                                                                                      (21)  

        Where 𝑥2   solves    

              max
x2

Z2(x) = c21x1 + c22x2                                                                                   (22) 

                Subject to 

                           
3

3−𝜑𝑖
2 (−

𝜑𝑖
2

2
) ≤ √

𝜋

2
 (2𝑢𝑖 + 1), 𝑖 = 1, 2, … ,𝑚;                                                   (23) 

                              ∏ 𝑢𝑖 ≥ 1 − 𝛼;𝑚
𝑖=1                                                                                           (24) 

                          Ai1x1 + Ai2x2 − φiσ(bi) = 𝐸(𝑏𝑖), 𝑖 = 1, 2, … ,𝑚;                                      (25)  

                           0 ≤ 𝑢𝑖 ≤ 1, 𝑖 = 1, 2, … ,𝑚;                                                                          (26) 

                           𝑥1, 𝑥2 ≥ 0;φi, 𝑖 = 1, 2, … ,𝑚,  are unrestricted in sign                                (27) 

 

4. Fuzzy compromise approach to bi- level programming 

In this section, a fuzzy compromise approach is applied to solve the stochastic bi- level linear programming problem 

under neutrosophic environment  as:  

The decision maker firstly solves the upper level problem 

   max
x1

Z1(x) = c11x1 + c12x2                                                                              

   Subject to                                                                                                                               (28) 

        The constraints (23)- (27). 

 Let (x1
U, x2

U, φi
U, ui

U; Z1
U  ) be the solution for the upper problem where Z1

U = Z1(x1
U, x2

U, φi
U, ui

U) . 

. Then, the decision maker solves the lower level problem 

  max
x2

Z2(x) = c21x1 + c22x2                  

    Subject to                                                                                                                      (29) 
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         The constraints (23)- (27). 

Let (𝑥1
𝐿 , 𝑥2

𝐿 , φi
L, 𝑢𝑖

𝐿;  𝑍1
𝐿   ) be the solution for the upper problem where 𝑍2

𝐿 = 𝑍2(𝑥1
𝐿 , 𝑥2

𝐿 , φi
L, 𝑢𝑖

𝐿). 

 The decision maker (DM) at the upper level gives some tolerance to the decision vector  x1
U   which enables the DM at 

lower level to search for his/ her optimum in a wider feasible region. Also, the DM gives some tolerance to the objective 

function 𝑍1 to direct the DM at the lower level to search for his/ her solutions in the right direction. Let ±𝑞1 be the 

tolerance on x1
U, and the membership function (Zimmermann, [36])  for 𝑥1 is defined as  

        𝜇𝑥1(𝑥1) =

{
 
 

 
  
(x1−(x1

U−q1))

q1
, (x1

U − q1) ≤ x1 ≤ x1
U; 

((x1
U+q1)−x1)

q1
, x1
U ≤ x1 ≤ x1

U + q1

0, Otherwise

                                           (30) 

Assume the membership function (Zimmermann, [36]) for the objective function 𝑍1 is 

     μZ1(Z1(x)) =

{
 

 
  0, Z1(x) < Z1

° ;
Z1(x)−Z1

°

Z1
U− Z1

° , Z1
° ≤ Z1(x) ≤ Z1

U;

1,   Z1(x) > Z1
U.

                                                       (31) 

 

The above information introduced in equations (30) and (31) is sent to the DM  at lower level as additional constraints. 

Hence, the lower level problem becomes 

   max
x2

Z2(x) = c21x1 + c22x2                  

   Subject to                                                                                                              (32) 

                The constraints (23)- (27), 

                 μx1(x1) ≥ ϑI; μZ1(Z1(x)) ≥ θ; ϑ, θ ∈ [0,1]. 

Where, 𝜗  and 𝜃  are the minimum acceptable degree of satisfaction for the decision variable 𝑥1  and the objective 

functionZ1, respectively. I is the unit column vector which has the same dimension as  𝑥1.  In order to rate the satisfaction 

of each of his/ her potential solution, the DM at lower level establishes the membership function for the objective function 

𝑍2 as 

         μZ2(Z2(x)) =

{
 

 
  0, Z2(x) < Z2

° ;
Z2(x)−Z2

°

Z2
L− Z2

° , Z2
° ≤ Z2(x) ≤ Z2

L;

1,   Z2(x) > Z2
L.

