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Abstract

In this paper, we present the topological space of intervals based neutrosophic real numbers a + bI, where we
clarify how neutrosophic real intervals can be expressed according to the neutrosophic partial order relation, and
we use these intervals to build a topological space. On the other hand, we use a similar argument to build a
topological space over the intervals of refined neutrosophic numbers, with many illustrated and related examples
on open and closed sets.
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1.Introduction
Neutrosophic real numbers together form an algebraic ring see [1], this ring has been studied on a wide range by
many researchers, where it has been used in matrix theory, linear structures, and in geometry see [2-5,9-13].

In [3] a partial order relation defined on neutrosophic real numbers as follows:
a+bl<c+dloa<c,a+b<c+d.

This partial order relation allows us to study number theory and cryptography through neutrosophic point of
view see [21-26].

Also, Refined neutrosophic real numbers together form an algebraic ring [6], this ring has been studied on a wide
range by many researchers, where it has been used in matrix theory, linear structures, and in geometry see [8].
A partial order relation is defined on refined neutrosophic real numbers as follows:
a+bl+th,<c+dlL+kl, sa<ca+t<c+ka+b +t<c+d+ k. Thispartial order relation
allows us to study number theory through refined neutrosophic point of view.

In this work, we depend on the partial order relations defined on neutrosophic numbers and refined neutrosophic
numbers to build topological spaces on these intervals, and to study their elementary properties such as closed
and open sets.

For more details about neutrosophic topology, see [16-18, 28-30].

2.Main Concepts and Discussion

Definition 2.1.

Let R(I) ={a + bl ;a.b € R.I1? = I} be the ring of real neutrosophic numbers, the interval [a + bI, ¢ + dI] is
defined as:

{x+yl eR(DN;a<x<c,a+b<x+y<c+d}

Example:
We have 3 + 21 € [1 + 61,4 + 41].
Definition 2.2.
The interval

[a+bl,0o[={x+yl ER(I);a<x<,a+b<x+y< o0}
The interval

]—o,a+bl]={x+yl ER(I);—c0o<x<a,—-wo<x+y<a-+b}

The interval

la+bl,o[={x+yl ER(I);a<x<oa+b<x+y< oo}
The interval

]—w,a+bl[={x+yl ER();—0<x<a,—o<x+y<a-+b}
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Definition 2.3.
We define different types of sub-empty sets:
{91} = {o} + {p}
{p} ={p}+al ;a€Rr

{ps}=a+{p} ;aeR.
Definition 2.4.
We define some different types of sub-global sets:
R, =R +RI = R(I)

R, =R+ {p}
Ry = {p} +RI.
Also,
RS=S+RI ;SCR
{RS=R+SI ;SCR.
Definition 2.5.

We define the following different types of spaces:

Ty = (J—,a + bI[,NU,{p:})

U7, = (ot el tog) 74+ b ERD.
Theorem 2.1.
T,, T, are topological spaces.
Proof.

LetF; =]—o0,a, + byI[,F, =]—o,a, + b,I[ € T;, then:
FEnF,={x+yl €eR(); x+yl €l—w,a, + bI[,]—,a, + b,I[},

So that

—o<x<a ,—o<x+y<a +b

{—00<x<a2 ,—o<x+y<a,+b,.
Hence

x €]-0,a;] N]—,a,[,x +y €]—,a, + bi[ Nla, + byl.
Thus
F,NF,ET,.
Let
Fy=]-m,a; + bl[ ;a; b; ER,

then

UF,={x+yl €R(); x+yI EF for some j}.
This means that:
x €EU]-o0,aq;[,x+y€]—o,a; + b,
which implies that
U F; € T, and Ty is topological space.

Now, let
L, =1lay + byl,0[,L, =la, + byl, o] ...
Li=1la; + b, o[ €T, ;a;b; €R.
LinL,={x+yl € RUI); x+yl €la; + byl,o[,]a, + b,yI,0[}.
Hence
a<x<o,a;+bh <x+y<o
{az <x<,a,+b,<x+y<oco.
Thus
{ x € Jay, [ N]a,, oo
x+y €la; + by, o[ Nla, + by, o0[’
and

L,NL, €Ty,
UL; = {x+yl ERU); x+yl €L; forsomej}.
This means that:
x €U ]a;, o[, x +y € la; + b;, o[,
which implies that:
U L; € T, and T, is topological space.
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Remark 2.1.
Open sets in T, are:
]—o,a + bI[ ;a,b €R.
Open sets in T,are:
la + bl, o[ ;a,b €R.
Closed sets in T, are:
(J—o,a+ bl ={x+yl €R(); x+yl € |-o,a+ bI[} = [a + bl,oo][.
Closed sets in T, are:
(Ja+bl,0) ={x+yl €R(I); x+yl & la+ bl,o[} = ]—oc0,a + bI].

