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Abstract 

 

In this paper, we present the topological space of intervals based neutrosophic real numbers 𝑎 + 𝑏𝐼, where we 

clarify how neutrosophic real intervals can be expressed according to the neutrosophic partial order relation, and 

we use these intervals to build a topological space. On the other hand, we use a similar argument to build a 

topological space over the intervals of refined neutrosophic numbers, with many illustrated and related examples 

on open and closed sets. 
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1.Introduction 

Neutrosophic real numbers together form an algebraic ring see [1], this ring has been studied on a wide range by 

many researchers, where it has been used in matrix theory, linear structures, and in geometry see [2-5,9-13]. 

 

In [3] a partial order relation defined on neutrosophic real numbers as follows: 

𝑎 + 𝑏𝐼 ≤ 𝑐 + 𝑑𝐼 ↔ 𝑎 ≤ 𝑐, 𝑎 + 𝑏 ≤ 𝑐 + 𝑑. 

This partial order relation allows us to study number theory and cryptography through neutrosophic point of 

view see [21-26]. 

Also, Refined neutrosophic real numbers together form an algebraic ring [6], this ring has been studied on a wide 

range by many researchers, where it has been used in matrix theory, linear structures, and in geometry see [8]. 

A partial order relation is defined on refined neutrosophic real numbers as follows: 

𝑎 + 𝑏𝐼1 + 𝑡𝐼2 ≤ 𝑐 + 𝑑𝐼1 + 𝑘𝐼2 ↔ 𝑎 ≤ 𝑐, 𝑎 + 𝑡 ≤ 𝑐 + 𝑘, 𝑎 + 𝑏 + 𝑡 ≤ 𝑐 + 𝑑 + 𝑘. This partial order relation 

allows us to study number theory through refined neutrosophic point of view. 

In this work, we depend on the partial order relations defined on neutrosophic numbers and refined neutrosophic 

numbers to build topological spaces on these intervals, and to study their elementary properties such as closed 

and open sets. 

For more details about neutrosophic topology, see [16-18, 28-30].  

 

2.Main Concepts and Discussion 

Definition 2.1. 

Let 𝑅(𝐼) = {𝑎 + 𝑏𝐼 ; 𝑎. 𝑏 ∈ 𝑅 . 𝐼2 = 𝐼 } be the ring of real neutrosophic numbers, the interval [𝑎 + 𝑏𝐼, 𝑐 + 𝑑𝐼] is 

defined as: 
{𝑥 + 𝑦𝐼 ∈ 𝑅(𝐼) ; 𝑎 ≤ 𝑥 ≤ 𝑐 , 𝑎 + 𝑏 ≤ 𝑥 + 𝑦 ≤ 𝑐 + 𝑑}. 
Example: 

We have 3 + 2𝐼 ∈ [1 + 6𝐼, 4 + 4𝐼]. 
Definition 2.2. 

The interval 

[𝑎 + 𝑏𝐼 ,∞[= {𝑥 + 𝑦𝐼 ∈ 𝑅(𝐼) ; 𝑎 ≤ 𝑥 < ∞ , 𝑎 + 𝑏 ≤ 𝑥 + 𝑦 < ∞}. 
The interval 

]−∞, 𝑎 + 𝑏𝐼] = {𝑥 + 𝑦𝐼 ∈ 𝑅(𝐼) ; −∞ < 𝑥 ≤ 𝑎 , −∞ < 𝑥 + 𝑦 ≤ 𝑎 + 𝑏}. 
The interval 

]𝑎 + 𝑏𝐼,∞[ = {𝑥 + 𝑦𝐼 ∈ 𝑅(𝐼) ; 𝑎 < 𝑥 < ∞, 𝑎 + 𝑏 < 𝑥 + 𝑦 < ∞}, 
The interval 

]−∞, 𝑎 + 𝑏𝐼[ = {𝑥 + 𝑦𝐼 ∈ 𝑅(𝐼) ; −∞ < 𝑥 < 𝑎 , −∞ < 𝑥 + 𝑦 < 𝑎 + 𝑏}. 
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Definition 2.3. 

We define different types of sub-empty sets: 

{

{𝜑1} = {𝜑} + {𝜑}𝐼

{𝜑2} = {𝜑} + 𝑎𝐼  ; 𝑎 ∈ 𝑅
{𝜑3} = 𝑎 + {𝜑}𝐼  ; 𝑎 ∈ 𝑅.

 

Definition 2.4. 

