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Abstract

A ring is said to be nil-clean if every element of the ring can be written as a sum of an idempotent element
and a nilpotent element of the ring. In this paper, we generalize this argument to neutrosophic structure. We
introduce the structure of nil-clean neutrosophic ring and some of its elementary properties are presented.
Also, we have found the equivalence between classical nil-clean ring R and the corresponding neutrosophic
ring R(I), refined neutrosophic ring R(I1, I2), and n-refined neutrosophic ring Rn(I).

Keywords: Clean ring; nil-clean ring; neutrosophic ring; refined neutrosophic ring; clean neutrosophic ring;
nil-clean neutrosophic ring.

1 Introduction

In 1980, Smarandache first time introduced the neutrosophic theory. The theory has given idea to the construc-
tion of the concept of new algebraic structures called the neutrosophic structure. Kandasamy and Smaran-
dache13 introduced the concept of neutrosophic algebraic structures. In this reference, several neutrosophic
algebraic structures are introduced and studied. They introduced some neutrosophic algebraic structures like
neutrosophic fields, neutrosophic vector spaces, neutrosophic groups, neutrosophic bigroups, neutrosophic N-
groups, neutrosophic semigroups, neutrosophic bisemigroups, neutrosophic N-semigroup, neutrosophic loops,
neutrosophic biloops, neutrosophic N-loop, neutrosophic groupoids, neutrosophic bigroupoids, and neutro-
sophic rings. Kandasamy and Smarandache14 introduced the concept of neutrosophic rings. Agboola et.al.,4, 5

given several aspect related to the neutrosophic algebraic structures and some types of this structure, concern-
ing neutrosophic ring and its elementary properties, neutrosophic polynomial rings, and the unique factoriza-
tion domain in neutrosophic polynomial rings.

Nicholson15 introduced the notion of a clean ring. The notion of uniquely clean rings was firstly defined15 in
the commutative case as those rings in which every element is uniquely the sum of a unit and an idempotent.
Later on, the authors16 study such arbitrary rings, again calling them uniquely clean. Diesl12 modified the
definition of a clean ring and obtained an interesting new concept he called nil-clean ring. In his article he
proved many fundamental properties as well as developed a general theory of nil-clean rings like uniquely
nil-clean rings.

Suryoto and Uidjiani19 studied the concept of neutrosophic clean ring with many elementary interesting prop-
erties. Recently, Abobala,3 proved that a nuetrosophic ring R(I) is clean if and only if R is clean. Motivated
by this works, in this paper we have introduced and studied the notion of nil-clean nuetrosophic rings. Also,
we have found the equivalence between classical nil-clean ring R and the corresponding neutrosophic ring
R(I), refined neutrosophic ring R(I1, I2), and n-refined neutrosophic ring Rn(I).
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2 Preliminary

In this section, we recall notions related to clean rings, nil-clean rings, neutrosophic rings, nil-clean neutro-
sophic rings. See especially,3–5, 9, 16, 19 for further details and background.

Definition 2.1. 13 Let (R,+,×) be a ring, R(I) = {a+ bI : a, b ∈ R} is called the neutrosophic ring where
I is a neutrosophic element with condition I2 = I .

Example 2.2. The set Z2(I) = {0̄, 1̄, I, 1̄ + I} is called the neutrosophic ring of integers modulo 3 generated
by the ring Z2 = {0̄, 1̄} and an idempotent element I .

Definition 2.3. 9 Let R be any ring, x ∈ R be an arbitrary element, then.

(a). x is called a idempotent if x2 = x.

(b). x is called an nilpotent if xk = 0 for some positive integer k.

Definition 2.4. 9 Let R be a ring, then it is called clean if and only if for each x ∈ R, we have x = e + l,
where e is a unit element and l is an idempotent element of R.

Example 2.5. The ring of integer modulo 3, Z3 = {0̄, 1̄, 2̄} is a clean ring.

Definition 2.6. 12 Let R be a ring, then it is called nil-clean if and only if for each x ∈ R, we have x = l+ n,
where l is a idempotent element and n is an nil-potent element of R.

Example 2.7. The ring of integer modulo 2, Z2 = {0̄, 1̄} is a nil-clean ring.

Definition 2.8. 19 Let R(I) be a neutrosophic ring and e ∈ R(I). The element e is an idempotent element
for multiplivative operation on R(I), if e2 = e. The set of all idempotent elements of R(I) is denoted by
Id(R(I)).

Example 2.9. In Z3(I), the neutrosophic ring of integer modulo 3, Id(Z3(I)) = {0̄, 1̄, I, 1̄ + I, 1̄ + 2̄I}.

