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Abstract

The main goal of this paper is to study the geometrical characterization of the solutions for a vectorial equation
defined in the two/three dimensional Euclidean spaces. The geometrical characterization of the solutions for the
desired vectorial equation is obtained for many different values of t based on the circles and spheres in some
generalizations of the real field, especially dual numbers, weak fuzzy complex numbers split-complex numbers,
and complex numbers.
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1. Introduction

Expansions of real numbers have occupied many researchers around the world, where we can find many extensions
built over some ideas that are very similar to complex numbers.
For example, we can find the following extended sets:
Dual numbers D = {a + bJ; J? = 0}, neutrosophic numbers N = {a + bJ; J* =]}, split-complex numbers
S(H={a + bJ;J? = 1}, and weak fuzzy complex numbers W = {a + bJ; J? €]0,1[}. [1-4]. It is clear that all
these extensions have two dimensions, and they are all modules by the ordinary algebraic meaning over
themselves.
On the other hand, these extended sets were used in the study of many algebraic structures, such as linear spaces,
mathematical cryptography, and Diophantine equations [5-9].
Also, some logical extensions of algebraic structures were defined and studied by many authors, such as
neutrosophic structures [11-14, 17], and plithogenic structures [10, 15-16].
In this work, we study the following vectorial equation is some Euclidean spaces:

2 2 _
{llX”(x—l—yl)lY_”r_ 7‘1; 1,73 = 0,t € R,{,) is the Euclidean inner product on R? or R®.

’ — 12

And we use the extensions of the real field to describe their solutions as an algebraic curve.

2. Main discussion.
Definition:
Let X = (x;,v1),Y = (x,,v,) be two vectors of R?, we say that X, Y have the property (4) if and only if:

2 2
{llX”(x—l—yl)lY_”r_ 7‘1; r,1, = 0,t € R,{,) is the Euclidean inner product on R?
’ — 12
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Definition.

Let 7y, 7, t = 0 be real numbers, the set {X,Y; X,Y € R?} that has the property (A) with respect ry, 1, t is called
A-Curve, and it is denoted by Cy, .
Theorem.

Letry, 75, t = 0 be real numbers, and Cy, is the corresponding A-Curve, then it can be represented by the following
system of equations:

{x12 +y? P+ ) =n

X1 Xz T Y1Y2 =13

The proof is easy and clear.

Definition.
The ring of dual numbers is defined as follows:

D={a+be; €2 =0,a,b € R}
The ring of split-complex numbers is defined as follows:
S={a+be; €2 =1,a,b €R}
The ring of weak fuzzy complex numbers is defined as follows:

C, =f{a+be; 2 €]01[,a,b € R}
The field of complex numbers is defined as follows:

C={a+bi;i’?=-1,a,b €ER}

Definition.
The complex circle of radius r; + r,i with center at the origin point is defined as follows:
X2+Y?2=r+niX=x +yiY =x+y,0i%=—1.
The dual circle of radius r; + r,& with center at the origin point is defined as follows:
X2+Y?2=n+ngX=x+y5Y =x, +y,52=0.
The split-complex circle of radius r; + r,& with center at the origin point is defined as follows:
X2+Y2=n+ngX=x+y5Y =x, +y,5e2 =1.
The weak fuzzy complex circle of radius r; + r, & with center at the origin point is defined as follows:
X24+Yi=r+ngX=x+y5Y =x, +v,6,2 €]0,1[.
Theorem.
The A-Curve C,, is equivalent to the dual circle of radius r, + 2r,& with center at the origin point:
{IIX I?=n

(x,y) =1,
Which is equivalent to:

{ x?+yt=n

X1X2 + Y1Y2 =12

On the other hand, consider the dual circle:
X2+Y2=r+nX=x+x8Y =y, +y,5€=0

(x1 + x,8)2 + (y; + y,€)? = 1, + 21,¢, hence:

{ x2+yt=n

X1Xp T V1Y2 =1
Thus, the proof is complete.

Result.
The A-Curve C,, is a circle in the dual space.
Theorem.
The A-Curve C,, is equivalent to the split-complex circle of radius r; + 2r,& with center at the origin.
Proof.

C,, has the following equation:

{IIXII2 +IYI?=n

(x,y)=m,
So,
{x12 +0 P +y P+t =
X1X2 +Y1Y2 =12

On the other hand, consider the split-complex circle

X2+Y2 =r+ngX=x +xeY =y +y,8e*>=1.

{x12 ++y =

2(x1%; + y12) = 213
Hence, the proof is complete.
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Result.
The A-Curve C,, is a circle in split-complex space.
Theorem.
The A-Curve C,_, is equivalent to the complex circle of radius r; + 2r,i and center at the origin.
Proof.
Cy_, has the following equation:
{IIXII2 —IYi?=n
(X, Y) =n
S0,
{x12 +0 P+ y P+t =
X1X2 +Y1Y2 =13
On the other hand, the complex circle of radius r; + 2r,i and center at the origin is:
X2+Y2 =1 +2n;X =x + %0, Y =y, +y,i,i% = —1.
{x12 S P P
2(x1%, + 11y2) = 21,
Hence, the proof is complete.