                                                    (33) 

The auxiliary model for the DM at the lower level is 

       max𝜔 = μZ2(Z2(x)) =
Z2(x)−Z2

°

Z2
L− Z2

°  

        Subject to 

                 The constraints (23)- (27), 

                 μx1(x1) ≥ ϑI; μZ1(Z1(x)) ≥ θ; ϑ, θ, 𝜔 ∈ [0,1].                                      (34) 

Where 𝜔 is the minimum acceptable degree of satisfaction for objective functionZ2. To resolve the conflict between the 

two DMs and also for avoiding the solution rejection by the DM  at the upper level, The DM at lower level try to maximize 

all of ϑ, θ, 𝜔 simultaneously. Let us assume that 𝜒 = min(ϑ, θ, 𝜔). Then a linear programming for the lower level problem 

(32) can be stated as 

    max 𝜒 

    Subject to 

            
3

3−𝜑𝑖
2 (−

𝜑𝑖
2

2
) ≤ √

𝜋

2
 (2𝑢𝑖 + 1), 𝑖 = 1, 2, … ,𝑚;                                             
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                  ∏ 𝑢𝑖 ≥ 1 − 𝛼;𝑚
𝑖=1                                                                                      

              Ai1x1 + Ai2x2 − φiσ(bi) = 𝐸(𝑏𝑖), 𝑖 = 1, 2, … ,𝑚;                                  

                 0 ≤ 𝑢𝑖 ≤ 1, 𝑖 = 1, 2, … ,𝑚;                                                                    

               
(x1−(x1

U−q1))

q1
≥ χI;                                                                                             (35) 

              
((x1

U+q1)−x1)

q1
≥ χI;     

             μZ1(Z1(x)) =
Z1(x)−Z1

°

Z1
U− Z1

° ≥ χ; 

             μZ2(Z2(x)) =
Z2(x)−Z2

°

Z2
L− Z2

° ≥ χ; 

            𝑥1, 𝑥2 ≥ 0;φi, 𝑖 = 1, 2, … ,𝑚,  are unrestricted in sign;   χ ∈ [0,1]. 

Problem (35) is a fuzzy linear programming problem, which can be solved by the DM at lower level. 

 

5. Numerical example 

    max
x1

Z1(x) = 𝑐̃11
𝑁 x1 + 𝑐̃12

𝑁 x2                                                                                              (36) 

     Where 𝑥2   solves 

  max
x2

Z2(x) = 𝑐̃21
𝑁 x1 + 𝑐̃22

𝑁 x2                                                                                                (37) 

                Subject to                                                                                                         

                      Pr (

3x1 − 5x2 ≤ b1; 3x1 − x2 ≤ b2;
3x1 + x2 ≤ b3;  3x1 + 4x2 ≤ b4;

x1 + 3x2 ≤ b5

) ≥ 0.85;                                            (38) 

                           x1, x2 ≥ 0.                                                                                                  (39) 

   The mean and standard deviation of b1, 𝑏2, 𝑏3, 𝑏4, and 𝑏5 are given as  

     𝐸 (𝑏1) = 15, 𝜎(𝑏1) = 8;   𝐸(𝑏2) = 21, 𝜎(𝑏2) = 11; 𝐸(𝑏3) = 27, 𝜎(𝑏3) = 14; 

     𝐸(𝑏4) = 45, 𝜎(𝑏4) = 23;  𝐸(𝑏5) = 30, 𝜎(𝑏5) = 15; 𝑐̃11
𝑁 = 〈(3, 5, 6, 8); 0.6, 0.5, 0.4〉, 

 𝑐̃12
𝑁 = 〈(0, 1, 3, 6); 0.7, 0.5, 0.3〉 = 𝑐̃21

𝑁 , 𝑐̃22
𝑁 = 〈(1, 3, 4, 6); 0.6, 0.3, 0.5〉  

 

   The equivalent deterministic problem corresponding to (32)- (35) is 

   

                max
x1

Z1(x) = 2x1 − x2                                                                                         (40)                                                              

          Where 𝑥2   solves 

                 max
x2

Z2(x) = x1 + 2x2                                                                                        (41)                                                               

                Subject to                                                                                                         

                         x1 − 5x2 − 8φ1 = 15;                                                                                   (42) 

                         3x1 − x2 − 11φ2 = 21;                                                                                (43) 

                          3x1 + x2 − 14φ3 = 27;                                                                                (44) 

                  3x1 + 4x2 − 23φ4 = 45;                                                                         (45) 

                           x1 + 3x2 − 15φ5 = 30;                                                                          (46) 

                           3φ1e
(−
φ1
2

2
) ≤ 1.2533141(1 − 2u1)(3 − φ1

2);                                         (47) 
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                           3φ2e
(−
φ2
2

2
) ≤ 1.2533141(1 − 2u2)(3 − φ2

2);                                            (48) 

                           3φ3e
(−
φ3
2

2
) ≤ 1.2533141(1 − 2u3)(3 − φ3

2);                                            (49) 

                             3φ4e
(−
φ4
2

2
) ≤ 1.2533141(1 − 2u4)(3 − φ4

2);                                          (50) 

                             3φ5e
(−
φ5
2

2
) ≤ 1.2533141(1 − 2u5)(3 − φ5

2);                                          (51) 

                            u1u2u3u4u5 ≥ 0.85;                                                                                  (52) 

                             u1,  u2 , u3, u4, u5 ≤ 1;                                                                               (53) 

                           x1, x2, u1,  u2 , u3, u4, u5 ≥ 0;                                                                      (54) 

                            φ1, φ2, φ3, φ4 and φ5 are unrestricted in sign                                           (55) 

The solution of Z1 is  

𝑥 = (
14.28260

0
) , 𝜑 =

(

 
 

1.234568
1.986165
1.131986
1.234568
1.234568)

 
 
, 𝑢 =

(

 
 

1
0.85
1
1
1 )

 
 
, 𝑍1 = 28.56521. 