Definition 2.10. 19 Let R(I) be a neutrosophic ring with 1 ̸= 0 and let u ∈ R(I). The element u is a unit of
R(I) if there exists an element v ∈ R(I) such that uv = vu = 1.

Example 2.11. In Z7(I), the neutrosophic ring of integer modulo 7, 3̄ + I is a unit in Z7(I), because we have
(3̄ + I)(5̄ + 4̄I) = (5̄ + 4̄I)(3̄ + I) = 1.

Definition 2.12. 5 Let R(I) be a neutrosophic ring. An element x ∈ R(I) is called nilpotent element, if there
exists a positive integer k such that xk = 0. The set of all nilpotent elements of R(I) is denoted by N(R(I)).

Example 2.13. In Z4(I), the neutrosophic ring of integer modulo 4, N(Z4(I)) = {0̄, 2̄, 2̄I, 2̄ + 2̄I}.

Definition 2.14. 19 Assume that R(I) is neutrosophic ring and that x ∈ R(I). The element x is said to be
clean if x = e+ u, with e is an idempotent element and u is a unit of R(I).

Example 2.15. All the elements of the neutrosophic ring Z2(I) = {0̄, 1̄, I, 1̄ + I} are clean.

Definition 2.16. 19 A neutrosophic ring in which all elements are clean, then the ring is called a clean neutro-
sophic ring. Furthermore, if each element of the neutrosophic ring is uniquely clean, then the ring is called a
uniquely clean neutrosophic ring.

Example 2.17. The neutrosophic rings Z2(I) and Z3(I) are clean rings. Here, Z2(I) is uniquely clean ring,
but Z3(I) is not uniquely clean.

Definition 2.18. 19 Let R(I) be a neutrosophic ring and e ∈ R(I) is an idempotent element. The idempotent e
is a called central idempotent if ex = xe for all x ∈ R(I). The set of all central idempotent of R(I) is denoted
by C(R(I)).

Example 2.19. In the neutrosophic ring Z3(I), we have Id(Z3(I)) = C(Z3(I)) = {0̄, 1̄, I, 1̄ + 2̄I}.

Theorem 2.20. 1 Let R(I) be a neutrosophic ring, then x = a+bI is idempotent in R(I) if and only if a, a+b
are idempotents in R.
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Theorem 2.21. 2 Let R(I) be a neutrosophic ring, then x = a+ bI is nilpotent in R(I) if and only if a, a+ b
are nilpotents in R.

Definition 2.22. 5 Let (R,+, ·) be a ring then (R(I1, I2),+, ·) is called a refined neutrosophic ring generated
by X, I1, and I2. Where I21 = I1, I

2
2 = I2, I1I2 = I2I1 = I1.

Definition 2.23. 18 Let (R,+, ·) be a ring and Ik, k = 1, 2, , · · · , n be n indeterminacies. We define Rn(I) =
{a0 + a1I1 + · · ·+ anIn; ai ∈ R} to be n-refined neutrosophic ring.
Addition and multiplication on Rn(I) are defined as follows:

n∑
i=0

xiIi +

n∑
i=0

yiIi =

n∑
i=0

(xi + yi)Ii

n∑
i=0

xiIi ×
n∑

j=0

yiIi =

n∑
i,j=0

(xi × yj)IiIj

where × is the multiplication defined on the ring R and xI0 = x for all x ∈ R, IjIi = IiIj = Imin(i,j), I0Ij =
Ij .

3 Nil-clean Neutrosophic Rings

We begin with the following definition.

Definition 3.1. Let R be any ring, R(I) be its corresponding neutrosophic ring. An element x ∈ R(I) is said
to be nil-clean if x = l + n, where l is an idempotent and n is a nilpotent element of R(I). If, in addition, the
existing idempotent l is unique, then x is called uniquely nil-clean element.

Example 3.2. Consider the neutrosophic ring

Z3(I) = {0̄, 1̄, 2̄, I, 2I, 1̄ + I, 1̄ + 2I, 2̄ + I, 2̄ + 2I}.

Since 0̄ is a nil-potent in Z3(I), so the idempotent elements 0̄, 1̄, I, 1̄ + 2I are nil-clean elements of Z3(I).
The only nilpotent elements of Z3(I) is 0̄, so 0̄, 1̄, I, 1̄ + 2I are uniquely nil-clean elements of Z3(I).

Definition 3.3. A neutrosophic ring in which all elements are nil-clean, then the ring is called a nil-clean
neutrosophic ring. Furthermore, if each element of the neutrosophic ring is uniquely nil-clean, then the ring is
called a uniquely nil-clean neutrosophic ring.