Result.
The A-Curve C,_, isacircle in the complex space.
Theorem.
The A-Curve Cy,; t €]0,1[ is equivalent to the weak fuzzy complex circle with radius r; + 2r,¢ and center at the
origin.
Proof.
Ca, has the following equation:
2 2

(X7 + VI =13, o

X1X2 T V1Y2 =12

{xlz +0° +t P+ =1
2x1X%5 + 2y,y, = 21,

Hence, the proof is complete.
Result.
The A-Curve C,,; t €]0,1[ is a circle in the weak fuzzy complex space.
The A-Curves in R3.
Definition.
The A,-Curve in R? is defined as the solution of system:
{IIXII2 +elYI? =1,

(X' Y) =N '
Remark.
A.-Curve in R? equivalent:
{xlz +y.2 4+ 22+t 2+ 2 =1

X1 X3 ¥ V1Y2 t 212, =1

Definition.
The complex sphere with radius r; + r,i with center at the origin point is defined as follows:
X2+ Y2+ 72 =r+ni;X=x+x0,Y =y, +y5i,,Z =z, + 2,1,i* = —1.
The dual sphere with radius r; + r,& with center at the origin point is defined as follows:
X2+ Y2+ 7224+ 722 =r+nsX=x+x6Y =y, + 56,2 =z, + 256,82 = 0.
The split-complex sphere with radius r; + r,& and center at the origin point is defined as follows:
X2+ Y2 +Z2 =r+ngX=x +x8Y =y +v,6,Z =2z +2,5,> = 1.

1,1, 20,t ER,X = (X1)1,21),Y = (%2, Y2, 22)

The weak fuzzy complex sphere with radius r; + r, & and center at the origin point is defined as follows:

X2+Y2+Z2 =r+ngX=x +xeY =y +v,6,Z =2 +2,6,e2 =t €]0,1][.
Theorem.

Let t € R and Cy, be the corresponding A-Curve in R?, then:

1). C4, the dual sphere with radius r; + 27, and center the origin.

2). C,4_, the complex sphere with radius r; + 2r,i and center the origin.

3). C4, the split-complex sphere with radius r; + 2r,& and center the origin.

4). Cy,; t €]0,1[ the weak fuzzy complex sphere with radius r; + 2r,¢ and center the origin.
Proof.

1). C4, has the equation:
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wMF=H
(X, Y) = rz
So:
{ xlz +y12 +212 = T1
X1X3 + Y1Y2 + 2123 =1 o )
The dual sphere is X2 + Y2 + Z? + Z% = r; + 2r,&; €2 = 0, which implies that:
{ x12+y12+212 =T'1
2(x1%; + Y1y, + 212,) = 215
and (1) holds.
2). C,_, has the equation:
WMF—HHZ=H
(X, Y) = T2
So:
{x12 R R T e S e ]
X1Xy T V1Y t 212, =T,
The complex sphere is X2 + Y2 + Z? + Z? = r; + 2r,i;i% = —1, which implies that:
{xlz + J’12 +2,° —x,° — YZZ -z¢=n
20002 + 12 + 212;) =21,
and (2) holds.
3). Cy, has the equation:
WXW+HHV=H
(Xl Y) = TZ
So:
{xlz + ylz + le + xzz + y22 + Z22 = T'l
X1Xp +Y1Y2 + 212, =1,
The split-complex sphere is X2 + Y2 + Z2 + Z%2 = r; + 2r,&; €2 = 1, which implies that:
{xlz + y12 + le + sz + y22 + Zzz = Tl
20612 + 1Yz + 712;) = 21y
and (3) holds.
4). C4,; t € ]0,1[ has the equation:
WMF+WHF=H
(Xl Y) = TZ
Hence:
{xlz + y12 + le + t(x22 + y22 + 222) = 7'1
X1Xp + V1Yo T 212, =1,
The weak fuzzy complex sphere is X2 + Y2 + Z2 + Z? = r; + 2r,¢; €2 = 1, which implies that:
{xlz +y 2+ z 2+t 4yt +2,Y) =1
20613 + Y1y, + 712;) = 21y
and (4) holds.

3. Conclusion and open problems

In this paper, we have defined for the first time the concept of A-Curve in R? and R3 by the following vectorial
system of equation:
{IIXII2 +e|YI? =n
X,Y)=rn,
Where ry,7, = 0,t € R,{, ) | the Euclidean inner product defined over R?, R respectively.
Also, we have proved that A-Curve Cy ,Cy,,Ca_,,Ca,;t € ]0,1] can be characterized as circle in dual, split-
complex, complex, and weak fuzzy complex planes if X,Y € R? and as sphere if X,Y € R3.
We show some open research problems that emerge from our study.
Problem (1). find the tangent surface of C,, in RZ.
Problem (2). Find an algorithm to find the tangent surface of C,, in R3.
Problem (3). Characterize the general A-Curve defined with:
{f(IIXII. YD =c¢
g(X, Y) =0 '
For problem (3), we recommend to study special different cases of f, g (consider some of famous functions).

¢, ¢, =0, f, g are two functions.
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