The solution of Z2 is  

𝑥 = (
5.778806
18.00455

) , 𝜑 =

(

 
 

1.234568
1.234568
1.234568
1.928462
1.986165)

 
 
, 𝑢 =

(

 
 

1
1
1
1
0.85)

 
 
, 𝑍2 = 41.78791. 

 

Since the two solutions are not equivalent, then there is no satisfactory solution. We find that the upper- bound  𝑍1
𝑈 =

28.56521 , and lower- bound 𝑍1
° = −6.446938 . Since 𝑍1

°   is negative in sign,  we set 𝑍1
° = 0 . Also, the upper- 

bound   𝑍2
𝑈 = 41.78791 , and lower- bound  𝑍2

° = 14.28260 . Let the DM at upper level specifies 𝑥1  to be around 

14.28260  with 8.503794 (negative) and 0.5 tolerance.  The membership functions for the decision variable 𝑥1   ( i.e., 

𝜇𝑥1(𝑥1)) and objective function Z1 (i.e., μZ1(Z1(x) )  of the DM  at upper level are calculated using equations (31) and 

(31)m respectively. Next, the membership function for the objective function 𝑍2 (i.e., μZ2(Z2(x)) ) of the DM at the lower 

level is formulated by applying the equation  (33). Then, the auxiliary model for the lower- level DM is formulated as 

 

         max𝜒 

    Subject to 

           x1 − 5x2 − 8φ1 = 15;                                                                               

          3x1 − x2 − 11φ2 = 21;                                                                             

           3x1 + x2 − 14φ3 = 27;                                                                            

           3x1 + 4x2 − 23φ4 = 45;                                                                          

            x1 + 3x2 − 15φ5 = 30;                                                                           

             3φ1e
(−
φ1
2

2
) ≤ 1.2533141(1 − 2u1)(3 − φ1

2);                                          

             3φ2e
(−
φ2
2

2
) ≤ 1.2533141(1 − 2u2)(3 − φ2

2);                                             

              3φ3e
(−
φ3
2

2
) ≤ 1.2533141(1 − 2u3)(3 − φ3

2);                                             

              3φ4e
(−
φ4
2

2
) ≤ 1.2533141(1 − 2u4)(3 − φ4

2);                                           

              3φ5e
(−
φ5
2

2
) ≤ 1.2533141(1 − 2u5)(3 − φ5

2); 
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𝑥1−5.778806

8.503794
≥ χ; 

                 
14.7826−𝑥1

0.5
≥ χ; 

               
2x1−x2

28.56521
≥ χ; 

                
x1+2x2−14.28260

14.28260
≥ χ;                          

                u1u2u3u4u5 ≥ 0.85;                                                                                   

                u1,  u2 , u3, u4, u5 ≤ 1;                                                                                

                 x1, x2, u1,  u2 , u3, u4, u5 ≥ 0;                                                                       

                 φ1, φ2, φ3, φ4 and φ5 are unrestricted in sign;  χ ∈ [0,1]                                            

The satisfactory solution is  

𝑥 = (
14.33240
2.94464

) , 𝜑 =

(

 
 

0.00000
1.73205
1.35299
1.000000
1.000000)

 
 
, 𝑢 =

(

 
 

0.97000
0.97000
0.97000
0.97000
0.97000)

 
 
, 𝑍 = (

25.72016
20.22168

) , 𝑎𝑛𝑑  

χ = 0.90040162. 

The satisfaction degree is 

𝜇𝑥1(𝑥1) =
(x1 − (x1

U − q1))

q1
= 0.95, 𝜇𝑥1(𝑥1) =

((x1
U + q1) − x1)

q1
= 1.5 > 1, 

μZ1(Z1(x) =
Z1(x)−Z1

°

Z1
U− Z1

° = 0.90040, μZ2(Z2(x) =
Z2(x)−Z2

°

Z2
L− Z2

° = 0.90040. 

 

6. Conclusion and future works   

       In this paper, bi- level linear programming problem with the right- hand side of the constraints randomly distributed 

has introduced. The purpose of this paper is to convert the stochastic bi- level linear programming based on the incomplete 

Gamma function into the corresponding deterministic model whose constraints presented in an infinite series, this series 

is not suitably for the numerical problem computation.  Also, these series became convergent by means of a geometric 

series. And then the constraints turned to deterministic form. After obtaining a deterministic problem, fuzzy programming 

approach has applied for obtaining optimal compromise solution. Finally, an example is introduced to clarify the 

efficiency of the proposed approach and compare the results obtained by one of the most prominent evolutionary 

algorithms, the genetic algorithm (GA), to validate the accuracy and reliability of simulation results. In addition, the 

methodology has illustrated through a numerical example. Future work may include the further extension of this study to 

other fuzzy-like structures (i. e. interval-valued fuzzy set, Neutrosophic set, Pythagorean fuzzy set, Spherical fuzzy set, 

etc. with more discussion and suggestive comments.  
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