Example 3.4. Z2(I) = {0̄, 1̄, I, 1̄ + I} is a nil-clean neutrosophic ring, that is because all the elements in
Z2(I) are idempotents, 0̄ is a nilpotent element in Z2(I).

Lemma 3.5. If x is a nilpotent element of R(I), then 1 + x is a unit in R(I).

Proof. If x is a nilpotent element of R(I) then xk = 0 for some k > 0. But then, (1 + x)(1− x+ x2 − x3 +
...+ (−1)k−1xk−1) = 1 and so 1 + x is unit in R(I).

Theorem 3.6. Every nil-clean neutrosophic ring is clean neutrosophic ring.

Proof. Suppose that R(I) is a nil-clean neutrosophic ring, and let x ∈ R(I). Then x−1 is an element of R(I)
and hence x− 1 = l + n, where l is an idempotent element and n is a nilpotent element of R(I).
This implies that, x = l + (1 + n) is a nil-clean element of R(I) because 1 + n is a unit element of R(I) by
Lemma 3.5.

Example 3.7. Consider, the clean neutrosophic ring
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Z3(I) = {0̄, 1̄, 2̄, I, 2I, 1̄ + I, 1̄ + 2I, 2̄ + I, 2̄ + 2I}.

The only nilpotent element of Z3(I) is 0̄ and 2̄ + I is not an idempotent element in Z3(I) so it is not nil-clean.

Theorem 3.8. Let R be any ring, R(I) be its corresponding neutrosophic ring. R(I) is nil-clean if and only
if R is nil-clean.

Proof. We know that, R ⊂ R(I). So, if R(I) is nil-clean then R is nil-clean.
Conversely, suppose that R is nil-clean. We have to show that R(I) is nil-clean.
Let x ∈ R(I). Then, x = a+ bI , where a, b, a+ b ∈ R.
By our assumption, we have a = l1 + n1, b = l2 + n2 and a + b = l3 + n3, where l1, l2, l3 are idempotent
elements of R and n1, n2, n3 are nilpotent elements of R.
Now,

x = a+ bI

= a+ (a+ b− a)I

= (l1 + n1) + ((l3 + n3)− (l1 + n1))I

= [l1 + (l3 − l1)I] + [n1 + (n3 − n1)I]

= x1 + x2

where x1 = l1 + (l3 − l1)I and x2 = n1 + (n3 − n1)I . Since, l1 + (l3 − l1) = l3 is idempotent in R, by
Theorem 2.20, x1 = l1 + (l3 − l1)I is idempotent in R(I). Similarly, n1 + n3 − n1 = n3 is nilpotent in R,
by Theorem 2.21, x2 = n1 + (n3 − n1)I is nilpotent in R(I). Hence, R(I) is nil-clean.

Theorem 3.9. If R(I) is a neutrosophic ring, then every central idempotent of R(I) is uniquely nil-clean
element.

Proof. We now that, every idempotent element of R(I) are nil-clean. Let x be a central idempotent element
of R(I). Then x = (1− x) + (2x− 1). Suppose that x = l+ n, where l is an idempotent and n is a nilpotent
element of R(I). Since nx = xn, we obtain l + n = (l + n)2 = l + 2ln + n2. So, we have n = 1 − 2l and
hence l = 1− x, as reuired.

Lemma 3.10. Let R(I) be uniquely nil-clean neutrosophic ring. Then all idempotents of R(I) are central.

Proof. Let l ∈ R(I) be an idempotent element and x be any element of R(I). Now, the element l + lx− lxl
can be written as l + (lx− lxl) or (l + (lx− lxl)) + 0 each time as the sum of an idempotent and a nilpotent
element of R(I). Since R(I) is uniquely nil-clean, we have l = l+ (lx− lxl). This implies that lx− lxl = 0
and so lx = lxl. In the similar way, we can show that xl = lxl. Hence lx = xl as required.

For the boolean neutrosophic ring, we have the following result. A neutrosophic ring R(I), is called boolean
neutrosophic ring if x2 = x for all x ∈ R(I).

Theorem 3.11. Every Boolean neutrosophic ring is uniquely nil-clean.

Proof. If R(I) is a Boolean neutrosophic ring, then R(I) = Id(R(I)). Since Boolean rings are abelian, we
have Id(R(I)) = C(R(I)). This implies that, R(I) = C(R(I)). By Theorem 3.9, every element of the ring
R(I) are uniquely nil-clean. Hence R(I) is uniquely nil-clean ring.
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4 Refined Nil-clean Neutrosophic rings

In this section, we study the equivalence between classical nil-clean ring R and the corresponding refined
neutrosophic ring R(I1, I2), and n-refined neutrosophic ring Rn(I). We begin with the following theorem.