We define some different types of sub-global sets: 

{

𝑅1 = 𝑅 + 𝑅𝐼 = ℝ(𝐼)

𝑅2 = 𝑅 + {𝜑}𝐼

𝑅3 = {𝜑} + 𝑅𝐼.

 

Also, 

{
𝑅𝑆 = 𝑆 + 𝑅𝐼  ; 𝑆 ⊆ 𝑅
𝑅𝑆 = 𝑅 + 𝑆𝐼  ; 𝑆 ⊆ 𝑅.

 

Definition 2.5. 

We define the following different types of spaces: 

{
𝑇1 = (]−∞, 𝑎 + 𝑏𝐼[,∩,∪, {𝜑1})

𝑇2 = (]𝑎 + 𝑏𝐼,∞[,∩,∪, {𝜑1})
   ; 𝑎 + 𝑏𝐼 ∈ 𝑅(𝐼) . 

Theorem 2.1. 

𝑇1, 𝑇2 are topological spaces. 

Proof. 

Let 𝐹1 = ]−∞, 𝑎1 + 𝑏1𝐼[ , 𝐹2 = ]−∞, 𝑎2 + 𝑏2𝐼[  ∈ 𝑇1, then: 

𝐹1 ∩ 𝐹2 = {𝑥 + 𝑦𝐼 ∈ 𝑅(𝐼) ;  𝑥 + 𝑦𝐼 ∈ ]−∞, 𝑎1 + 𝑏1𝐼[, ]−∞, 𝑎2 + 𝑏2𝐼[}, 
 

 

So that 

{
−∞ < 𝑥 < 𝑎1  , −∞ < 𝑥 + 𝑦 < 𝑎1 + 𝑏1 
−∞ < 𝑥 < 𝑎2  , −∞ < 𝑥 + 𝑦 < 𝑎2 + 𝑏2 .

 

 

Hence 

𝑥 ∈ ]−∞, 𝑎1[  ∩ ]−∞, 𝑎2[ , 𝑥 + 𝑦 ∈ ]−∞, 𝑎1 + 𝑏1[  ∩ ]𝑎2 + 𝑏2[.  
Thus 

𝐹1 ∩ 𝐹2 ∈ 𝑇1. 

Let 

𝐹𝑖 = ]−∞, 𝑎𝑖 + 𝑏𝑖𝐼[  ; 𝑎𝑖 , 𝑏𝑖 ∈ 𝑅, 

 

then 

∪ 𝐹𝑖 = {𝑥 + 𝑦𝐼 ∈ 𝑅(𝐼) ;  𝑥 + 𝑦𝐼 ∈ 𝐹𝑗   for some 𝑗}. 

This means that: 

𝑥 ∈ ∪ ]−∞, 𝑎𝑖[ , 𝑥 + 𝑦 ∈ ]−∞, 𝑎𝑖 + 𝑏𝑖[ , 
 which implies that 

∪ 𝐹𝑖 ∈ 𝑇1 and 𝑇1 is topological space. 

Now, let 

𝐿1 = ]𝑎1 + 𝑏1𝐼,∞[ , 𝐿2 = ]𝑎2 + 𝑏2𝐼,∞[ …… 

𝐿𝑖 = ]𝑎𝑖 + 𝑏𝑖𝐼,∞[ ∈ 𝑇2  ; 𝑎𝑖 , 𝑏𝑖 ∈ 𝑅. 

𝐿1 ∩ 𝐿2 = {𝑥 + 𝑦𝐼 ∈ 𝑅(𝐼) ;  𝑥 + 𝑦𝐼 ∈ ]𝑎1 + 𝑏1𝐼,∞[, ]𝑎2 + 𝑏2𝐼,∞[}. 
Hence 

{
𝑎1 < 𝑥 < ∞  , 𝑎1 + 𝑏1 < 𝑥 + 𝑦 < ∞ 
𝑎2 < 𝑥 < ∞  , 𝑎2 + 𝑏2 < 𝑥 + 𝑦 < ∞.

 

Thus 

{
𝑥 ∈ ]𝑎1, ∞[  ∩ ]𝑎2, ∞[ 

𝑥 + 𝑦 ∈ ]𝑎1 + 𝑏1, ∞[  ∩ ]𝑎2 + 𝑏2, ∞[ 
, 

and 

𝐿1 ∩ 𝐿2 ∈ 𝑇2, 

∪ 𝐿𝑖 = {𝑥 + 𝑦𝐼 ∈ 𝑅(𝐼) ;  𝑥 + 𝑦𝐼 ∈ 𝐿𝑗   for some 𝑗}. 