Example:
12 + 31,[ € T, is an open set, (]2 + 31, [)¢ = ]—oo, 2 + 3] is the corresponding closed set.
]—00,2 + 3I[ € T; is an open set, (]—0, 2 + 31[)¢ = [2 + 31, oo is the corresponding closed set.
Definition 2.6.
The ring of refined neutrosophic real numbers is:

RUy L) ={a+bl +cly; 12 =1, L, =1, 1,1, = LI, = L;; a,b,c € R}.
Definition 2.7.
The interval
[a+ bl +cly,m+nl + kl,] =
(x+ylL+zLeR(U,L);a<x<ma+c<x+z<m+ka+b+c<x+y+z<m+n+k}
The interval
l[a+ bl +cl,0[ ={x+yl+zl, e R(;,L);a<x<oa+c<x+z<wa+b+c<x+y+z<

oo},
The interval
la+ bl +cl,0[ ={x+yl+zl, e R(;,L);a<x<oa+c<x+z<wa+b+c<x+y+z<
oo}
The interval
l—c0,a+ bl +cl] ={x+yl; +zl, e R(},I,);—0o<x<a-wo<x+z<a+c—-o<x+y+z<a+
b+ c}.
The interval
l—o0,a+ bl +cL[={x+yl; +zl, e R(},,);—0o<x<a-wo<x+z<a+c—-o<x+y+z<a+
b+ c}.
Definition 2.8.
We define
T; = (]—,a + bl; + cL,[,u,n,{B}),
T, = (Ja + bl; + cl,,o[,u,n, {D}).

Theorem 2.2.
T,, T, are topological spaces.
Proof.
Let

F, =la; + byl + c;1;, o[ ,F, = ]a, + b1y + ;15,0 €Ty,

Ly =]—,a, + byI; + c1 [, L, =]—0,a, + b1, + ¢, L[, ...

Fi = ]ai + bill + Cilz,OO[ € TZ!Li = ]—00, a; + bill + Cilz[ € Tl'

We have

FENF,={x+yl +zl, e R(;,I,); x +yl, +zI, € F,,F,}.
Thus,

a; <x<00,a, <x <o
a+c<x+z<oa,+c;<x+z< oo

a+b+g<x+y+z<owa,+b,+c, <x+y+2z<oo.

So that

x € ]alﬂoo[n]aboo[
x+z€]la, +c¢,o[N]a, + ¢y, 0]
x+y+z€la,+ b, +cy,0[N]a; + by + ¢, 0],
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andF, NF, €T,.
LinL,={+yl +zI, e RU, L) ; x +yl, + zI, € L, L,},
—w<x<a,-0<x<a,
—o<x+z<a +c,—0<x+z<a,+c,
—o<x+y+z<a +b +c,—0o<x+y+z<a,+b,+c,.

Hence
x € ]—,a,[ N]—0,a,[
X+z€]-w,a; + ¢ [N]—,a, + ¢,
X+y+z€]l-mw,a +b +c[N]—x,a, +b, +c,l.
Therefore
L,NnL, €T,
UF; = {x +yl +zl, € R(Iy, 1) ; x + yly + zI, € F; for somej}.

Therefore

x €U Jla;, oo
x+z€Ula; +c;, o
X+y+z€lJa;+b;+c;,ool.
Hence U F; € T,.
UL, = {x +yl +zl, € R(Iy, L) ; x+yl; +zI, € L; for somej}.
Therefore
x €U ]—o0,a;[
X+ z€U]-m,a; + ¢l
x+y+z€]-m,a;+b; + ¢l

Hence U L; € T;.
Remark 2.2.
Open sets in T, are

]—o0,a + bl; + cl,[;a,b,c €R.
Open sets in T, are

la+ bl + cl,,©[;a,b,c €R.
Closed sets in T, are

[a+ bl + cl,,[;a,b,c €R.

Closed sets in T, are

]—o0,a + bl; + cl,];a,b,c €R.
Example:
13+ 1, + I,,0[ isan open set in T,.
The corresponding closed set is:

(I3+ 6L +1;,0)¢ =]—0,3+ 1 +L,].

Definition 2.9.
R(L, I, I3) ={a+ bl +cl, + dls;a,b,c,d € R, I;I; = Iin iy, I;> = 1; } is called the 3-refined neutrosophic
ring of real numbers.
Definition 2.10.
The intervals on R(I4, I,, I3) are defined as follows:

lxg + 11, + x315 + x315,00[ =
o+ yili + ¥l + 313 € R(Uy, I, 13)5 %0 < Yo < ©,x0 +x3 <Y+ Y3 < 0,X%0+ X, + X3 <Yo+ ¥, +
V3 < ©,x0+ X+ X +x3 <Yty Yy, +y; < o}

[xo + 211 + x515 + X315, 0] =
o +y1lh + oIy +y3I3 € R, 15, 13); %0 S Yo < 0,%0 + X3 S Yo+ Y3 < ©0,X%0 + X, + X3 < Yo+ ¥, +
V3 < 0,X+ X + X+ X3 <Y+ Y+ Yy, +y; < o}

