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Abstract

A complex linear Diophantine fuzzy (CLDJF) set extends a linear Diophantine fuzzy set (CDFS) by han-
dling uncertainty with complex-valued membership degrees within a unit disc. In this paper, we combine
the notions of LDFS, BCK-algebra, and complex fuzzy set (CFS) to preface and elaborate the innovative
concepts of CLDF subalgebras (CLDF — Subs), CLDF ideals (CLDF — Zds), CLDF implicative ideals
(CLDF — I1ds), and CLDF positive implicative ideals (CLDF — PZZds) in BCK-algebras, and probe their
fundamental characteristics. These new notations of certain kinds of algebraic substructures in BCK-algebras
serve as a bridge among CLDFS, crisp set, and BCK-algebra and also demonstrate the influence of the
CLDFS on a BCK-algebra. Moreover, we examine some illustrative examples and prevalent features of these
innovative notions in detail. Finally, characterizations of these intricate fuzzy structures are given, and related
results for ideals, implicative ideals, and positive implicative ideals in the view of CLDFS's are obtained.

Keywords: BCK-algebra; Complex linear Diophantine fuzzy set; Complex linear Diophantine fuzzy subalge-
bra; Complex linear Diophantine fuzzy ideal

1 introduction

In mathematics, BCK-algebras are a significant part of algebra, particularly in the domain of logic and alge-
braic aspects related to non-classical substructural logic '™ BCK-algebras serve as development concepts in
different mathematical domains. In substructural logics, BCK-algebras are utilized to model logics that lack
certain structural rules, like contraction or weakening found in crisp (classical) logic. In mathematical logic,
BCK-algebras provide tools for deliberating about alternative logical frameworks that may be more applicable
to specific situations in some branches of computer science, philosophy, and linguistics.

The fuzziness of certain topics in pure and applied mathematics is a ramification of mathematics that deals
with reasoning and systems where the notions of membership or truth are not binary (i.e., in or out, true or
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false). Instead of a strict yes/no or true/false dichotomy, fuzzy mathematics permits numerous levels of truth or
membership, which are presented by values in the range, usually between 0 and 1. In 1965, Zadeh® enhanced
the classical set by implementing the fuzzy set (FS). This is important to provide a mathematical structure for
addressing uncertainty and vagueness. For a FS representing “tall people”, the membership function might
assign a membership value of 0.8 to a person who is 6 feet tall and 0.3 to someone who is 5 feet 5 inches
tall, reflecting the gradual nature of “tallness”. The membership “6” and non-membership “¥)” functions are
utilized to describe the intuitionistic fuzzy set (ZFS). The uncertainty model was effectively defined by the
ZFS theory by Atanassov> in 1983. For particular applications, the ZFS is more useful than FS because it
uses the condition 0 < 0 4+ 9 < 1.

To develop a model for imprecise data, the theoretical framework of the Pythagorean fuzzy set (PFS) was
proposed by YagerIEI as a generalization of the theory of ZFS. PFSs have values for two functions: the
membership “6” and the non-membership “¢9” functions. In addition, there is a constraint 0 < 62 + 92 < 1.
After that, many researchers explored an innovative idea known as a g-rung orthopair fuzzy set (¢ — ROFS)
to broaden the scope of ZFS and PFS 78l Riaz et al® suggested the linear Diophantine fuzzy set (CDFS)
theory and explored its uses in MADM problems. This notion is a novel way to express vagueness in decision-
making. LDFS is more flexible and reliable than recent concepts, such as ZFSs, PFSs, and ¢ — ROFSs,
as it contains reference factors with membership and non-membership functions. This notion is a novel way
to express uncertainty in decision-making. LDFS is more flexible and reliable than current concepts, such as
IFSs, PFSs, and ¢ — ROFSs because it contains reference or control factors with membership and non-
membership functions. In the decision-making issues, Aydogdu et al 10 developed the linear Diophantine fuzzy
Additive Ratio Assessment (ARAS) method, which combines LDFSs with the ARAS method for decision-
making problems. In this regard, for more extensions of LDFSs and their applications, Almagrabi et al ™l
designed an MCDM framework to evaluate and prioritize emergency response strategies based on multiple
criteria, including severity, urgency, and resource availability. Al-QuranZ proposed aggregation operators are
shown to be effective in MADM problems.

Figure [I] effectively represents the hierarchical generalization from the most fundamental FSs to the most

advanced LDFSs.
Fuzzy sets

[ Intutionistic fuzzy sets }
[ Pythagorean fuzzy sets }

l

{ g-Rung orthopair fuzzy sets ]

|

[ Linear Diophantine fuzzy sets ]

Figure 1: Hierarchical structure of FS's.

Due to the above investigations, Figure@ (a), (b), (c) and (d), represents the shape of the codomain of ZFS,
PFS,q—ROFS and LDFS, respectively.

