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Abstract. 

In this paper, we study the problem of controllable and observable output of the type: 

 

{

𝑥(𝑡 + 1) = 𝐴𝑥(𝑡) + 𝐵𝑢(𝑡 + 1) ; 𝑡 = 0,1, … , 𝑇
𝑦(𝑡) = 𝐶𝑥(𝑡)

𝑥(0) = 𝑥0 , 𝑥(𝑇) = 𝑥𝑇 

 

On the other hand, we present some new result about the formula of this linear discrete-time system and about 

controllable out put 

Key words: Optimal solution; linear discrete time system; observable.  

Introduction. 

Observability and controllability are two essential concepts in control theory. These concepts were defined in [3-

6]. Many models in the real life and science are controllable, but the corresponding mathematical models maybe 

not for this goal, we have to take care about choosing the variables which represent the state of the system which 

can be observable and controllable to build a strong control system. 

The most effective tool for the study of these systems are matrices  and their representations . 

In this paper, we try to find conditions for the controllable of linear discrete – time systems. 

Main Discussion: 

Definition:  

Consider the following system: 

{
 

 
𝑥(𝑡 + 1) = 𝐴𝑥(𝑡) + 𝐵𝑢(𝑡 + 1) ; 𝑡 = 0,1, … , 𝑇

𝑦(𝑡) = 𝐶𝑥(𝑡)

𝑥(0) = 𝑥0 = 𝑐𝑜𝑛𝑠𝑡

 𝑥(𝑇) = 𝑥𝑇 = 𝑐𝑜𝑛𝑠𝑡

 

Where 𝑥(𝑡) ∈ 𝑅𝑛 , 𝑢(𝑡) ∈ 𝑅𝑚  , 𝑦(𝑡) ∈ 𝑅𝑝. 

𝐴, 𝐵, 𝐶 are matrice of type 𝑝 × 𝑛 , 𝑛 × 𝑚 , 𝑛 × 𝑚 respectively 
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Definition:  

The system (1-4) is called out put controllable if we can transform the initial out put 𝑦(0) = 𝐶𝑥0 to the final out 

put 𝑦(𝑡) = 𝐶𝑥𝑇 . 

Remark. 

We  find an equivalent formula of the system (1-4), we assume that 𝑑𝑒𝑡(𝐴) ≠ 0, 𝑑𝑒𝑡(𝐶) ≠ 0. 

For 𝑡 = 0,… , 𝑇 − 1, we can write: 

𝑦(0) = 𝐶𝑥(0) = 𝐶𝑥0 

𝑦(1) = 𝐶𝑥(1) = 𝐶[𝐴(𝑥(0)) + 𝐵𝑢(1)] = 𝐶𝐴𝑥0 + 𝐶𝐵𝑢 

𝑦(2) = 𝐶𝑥(2) = 𝐶[𝐴𝑥(1) + 𝐵𝑢(2)] = 𝐶𝐴2𝑥0 + 𝐶𝐴𝐵𝑢(1) + 𝐶𝐵𝑢(2) 

.  

. 

. 

.  

𝑦(𝑇) = 𝐶𝐴𝑇𝑥0 + 𝐶𝐴
(𝑇−1)𝐵𝑢(1) + 𝐶𝐴(𝑇−2)𝐵𝑢(1) +⋯+ 𝐶𝐵𝑢(𝑇) 

So that we get, 

{
  
 

  
 

𝑦(1) − 𝐶𝐴𝑥0 = 𝐶𝐵𝑢(1)

𝑦(2) − 𝐶𝐴2𝑥0 = 𝐶𝐴𝐵𝑢(1) + 𝐶𝐵𝑢(2)

𝑦(3) − 𝐶𝐴3𝑥0 = 𝐶𝐴2𝐵𝑢(1) + 𝐶𝐴𝐵𝑢(2) + 𝐶𝐵𝑢(3)
.
.
.

𝑦(𝑇) − 𝐶𝐴𝑇𝑥0 = 𝐶𝐴
(𝑇−1)𝐵𝑢(1) + ⋯+ 𝐶𝐵𝑢(𝑇)

 

We put: 

{

𝛽 = 𝑦(𝑇) − 𝐶𝐴𝑇𝑥0
𝑈 == {𝑢(1), 𝑉(2), … , 𝑈(𝑇)}

𝐷 = {𝐶𝐴𝑇−1𝐵, 𝐶𝐴𝑇−2𝐵,… , 𝐶𝐵}

 

Thus 𝐷𝑈 = 𝛽. 

It is clear that the system (1-4) will be controllable output if and only if 𝑟𝑎𝑛𝑘(𝐷) = 𝑝. 

Example. 