]—OO,XO + x111 + lez + X3I3[ =
o+ yili + ¥l + 315 € R(, 15, 13); —0 < yp < X, =0 < Yo+ Y3 <X+ X3, —0 < yo+y, +y3 <X +
Xp +X3,—00 < yo+V; +y, + Vs < xo+x; + x5 + X3}

]—OO,XO + x111 + lez + x313] =
o +y1lh +yoIp +y313 € R, 15, 13); —0 < yp S x5, =00 < Yo +y3 < X9+ X3,—0 < Yo+ ¥, +¥3 < x5 +
xZ +x3,—oo <y0 +y1 +y2 +y3 SXO+X1 +x2 +X3}.
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Definition 2.11.
We define the following spaces in R(I;, I, I5).
T, = (]—,a + bl; + cl, + dI5[,u,n, D),
T, = (Ja + bl; + cl, + dI;, [,u,N, D).
Theorem 2.3.
T,, T, are topological spaces.
Proof.
Let
Fi = ]_00, a; + bill + CiIZ + di[3[ € Tl ; ai,bi,ci,di € R,
Li = ]ai + bill + CiIZ + di13,00[ € TZ; ai,bi,ci,di € R.
F,nF = {xg + .1 + x50, + x313 € R(Iy, I, I5) ; X0 + ;.1 + x,1, + x313 € F;, F},
—00<x0<ai,—00<x0<aj
—00 < Xo+x3 <a;+d;,—0<x5+x3<a;+d;
—0<xgt+ X, +x3<a;+¢+d,—0<xy+x,+x3<a;+¢ +d;
—0<xgtx; +tx+x3<a;+btctd,—0<x+x +x,+x;3<a;+b+c+d.

—

Thus
xp € ]—00,a;[ N |-, q;]
Xo + X3 € |—o0,q; +di[n]—00,a]- +d]-[
Xo+ %, + X3 €]—,a; + ¢; + di[ N ]|—o0,a; + ¢; + dj
Xo+ %, + X, + X3 €]—00,a; + b; + ¢; + d;[ N ]—o,a; + b; + ¢; + dj.

—_

Thus
F,nF €T,
UF; ={xo + x.Iy + %1, + x313 € R(Iy, I, I3) 5 xo + x1 1y + x50, + x315 € F; for some j},
thus
X9 EU]—00,q;[
Xo + X3 EU]—00,a; + d;[
Xo+ X, +x3 EU]—00,a; +¢; +d;]
Xo+ X, + %, +x3 EU]—00,a; + b; + ¢; + d;].
Hence
UF, €T,.
LinLj={xo + x5 + Xo0, + 315 € R(Iy, I, I3) 5 xo + ;1 + 2,1, + x315 € L, L},
Thus
a; <xg < 0,a; < x5 <©
a;+d; <xgt+x3<,a+d; <xgt+x3<®
aG+c+di<xgtx,+x3<0,a;+¢+d; <xpg+x,+x3<®
a+bitc+d <xotx,+x+x3<00,a;+b+c¢+dj <xo+x+x;+x3 <00,
So that
xoe]ai,m[n]aj,oo[
Xo + X3 € | +di,00[n]aj+dj,oo[
Xo + X, + X5 E]ai+ci+di,00[n]aj+cj+dj,oo[
Xo + X1 + x5 + X3 E]ai+bi+ci+di,oo[n]aj+bj+cj+dj,00[,
and
LinL €T,
UlL; = {xo +x11y + X0 + x313 € R(Iy, 15, I3) 5 xo + X111 + X315 + x315 € Lj for somej}
This implies that:
Xo € U]a;, o[
Xo + x3 €U ]a; + d;, o[
Xo + X, + x5 EU]a; + ¢; + d;,
Xo+x, +x,+x3 EU]a; +b; +¢; +d;, .
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Thus
UL; ET,.

Remark 2.3.
Open sets in T; are:

1=, x¢ + xI; + x50, + x315[ ; x; €R.
Open sets in T, are:

Ixo + x1 1 + x50, + x315,00[ ; x; €R.
Closed setsin T; are:

[xo + 211 + x,1;, + x315,0[ ; x; €R.
Closed setsin T, are:

1=, x¢ + xI; + x50, + x315] ; x; €R.

Example:
F, = ]-0,2+1; + I, + I5[ isan open set in T;.
The corresponding closed set is:
FEf=[2+1 +1,+ 1,00
Li=12+1 +1,+ ;[ isan opensetin T,.
The corresponding closed set is:
LS =1-0,24+1 +1, +L].
3. Conclusion
In this paper, we presented the topological space of intervals based neutrosophic real numbers a + bI, where we
clarified how neutrosophic real intervals can be expressed according to the neutrosophic partial order relation,
and we used these intervals to build a topological space. On the other hand, we used a similar argument to build
a topological space over the intervals of refined neutrosophic numbers, with many illustrated and related
examples on open and closed sets.
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