1

(@ 1

(2)

Figure 2: The codomain of ZFS, PFS, ¢ — ROFS and LDFS.
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Existing models are insufficient to assess all data, resulting in information loss throughout the process. To
address this issue, Ramot et al 34 came up with the idea of complex fuzzy sets (CFSs), which are more
advanced than regular FSs because they allow complex membership values. This makes it possible to repre-
sent and analyze uncertainty and ambiguity in complex systems in more complex ways. For example, suppose
we are evaluating the quality of a product based on several criteria. In a traditional S, we might assign a
real-valued membership function to represent how well the product meets certain quality standards. For a more
nuanced evaluation, we could use a CFS to include additional dimensions of uncertainty or preferences. Alk-
ouri et al'l?! developed a complex ZFS that is an extension of the standard CFS, where the membership and
non-membership functions take complex values rather than real numbers. By using complex ZFS.S, health-
care professionals can better model the uncertainty and hesitation involved in diagnosing a condition. For
instance, the complex membership and non-membership values allow for capturing more nuanced information
about the condition?s presence or absence. Also, Ullah et al'® proposed complex PFS to expand the scope
of complex ZFS and accommodate complex Pythagorean fuzzy values.

Rosenfeld! propounded the concept of fuzzy groups as a combination between traditional groups and FSs.
Also, X#1% and Ahmad'® implemented the theory of fuzzy BCK/BCI-algebras by merging the ideas of crisp
BCK/BCl-algebras and FSs. Jun et al 2V initiated the integration of fuzzy BCK/BCl-algebra and ZFS. Nit-
mala et al.2l' explained Pythagorean fuzzy BCK-algebras. Muhiuddin et al?% applied the concept of LDFSs
in BCK/BCl-algebras. They proposed the ideas of subalgebras and commutative ideals based on LDFSs.
Kamaci®® established £LDF algebraic structures as a new area of research, combining fuzzy set theory and
LD equations. Yousafzai et al** provided an alternative definition of CLDFS and applied it in information
theory. As a combination between CFS and LDFS, Kamaci® propounded CLDFSs, and then applied it to
medical diagnosis. Guan et al2 for the first time applied the theory of CLDFSs to algebraic structures, espe-
cially AG-groupoids. By extending the work of CLDF AG-groupoids and previous works on fuzzy algebraic
structures, the notion of CLDF subalgebras and CLDF (implicative and positive implicative) ideals in BCK-
algebras is presented and studied. To establish the originality of this structure, Figure 3| demonstrates a novel
hybrid extension of LDF BCK-algebras and complex fuzzy BCK-algebras known as CLDJF BCK-algebras.

/

) Fuzzy BCK- | .
’ algebras LL
e N\
‘ Complex fuzzy BCK-
[ Intuitionistic fuzzy | glochis

BCK-algebras U

 BCK-algebras ) ﬂ Complex linear
| Pythagorean fuzzy Diophantine fuzzy

Y BCK-algebras BCK-algebras

i f

g-Rung orthopair fuzzy ] " Linear Diophantine ]

— BCK-algebras fuzzy BCK-algebras

Figure 3: Hierarchical structure of CLDJF BCK-algebras.

The rest of the manuscript is systematized as follows: In Section 2] we provide elementary definitions related
to BCK-algebra and CLDFSs. In Section [3] we define CLDFSubs and CLDF — Zds in BCK-algebras,
provide some instances and look into their features. In Section ] we define the term of CLDF — ZZd of
BCK-algebras. Then, We discuss relations between CLDF — Zds and CLDF — PZZds in BCK-algebras. In
Section [5} we introduce the CLDF — PZZd for BCK-algebras. Then, we study certain dominant features of
this concept in detail. Finally, the conclusions and some future studies of the current paper are proposed in
Section[6] Table I lists the acronyms used in the study article.

2 Preliminaries

BCK-algebras® are types of algebraic structures used in the study of non-classical logics, particularly in the
context of certain types of implication algebras. These algebras generalize certain aspects of set theory, logic
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Table 1: Acronyms List.

Acronyms Representations
FS(s) Fuzzy set(s)
CFS(s) Complex fuzzy set(s)
IFS(S) Intuitionistic fuzzy set(s)
PFS(s) Pythagorean fuzzy set(s)
q— ROFS(s) g-Rung orthopair fuzzy set(s)
LDFS(s) Linear Diophantine fuzzy set(s)
CLDF Complex linear Diophantine fuzzy
CLDFS(s) Complex linear Diophantine fuzzy set(s)
CLDF — Sub(s) CLDF subalgebra(s)
CLDF —Id(s) CLDF ideal(s)
CLDF —IZd(s) CLDF implicative ideal(s)

CLDF — PIZd(s) CLDF positive implicative ideal(s)

and have applications in some areas, such as theoretical computer science and mathematical logic.

A BCK-algebra is a structure (U/; (), 0) consisting of a non-void set I/, a binary operation () on I/, and a constant
0 € U, satistying the following axioms: Vuq,, V4, , Wa, € U

A non-void Z of U is referred to a subalgebra of U if ug, § va, € I,Yug,,va, € L.