This means that: 

𝑥 ∈ ∪ ]𝑎𝑖 , ∞[ , 𝑥 + 𝑦 ∈ ]𝑎𝑖 + 𝑏𝑖 , ∞[ , 
which implies that: 

∪ 𝐿𝑖 ∈ 𝑇2 and 𝑇2 is topological space. 
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Remark 2.1. 

Open sets in 𝑇1are: 

 ]−∞, 𝑎 + 𝑏𝐼[  ; 𝑎, 𝑏 ∈ 𝑅. 

Open sets in 𝑇2are:  

]𝑎 + 𝑏𝐼,∞[  ; 𝑎, 𝑏 ∈ 𝑅. 

Closed sets in 𝑇1 are: 

(]−∞, 𝑎 + 𝑏𝐼[)𝑐 = {𝑥 + 𝑦𝐼 ∈ 𝑅(𝐼) ;  𝑥 + 𝑦𝐼 ∉ ]−∞, 𝑎 + 𝑏𝐼[} = [𝑎 + 𝑏𝐼,∞[. 
Closed sets in 𝑇2 are: 

(]𝑎 + 𝑏𝐼,∞[)𝑐 = {𝑥 + 𝑦𝐼 ∈ 𝑅(𝐼) ;  𝑥 + 𝑦𝐼 ∉ ]𝑎 + 𝑏𝐼,∞[} = ]−∞, 𝑎 + 𝑏𝐼]. 
 

 

 

 

Example: 

]2 + 3𝐼,∞[ ∈ 𝑇2 is an open set, (]2 + 3𝐼,∞[)𝑐 = ]−∞, 2 + 3𝐼] is the corresponding closed set. 
]−∞, 2 + 3𝐼[ ∈ 𝑇1 is an open set, (]−∞, 2 + 3𝐼[)𝑐 = [2 + 3𝐼,∞[ is the corresponding closed set. 

Definition 2.6. 

The ring of refined neutrosophic real numbers is: 

𝑅(𝐼1, 𝐼2) = {𝑎 + 𝑏𝐼1 + 𝑐𝐼2 ; 𝐼1
2 = 𝐼1 , 𝐼2

2 = 𝐼2, 𝐼1𝐼2 = 𝐼2𝐼1 = 𝐼1;  𝑎, 𝑏, 𝑐 ∈ 𝑅}. 

Definition 2.7. 

The interval 

 [𝑎 + 𝑏𝐼1 + 𝑐𝐼2, 𝑚 + 𝑛𝐼1 + 𝑘𝐼2] = 

{𝑥 + 𝑦𝐼1 + 𝑧𝐼2 ∈ 𝑅(𝐼1, 𝐼2); 𝑎 ≤ 𝑥 ≤ 𝑚, 𝑎 + 𝑐 ≤ 𝑥 + 𝑧 ≤ 𝑚 + 𝑘, 𝑎 + 𝑏 + 𝑐 ≤ 𝑥 + 𝑦 + 𝑧 ≤ 𝑚 + 𝑛 + 𝑘}. 
The interval 

 [𝑎 + 𝑏𝐼1 + 𝑐𝐼2, ∞[ = {𝑥 + 𝑦𝐼1 + 𝑧𝐼2 ∈ 𝑅(𝐼1, 𝐼2); 𝑎 ≤ 𝑥 < ∞, 𝑎 + 𝑐 ≤ 𝑥 + 𝑧 < ∞, 𝑎 + 𝑏 + 𝑐 ≤ 𝑥 + 𝑦 + 𝑧 <
∞}. 
The interval 

 ]𝑎 + 𝑏𝐼1 + 𝑐𝐼2, ∞[ = {𝑥 + 𝑦𝐼1 + 𝑧𝐼2 ∈ 𝑅(𝐼1, 𝐼2); 𝑎 < 𝑥 < ∞, 𝑎 + 𝑐 < 𝑥 + 𝑧 < ∞, 𝑎 + 𝑏 + 𝑐 < 𝑥 + 𝑦 + 𝑧 <
∞}. 
The interval 

 ]−∞, 𝑎 + 𝑏𝐼1 + 𝑐𝐼2] = {𝑥 + 𝑦𝐼1 + 𝑧𝐼2 ∈ 𝑅(𝐼1, 𝐼2); −∞ < 𝑥 ≤ 𝑎,−∞ < 𝑥 + 𝑧 ≤ 𝑎 + 𝑐,−∞ < 𝑥 + 𝑦 + 𝑧 ≤ 𝑎 +
𝑏 + 𝑐}. 
The interval 

 ]−∞, 𝑎 + 𝑏𝐼1 + 𝑐𝐼2[ = {𝑥 + 𝑦𝐼1 + 𝑧𝐼2 ∈ 𝑅(𝐼1, 𝐼2); −∞ < 𝑥 < 𝑎,−∞ < 𝑥 + 𝑧 < 𝑎 + 𝑐,−∞ < 𝑥 + 𝑦 + 𝑧 < 𝑎 +
𝑏 + 𝑐}. 
Definition 2.8. 