Theorem 4.1. 1 Let R(I1, I2) be a refined neutrosophic ring, then

(i) x = a+ bI1 + cI2 is idempotent in R(I1, I2) if and only if a, a+ c, a+ b+ c are idempotents in R.

(ii) x = a+ bI1 + cI2 is nilpotent in R(I1, I2) if and only if a, a+ c, a+ b+ c are nilpotents in R.

Remark 4.2. Theorem 4.1 should be extended to the case of n-refined neutrosophic rings.

Theorem 4.3. 17 Let R be a ring. Then the class of nil-clean rings is closed under homomorphic images.

Theorem 4.4. Let R be any ring, R(I1, I2) be its corresponding refined neutrosophic ring. R(I1, I2) is nil-
clean if and only if R is nil-clean.

Proof. Assume that R(I1, I2) is nil-clean. Since R is a homomorphic image of R(I1, I2), so R is nil-clean by
Theorem 4.3.
Conversely, assume that R is nil-clean, we must prove that R(I1, I2) is nil-clean. Let x = a + bI1 + cI2 ∈
R(I1, I2) then a, a+ c, a+ b+ c ∈ R. Since R is nil-clean we have a = l1 +n1, a+ c = l2 +n2, a+ b+ c =
l3 + n3, where li are idempotent elements and ni are nilpotent elements of R. Now,

x = a+ bI1 + cI2

= a+ [(a+ b+ c)− (a+ c)]I1 + [(a+ c)− a]I2

= (l1 + n1) + [(l3 + n3)− (l2 + n2)]I1 + [(l2 + n2)− (l1 + n1)]I2

= (l1 + n1) + [(l3 − l2) + (n3 − n2)]I1 + [(l2 − l1) + (n2 − n1)]I2

= (l1 + (l3 − l2)I1 + (l2 − l1)I2) + (n1 + (n3 − n2)I1 + (n2 − n1)I2)

= x1 + x2.

where, x1 = l1 + (l3 − l2)I1 + (l2 − l1)I2 and x2 = n1 + (n3 − n2)I1 + (n2 − n1)I2. By Theorem 4.1,
l1, (l2 − l1) + l1 = l2, l1 + (l2 − l1) + (l2 − l1) = l3 are idempotents in R. Therefore, x1 is a idempotent
element of R. Also, x2 is a nilpotent element of R by a similar discussion. Hence R(I1, I2) is nil-clean.

Theorem 4.5. Let R be any ring, Rn(I) be its corresponding n-refined neutrosophic ring. Then Rn(I) is
nil-clean if and only if R is nil-clean.

Proof. Assume that Rn(I) is nil-clean. Since R is a homomorphic image of Rn(I), so R is nil-clean by
Theorem 4.3.
Conversely, assume that R is nil-clean, we must prove that Rn(I) is nil-clean. Let x = a0 + a1I1 + a2I2 +
· · · anIn ∈ Rn(I). Now,

x = a0 + a1I1 + a2I2 + · · · anIn

= a0 +

 n∑
i=0

ai −
n∑

i ̸=1

ai

 I1 +

 n∑
i̸=1

ai −
n∑

i̸=1,2

ai

 I2 + · · ·

+ [(an−1 + an + a0)− (an−1 + a0)] In−1 + [(a0 + an)− a0] In

= (l0 +m0) + [(l1 +m1)− (l2 +m2)] I1 + [(l2 +m2)− (l3 +m3)] I2 + · · ·
+ [(ln−1 +mn−1)− (ln +mn)] In−1 + [(ln +mn)− (l0 +m0)] In

= [l0 + (l1 − l2)I1 + (l2 − l3)I2 + · · · (ln−1 − ln)In−1 + (ln − l0)In]

+ [m0 + (m1 −m2)I1 + (m2 −m3)I2 + · · · (mn−1 −mn)In−1 + (mn −m0)In]

= x1 + x2.

where, li are idempotent elements and ni are nilpotent elements of R. By the Remark 4.2, x1 is an idempotent
element of R, because l0, l0+(l1−l2)+· · ·+(ln−l0) = l1, l0+(l2−l3)+(l3−l4)+· · ·+(ln−1−ln)+(ln−l0) =
l2, · · · are idempotents in R. Also, x2 is a nilpotent element of R by a similar discussion. Hence Rn(I) is
nil-clean.
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5 Conclusion

In this article, we introduce the the new class of rings called, nil-clean neutrosophic rings is a ring and we have
studied various properties of nil-clean neutrosophic rings with proper examples. Also, we have determined
necessary and sufficient condition for a neutrosophic ring, refined neutrosophic ring and n-refined neutro-
sophic ring to be nil-clean.
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