Consider the following system: 

(

𝑥1(𝑡 + 1)

𝑥2(𝑡 + 1)

𝑥3(𝑡 + 1)
) = (

1 0 0
0 1 0
1 0 1

)(

𝑥1(𝑡)

𝑥2(𝑡)

𝑥3(𝑡)
) + (

1 0
0 0
0 1

)(

𝑢1(𝑡 + 1)

𝑢2(𝑡 + 1)

𝑢3(𝑡 + 1)
) 

(
𝑦1(𝑡)

𝑦2(𝑡)
) = (

1 0 0
0 1 0

)(

𝑥1(𝑡)

𝑥2(𝑡)

𝑥3(𝑡)
) 

We have: 𝐶 = (
1 0 0
0 1 0

) , 𝐵 = (
1 0
0 0
0 1

) , 𝐴 = (
1 0 0
0 1 0
1 0 1

) 

𝐷 = [𝐶𝐴2𝐵, 𝐶𝐴𝐵, 𝐶𝐵] = (
1 0 1 0 1 0
0 0 0 0 0 0

) 

𝑟𝑎𝑛𝑘(𝐷) = 1 < 2, so it is not output controllable. 

Remark. 

We make a change on system (1-4) by assuming |𝑢(𝑡)| ≤ 1… (𝐼). 

The system (1-4) with condition (𝐼)is out put controllable if: 
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1). 𝑟𝑎𝑛𝑘[𝐴𝑇−1𝐵, 𝐴𝑇−2𝐵,… , 𝐵] = 𝑛. 

2). Eigen values of 𝐴 has the following property |𝜆𝑘| ≤ 1. 

3). 𝑟𝑎𝑛𝑘(𝐷) = 𝑝. 

Example. 

Consider the following system: 

(

𝑥1(𝑡 + 1)

𝑥2(𝑡 + 1)

𝑥3(𝑡 + 1)
) = (

1 0 0

0
1

2
1

1 0 1

)(

𝑥1(𝑡)

𝑥2(𝑡)

𝑥3(𝑡)
) + (

1 0
0 0
0 1

)(

𝑢1(𝑡 + 1)

𝑢2(𝑡 + 1)

𝑢3(𝑡 + 1)
) 

(
𝑦1(𝑡)

𝑦2(𝑡)
) = (

1 1 1
1 1 2

)(

𝑥1(𝑡)

𝑥2(𝑡)

𝑥3(𝑡)
)  

with |𝑢(𝑡)| ≤ 1. 

We have: [𝐴2𝐵, 𝐴𝐵, 𝐵] = (

1 0 1 0 1 0

1
3

2
0 1 0 0

2 1 1 1 0 1

) 

𝑟𝑎𝑛𝑘[𝐴2𝐵, 𝐴𝐵, 𝐵] = 3. 

The eigen values of 𝐴 are 𝜆1 = 𝜆2 = 1 , 𝜆3 =
1

2
. 

Also, 𝐷 = (
4

5

2
2 2 1 1

6
7

2
3 3 1 2

), 𝑟𝑎𝑛𝑘[𝐷] = 2,  

so that the system is out put controllable. 

Definition. 

A system is called observable if and only if we have the ability to determine the state 𝑥(0) by exact list of 

measurements 𝑦(𝑡) for an exact number of steps. 

For example if we have the system: 

{
𝑥(𝑡 + 1) = 𝐴𝑥(𝑡) ; 𝑥(0) = 𝑥0 (𝑛𝑜𝑡 𝑘𝑛𝑜𝑤𝑛)

𝑦(𝑡) = 𝐶𝑥(𝑡) ; 𝐴𝑛×𝑛 , 𝐶𝑝×𝑛
 

Theorem. 

The previous system is observable if: 

𝑟𝑎𝑛𝑘

(

 
 
 

𝐶
𝐶𝐴
𝐶𝐴2

..

.
𝐶𝐴𝑇−1)

 
 
 
= 𝑛 

We denote by 𝑂 to 𝑂 = [𝐶𝑡 , 𝐴𝑡𝐶𝑡 , … , (𝐴(𝑇−1))
𝑡
𝐶𝑡]. 

Example. 

Consider the following: 

(
𝑥1(𝑡 + 1)

𝑥2(𝑡 + 1)
) = (

1 2
3 4

) (
𝑥1(𝑡)

𝑥2(𝑡)
) 

𝑦(𝑡) = (1 2) (
𝑥1(𝑡)

𝑥2(𝑡)
) 

𝐶 = (1 2) , 𝐴 = (
1 2
3 4

) , 𝑂 = (𝐶𝑡 , 𝐴𝑡𝐶𝑡) = (
1 7
2 10

) 
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𝑟𝑎𝑛𝑘[𝑂] = 2, so it is observable. 

Conclusion 

In this paper, we have studied the problem of controllable and observable output of the type: 

 

{

𝑥(𝑡 + 1) = 𝐴𝑥(𝑡) + 𝐵𝑢(𝑡 + 1) ; 𝑡 = 0,1, … , 𝑇
𝑦(𝑡) = 𝐶𝑥(𝑡)

𝑥(0) = 𝑥0 , 𝑥(𝑇) = 𝑥𝑇 

 

On the other hand, we present some new result about the formula of this linear discrete-time system and about 

controllable output. 
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