We define 

 𝑇1 = (]−∞, 𝑎 + 𝑏𝐼1 + 𝑐𝐼2[,∪,∩, {∅}), 
 𝑇2 = (]𝑎 + 𝑏𝐼1 + 𝑐𝐼2, ∞[,∪,∩, {∅}). 

Theorem 2.2. 

𝑇1, 𝑇2 are topological spaces. 

Proof. 

Let 

𝐹1 = ]𝑎1 + 𝑏1𝐼1 + 𝑐1𝐼2, ∞[ , 𝐹2 = ]𝑎2 + 𝑏2𝐼1 + 𝑐2𝐼2, ∞[   ∈ 𝑇2, 

𝐿1 = ]−∞, 𝑎1 + 𝑏1𝐼1 + 𝑐1𝐼2[ , 𝐿2 = ]−∞, 𝑎2 + 𝑏2𝐼1 + 𝑐2𝐼2[ , …  
𝐹𝑖 = ]𝑎𝑖 + 𝑏𝑖𝐼1 + 𝑐𝑖𝐼2, ∞[   ∈ 𝑇2, 𝐿𝑖 = ]−∞, 𝑎𝑖 + 𝑏𝑖𝐼1 + 𝑐𝑖𝐼2[ ∈ 𝑇1. 

We have 

𝐹1 ∩ 𝐹2 = {𝑥 + 𝑦𝐼1 + 𝑧𝐼2 ∈ 𝑅(𝐼1, 𝐼2) ;  𝑥 + 𝑦𝐼1 + 𝑧𝐼2 ∈ 𝐹1, 𝐹2}. 
Thus,  

{

𝑎1 < 𝑥 < ∞ , 𝑎2 < 𝑥 < ∞
𝑎1 + 𝑐1 < 𝑥 + 𝑧 < ∞, 𝑎2 + 𝑐2 < 𝑥 + 𝑧 < ∞

𝑎1 + 𝑏1 + 𝑐1 < 𝑥 + 𝑦 + 𝑧 < ∞, 𝑎2 + 𝑏2 + 𝑐2 < 𝑥 + 𝑦 + 𝑧 < ∞.
 

 

 

So that 

{

𝑥 ∈ ]𝑎1, ∞[ ∩ ]𝑎2, ∞[

𝑥 + 𝑧 ∈ ]𝑎1 + 𝑐1, ∞[ ∩ ]𝑎2 + 𝑐2, ∞[

𝑥 + 𝑦 + 𝑧 ∈ ]𝑎2 + 𝑏2 + 𝑐2, ∞[ ∩ ]𝑎1 + 𝑏1 + 𝑐1, ∞[,
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and 𝐹1 ∩ 𝐹2 ∈ 𝑇2. 

𝐿1 ∩ 𝐿2 = {𝑥 + 𝑦𝐼1 + 𝑧𝐼2 ∈ 𝑅(𝐼1, 𝐼2) ;  𝑥 + 𝑦𝐼1 + 𝑧𝐼2 ∈ 𝐿1, 𝐿2}, 

{

−∞ < 𝑥 < 𝑎1 , −∞ < 𝑥 < 𝑎2
−∞ < 𝑥 + 𝑧 < 𝑎1 + 𝑐1, −∞ < 𝑥 + 𝑧 < 𝑎2 + 𝑐2

−∞ < 𝑥 + 𝑦 + 𝑧 < 𝑎1 + 𝑏1 + 𝑐1, −∞ < 𝑥 + 𝑦 + 𝑧 < 𝑎2 + 𝑏2 + 𝑐2.
 

 

Hence 

{

𝑥 ∈ ]−∞, 𝑎1[ ∩ ]−∞, 𝑎2[

𝑥 + 𝑧 ∈ ]−∞, 𝑎1 + 𝑐1[ ∩ ]−∞, 𝑎2 + 𝑐2[

𝑥 + 𝑦 + 𝑧 ∈ ]−∞, 𝑎1 + 𝑏1 + 𝑐1[ ∩ ]−∞, 𝑎2 + 𝑏2 + 𝑐2[.

 

Therefore 

𝐿1 ∩ 𝐿2 ∈ 𝑇1. 

∪ 𝐹𝑖 = {𝑥 + 𝑦𝐼1 + 𝑧𝐼2 ∈ 𝑅(𝐼1, 𝐼2) ;  𝑥 + 𝑦𝐼1 + 𝑧𝐼2 ∈ 𝐹𝑗  for some 𝑗}. 

Therefore 

 {

𝑥 ∈ ∪ ]𝑎𝑖 , ∞[ 

𝑥 + 𝑧 ∈∪ ]𝑎𝑖 + 𝑐𝑖 , ∞[

𝑥 + 𝑦 + 𝑧 ∈ ]𝑎𝑖 + 𝑏𝑖 + 𝑐𝑖 , ∞[.

 

Hence ∪ 𝐹𝑖 ∈ 𝑇2. 

∪ 𝐿𝑖 = {𝑥 + 𝑦𝐼1 + 𝑧𝐼2 ∈ 𝑅(𝐼1, 𝐼2) ;  𝑥 + 𝑦𝐼1 + 𝑧𝐼2 ∈ 𝐿𝑗   for some 𝑗}. 

Therefore 

 {

𝑥 ∈ ∪ ]−∞, 𝑎𝑖[

𝑥 + 𝑧 ∈∪ ]−∞, 𝑎𝑖 + 𝑐𝑖[

𝑥 + 𝑦 + 𝑧 ∈ ]−∞, 𝑎𝑖 + 𝑏𝑖 + 𝑐𝑖[.

 

Hence ∪ 𝐿𝑖 ∈ 𝑇1. 

Remark 2.2.   

Open sets in 𝑇1 are 

]−∞, 𝑎 + 𝑏𝐼1 + 𝑐𝐼2[ ; 𝑎, 𝑏, 𝑐 ∈ 𝑅. 

Open sets in 𝑇2 are 

]𝑎 + 𝑏𝐼1 + 𝑐𝐼2, ∞[ ; 𝑎, 𝑏, 𝑐 ∈ 𝑅. 

Closed sets in 𝑇1 are 
[𝑎 + 𝑏𝐼1 + 𝑐𝐼2, ∞[ ; 𝑎, 𝑏, 𝑐 ∈ 𝑅. 

Closed sets in 𝑇2 are 

]−∞, 𝑎 + 𝑏𝐼1 + 𝑐𝐼2] ; 𝑎, 𝑏, 𝑐 ∈ 𝑅. 

Example: 

]3 + 𝐼1 + 𝐼2, ∞[ is an open set in 𝑇2. 

The corresponding closed set is: 

(]3 + 𝐼1 + 𝐼2, ∞[)
𝑐 = ]−∞, 3 + 𝐼1 + 𝐼2[ . 

 

 

Definition 2.9. 

𝑅(𝐼1, 𝐼2, 𝐼3) = {𝑎 + 𝑏𝐼1 + 𝑐𝐼2 + 𝑑𝐼3 ; 𝑎, 𝑏, 𝑐, 𝑑 ∈ 𝑅  , 𝐼𝑖𝐼𝑗 = 𝐼min (𝑖,𝑗), 𝐼𝑖
2 = 𝐼𝑖  } is called the 3-refined neutrosophic 

ring of real numbers. 

Definition 2.10. 

The intervals on 𝑅(𝐼1, 𝐼2, 𝐼3) are defined as follows: 
]𝑥0 + 𝑥1𝐼1 + 𝑥2𝐼2 + 𝑥3𝐼3, ∞[ = 

{𝑦0 + 𝑦1𝐼1 + 𝑦2𝐼2 + 𝑦3𝐼3 ∈ 𝑅(𝐼1, 𝐼2, 𝐼3); 𝑥0 < 𝑦0 <  ∞, 𝑥0 + 𝑥3 < 𝑦0 + 𝑦3 <  ∞, 𝑥0 + 𝑥2 + 𝑥3 < 𝑦0 + 𝑦2 +
𝑦3 <  ∞, 𝑥0 + 𝑥1 + 𝑥2 + 𝑥3 < 𝑦0 + 𝑦1 + 𝑦2 + 𝑦3 <  ∞}. 

[𝑥0 + 𝑥1𝐼1 + 𝑥2𝐼2 + 𝑥3𝐼3, ∞[ = 

{𝑦0 + 𝑦1𝐼1 + 𝑦2𝐼2 + 𝑦3𝐼3 ∈ 𝑅(𝐼1, 𝐼2, 𝐼3); 𝑥0 ≤ 𝑦0 <  ∞, 𝑥0 + 𝑥3 ≤ 𝑦0 + 𝑦3 <  ∞, 𝑥0 + 𝑥2 + 𝑥3 ≤ 𝑦0 + 𝑦2 +
𝑦3 <  ∞, 𝑥0 + 𝑥1 + 𝑥2 + 𝑥3 ≤ 𝑦0 + 𝑦1 + 𝑦2 + 𝑦3 <  ∞}. 

]−∞, 𝑥0 + 𝑥1𝐼1 + 𝑥2𝐼2 + 𝑥3𝐼3[ = 

{𝑦0 + 𝑦1𝐼1 + 𝑦2𝐼2 + 𝑦3𝐼3 ∈ 𝑅(𝐼1, 𝐼2, 𝐼3); −∞ < 𝑦0 < 𝑥0 , −∞ < 𝑦0 + 𝑦3 < 𝑥0 + 𝑥3, −∞ < 𝑦0 + 𝑦2 + 𝑦3 < 𝑥0 +
𝑥2 + 𝑥3, −∞ < 𝑦0 + 𝑦1 + 𝑦2 + 𝑦3 < 𝑥0 + 𝑥1 + 𝑥2 + 𝑥3}. 

]−∞, 𝑥0 + 𝑥1𝐼1 + 𝑥2𝐼2 + 𝑥3𝐼3] = 
{𝑦0 + 𝑦1𝐼1 + 𝑦2𝐼2 + 𝑦3𝐼3 ∈ 𝑅(𝐼1, 𝐼2, 𝐼3); −∞ < 𝑦0 ≤ 𝑥0 , −∞ < 𝑦0 + 𝑦3 ≤ 𝑥0 + 𝑥3, −∞ < 𝑦0 + 𝑦2 + 𝑦3 ≤ 𝑥0 +
𝑥2 + 𝑥3, −∞ < 𝑦0 + 𝑦1 + 𝑦2 + 𝑦3 ≤ 𝑥0 + 𝑥1 + 𝑥2 + 𝑥3}. 
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Definition 2.11. 

We define the following spaces in 𝑅(𝐼1, 𝐼2, 𝐼3). 
 𝑇1 = (]−∞, 𝑎 + 𝑏𝐼1 + 𝑐𝐼2 + 𝑑𝐼3[,∪,∩, ∅), 
 𝑇2 = (]𝑎 + 𝑏𝐼1 + 𝑐𝐼2 + 𝑑𝐼3, ∞[,∪,∩, ∅). 

Theorem 2.3. 

𝑇1, 𝑇2 are topological spaces. 

Proof. 

Let 

𝐹𝑖 = ]−∞, 𝑎𝑖 + 𝑏𝑖𝐼1 + 𝑐𝑖𝐼2 + 𝑑𝑖𝐼3[ ∈ 𝑇1 ;  𝑎𝑖 , 𝑏𝑖 , 𝑐𝑖 , 𝑑𝑖 ∈ 𝑅, 

𝐿𝑖 = ]𝑎𝑖 + 𝑏𝑖𝐼1 + 𝑐𝑖𝐼2 + 𝑑𝑖𝐼3, ∞[   ∈ 𝑇2;  𝑎𝑖 , 𝑏𝑖 , 𝑐𝑖 , 𝑑𝑖 ∈ 𝑅. 

𝐹𝑖 ∩ 𝐹𝑗 = {𝑥0 + 𝑥1𝐼1 + 𝑥2𝐼2 + 𝑥3𝐼3 ∈ 𝑅(𝐼1, 𝐼2, 𝐼3) ;  𝑥0 + 𝑥1𝐼1 + 𝑥2𝐼2 + 𝑥3𝐼3 ∈ 𝐹𝑖 , 𝐹𝑗}, 

{
 
 

 
 

−∞ < 𝑥0 < 𝑎𝑖  , −∞ < 𝑥0 < 𝑎𝑗
−∞ < 𝑥0 + 𝑥3 < 𝑎𝑖 + 𝑑𝑖 , −∞ < 𝑥0 + 𝑥3 < 𝑎𝑗 + 𝑑𝑗

−∞ < 𝑥0 + 𝑥2 + 𝑥3 < 𝑎𝑖 + 𝑐𝑖 + 𝑑𝑖 , −∞ < 𝑥0 + 𝑥2 + 𝑥3 < 𝑎𝑗 + 𝑐𝑗 + 𝑑𝑗
−∞ < 𝑥0 + 𝑥1 + 𝑥2 + 𝑥3 < 𝑎𝑖 + 𝑏𝑖 + 𝑐𝑖 + 𝑑𝑖 , −∞ < 𝑥0 + 𝑥1 + 𝑥2 + 𝑥3 < 𝑎𝑗 + 𝑏𝑗 + 𝑐𝑗 + 𝑑𝑗 .

 

Thus 

{
 
 

 
 

𝑥0 ∈ ]−∞, 𝑎𝑖[ ∩ ]−∞, 𝑎𝑗[

𝑥0 + 𝑥3 ∈ ]−∞, 𝑎𝑖 + 𝑑𝑖[ ∩ ]−∞, 𝑎𝑗 + 𝑑𝑗[

𝑥0 + 𝑥2 + 𝑥3 ∈ ]−∞, 𝑎𝑖 + 𝑐𝑖 + 𝑑𝑖[ ∩ ]−∞, 𝑎𝑗 + 𝑐𝑗 + 𝑑𝑗[

𝑥0 + 𝑥1 + 𝑥2 + 𝑥3 ∈ ]−∞, 𝑎𝑖 + 𝑏𝑖 + 𝑐𝑖 + 𝑑𝑖[ ∩ ]−∞, 𝑎𝑗 + 𝑏𝑗 + 𝑐𝑗 + 𝑑𝑗[.

 

 

 

 

 

Thus 

𝐹𝑖 ∩ 𝐹𝑗 ∈ 𝑇1. 

∪ 𝐹𝑖 = {𝑥0 + 𝑥1𝐼1 + 𝑥2𝐼2 + 𝑥3𝐼3 ∈ 𝑅(𝐼1, 𝐼2, 𝐼3) ;  𝑥0 + 𝑥1𝐼1 + 𝑥2𝐼2 + 𝑥3𝐼3 ∈ 𝐹𝑗   for some 𝑗}, 

thus 

{
 

 
𝑥0 ∈ ∪ ]−∞, 𝑎𝑖[

𝑥0 + 𝑥3 ∈ ∪ ]−∞, 𝑎𝑖 + 𝑑𝑖[

𝑥0 + 𝑥2 + 𝑥3 ∈ ∪ ]−∞, 𝑎𝑖 + 𝑐𝑖 + 𝑑𝑖[

𝑥0 + 𝑥1 + 𝑥2 + 𝑥3 ∈ ∪ ]−∞, 𝑎𝑖 + 𝑏𝑖 + 𝑐𝑖 + 𝑑𝑖[.

 

Hence 

∪ 𝐹𝑖 ∈ 𝑇1. 

𝐿𝑖 ∩ 𝐿𝑗 = {𝑥0 + 𝑥1𝐼1 + 𝑥2𝐼2 + 𝑥3𝐼3 ∈ 𝑅(𝐼1, 𝐼2, 𝐼3) ;  𝑥0 + 𝑥1𝐼1 + 𝑥2𝐼2 + 𝑥3𝐼3 ∈ 𝐿𝑗 , 𝐿𝑖}. 

Thus 

{
 
 

 
 

𝑎𝑖 < 𝑥0 < ∞ , 𝑎𝑗 < 𝑥0 < ∞

𝑎𝑖 + 𝑑𝑖 < 𝑥0 + 𝑥3 < ∞, 𝑎𝑗 + 𝑑𝑗 < 𝑥0 + 𝑥3 < ∞

𝑎𝑖 + 𝑐𝑖 + 𝑑𝑖 < 𝑥0 + 𝑥2 + 𝑥3 < ∞, 𝑎𝑗 + 𝑐𝑗 + 𝑑𝑗 < 𝑥0 + 𝑥2 + 𝑥3 < ∞

𝑎𝑖 + 𝑏𝑖 + 𝑐𝑖 + 𝑑𝑖 < 𝑥0 + 𝑥1 + 𝑥2 + 𝑥3 < ∞, 𝑎𝑗 + 𝑏𝑗 + 𝑐𝑗 + 𝑑𝑗 < 𝑥0 + 𝑥1 + 𝑥2 + 𝑥3 < ∞.

 

So that 

{
 
 

 
 

𝑥0 ∈ ]𝑎𝑖 , ∞[ ∩ ]𝑎𝑗, ∞[

𝑥0 + 𝑥3 ∈ ]𝑎𝑖 + 𝑑𝑖 , ∞[ ∩ ]𝑎𝑗 + 𝑑𝑗 , ∞[

𝑥0 + 𝑥2 + 𝑥3 ∈ ]𝑎𝑖 + 𝑐𝑖 + 𝑑𝑖 , ∞[ ∩ ]𝑎𝑗 + 𝑐𝑗 + 𝑑𝑗 , ∞[

𝑥0 + 𝑥1 + 𝑥2 + 𝑥3 ∈ ]𝑎𝑖 + 𝑏𝑖 + 𝑐𝑖 + 𝑑𝑖 , ∞[ ∩ ]𝑎𝑗 + 𝑏𝑗 + 𝑐𝑗 + 𝑑𝑗 , ∞[  ,

 

and 

𝐿𝑖 ∩ 𝐿𝑗 ∈ 𝑇2. 

∪ 𝐿𝑖 = {𝑥0 + 𝑥1𝐼1 + 𝑥2𝐼2 + 𝑥3𝐼3 ∈ 𝑅(𝐼1, 𝐼2, 𝐼3) ;  𝑥0 + 𝑥1𝐼1 + 𝑥2𝐼2 + 𝑥3𝐼3 ∈ 𝐿𝑗   for some 𝑗} 

This implies that: 

{
 

 
𝑥0 ∈ ∪ ]𝑎𝑖 , ∞[

𝑥0 + 𝑥3 ∈ ∪ ]𝑎𝑖 + 𝑑𝑖 , ∞[

𝑥0 + 𝑥2 + 𝑥3 ∈ ∪ ]𝑎𝑖 + 𝑐𝑖 + 𝑑𝑖 , ∞[

𝑥0 + 𝑥1 + 𝑥2 + 𝑥3 ∈ ∪ ]𝑎𝑖 + 𝑏𝑖 + 𝑐𝑖 + 𝑑𝑖 , ∞[.

 

https://doi.org/10.54216/IJNS.250111


International Journal of Neutrosophic Science (IJNS)                                       Vol. 25, No. 01, PP. 130-136, 2025 
 

135 
DOI: https://doi.org/10.54216/IJNS.250111    
Received: September 20, 2023   Revised: February 05, 2024  Accepted: June 02, 2024 

 

Thus 

∪ 𝐿𝑖 ∈ 𝑇2. 

Remark 2.3. 

Open sets in 𝑇1 are: 

]−∞, 𝑥0 + 𝑥1𝐼1 + 𝑥2𝐼2 + 𝑥3𝐼3[  ;  𝑥𝑖 ∈ 𝑅. 

Open sets in 𝑇2 are: 

]𝑥0 + 𝑥1𝐼1 + 𝑥2𝐼2 + 𝑥3𝐼3, ∞[  ;  𝑥𝑖 ∈ 𝑅. 

Closed  sets in 𝑇1 are: 

[𝑥0 + 𝑥1𝐼1 + 𝑥2𝐼2 + 𝑥3𝐼3, ∞[  ;  𝑥𝑖 ∈ 𝑅. 

Closed  sets in 𝑇2 are: 
]−∞, 𝑥0 + 𝑥1𝐼1 + 𝑥2𝐼2 + 𝑥3𝐼3]  ;  𝑥𝑖 ∈ 𝑅. 

 

 

Example: 

𝐹1 = ]−∞, 2 + 𝐼1 + 𝐼2 + 𝐼3[ is an open set in 𝑇1. 

The corresponding closed set is: 

𝐹1
𝑐 = [2 + 𝐼1 + 𝐼2 + 𝐼3, ∞[. 

𝐿1 = ]2 + 𝐼1 + 𝐼2 + 𝐼3, ∞[ is an open set in 𝑇2. 

The corresponding closed set is: 

𝐿1
𝑐 = ]−∞, 2 + 𝐼1 + 𝐼2 + 𝐼3]. 

3. Conclusion 

In this paper, we presented the topological space of intervals based neutrosophic real numbers 𝑎 + 𝑏𝐼, where we 

clarified how neutrosophic real intervals can be expressed according to the neutrosophic partial order relation, 

and we used these intervals to build a topological space. On the other hand, we used a similar argument to build 

a topological space over the intervals of refined neutrosophic numbers, with many illustrated and related 

examples on open and closed sets. 
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