A non-void Z of U is referred to an ideal of U (seel2) if it meets:

0 € 7 and (VYugy, va, € L) (ug, Q0 va, €L Avg, €I = uqg, €I). (1)

A non-void Z of U is referred to an implicative ideal of U if it meets:

0€Zand (Vudo, Vdyy Wdy € I)(((udo Q (Udl Q ud0)> Q wd2) €L Nwq, €L = ug, € 7). 2)

A non-void Z of U is referred to a positive implicative ideal of U if it meets:
0 € T and (VYud,, vd,, Way € L) ((tay O vay) § wa, € Z A va, § wa, €L = ug, () wa, € L). 3)
Definition 2.1 (#). Let/ be a universal discourse set. Then, a FS F in U is an object form
I = { (g (i (uay))) © ua, € UY,
where pf (uq,) € [0, 1] represents the grade of members of w4, € U into the set F .

Definition 2.2 (1%). Let I/ represent a universal discourse set. Then, a CFS F in U is an object form

F= {(udm(/‘}'(udo))) ¢ Udy Gu}v

where 7 (ug,) = pr(ug, )e?” (“a0) represents the grade of complex-valued members of ug, € U into the set
C.
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Definition 2.3 (). Let U/ represent a universal discourse set. Then, a LDFS L in U is an object form

L= {(udov (Mﬁ(udo)v)‘ﬁ(udo))a (Vﬂ(udo)75£(udo))) DUg, € Z/[},

where iz, Az, 5, 6% € [0, 1], respectively, represent the grades of members, non-members, and references
parameters of u4, € U into the set £ with the conditions 0 < Y+ 65 <land 0 < A%pup + 65X, < 1.

Definition 2.4 2%). Let I/ be a universal discourse set. Then, a CLDFS L in U is an object form

— —

£ = {(tay, (7 (1a, €2 (10), X7 (g ) P20, (7E (ugy), 65 (q,))) + gy € U},

where ﬁz(udo)eifi("do) and Xz(udo)ei“?;i(“do) are complex-valued membership and non-membership func-
tions, respectively such that

|ﬁZ(udo)ei9£(Udi)\|7 |5‘\L:<udo)ei%(udo) ‘7 VE(udo)7 0 ~(udo) € [07 1}7
0<6z(ug,) < 2w, and 0 < @z (uqg,) < 2,

satisfying

7 (g )2 C40) |y £ (ugy ) + |\ 7 (tgy )2 40) |52 (ug,) < 1,

VE (tgy) + 6% (ugy) < 1, and 0 < O (uay) + P4 (uay) < 27, Vug, € U.

3 Complex Linear Diophantine Fuzzy Ideals

In this section, we apply the CLDF S's to subalgebras and ideals of BCK-algebras. We originate the notions
ofaCLDF — Suband a CLDF — Zd, and discuss their characterizations.

Definition 3.1. A CLDFS £ = (< fipeifz, M;ei%z > < ~£,6E >) of U is called a CLDF — Sub if
Vudw V4, € Uu:
(CLY) i3 (uay § va, )02 a0 000) > [ (ugy )2 (o) A iz (vg, o0z as),

(CL2) N (ugy § va, )eiP2aolva) < X7 (ug, )eiP2(ao) v X 7 (vg, )eiP2(var),

(CL3) 7% (ugy § vay) > 7E (ag) A (va,),

(CL4) 6% (udy  vay) < 65 (ugy) V 85 (va,)-
Example 3.2. Consider a BCK-algebra Uf = {0, ug,, v, , wa, } With Table 2:

Table 2: Cayley’s table for ()-operation

Q 0 Ud, Vd, Wy,
0 0 0 0 0
Ud, Ud, 0 0 Udy
Vd, Vd, Ud, 0 Vd,

Wy, Wy, Wy, W, 0

Now, define a CLDFS L = (< ﬁZeiefﬁt, S\Eei‘/?z >, < AL, 68 >)onl as:

< 0.75¢95™ 0.05e0 7" >, < 0.85,0.05 > if 0 =0,
L(8) = { < 0.55¢067 0.05¢75™ > < 0.65,0.05 > if 3 = ug,,
< 0.05¢0-17 0.15¢07" > < 0.05,0.15 > if & = {vg,,wa, }.

It is easy to demonstrate that £ is a CLDF — Sub of U.
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Lemma 3.3. If £ = (< ﬁzewAﬁ“, :\Eei@i >, < £, 62 >) isa CLDF — Sub of U, then

F/LE(O)EW/E(O) Z g (udo)ewtz udg)
;\\i(o)eicﬁz(o) < )\é(udo)e“pa(“do
VE0) > 7 (uay),
SE(0) < 0E(ug),
forallug, € U.
Proof. Let ug, € U. Then, we have
ﬁz(o)eiag(o) — ﬁZ(udo Qudo)eiei(“dog“do)
> IEZ(udO)eiéz(udo) /\ﬁZ(Udo)eiéz(“dO)
= ﬁz(udo)ei@(udo)>
/\NE(O)ei@z(O) — :\E(udo Qudo)ei@‘z(udogudo)
< /\E(udo)ei%(udo) \% )\é(udo)ei%(“do)
= Az (ug,)eP(me0)

and
S£(0) = 6% (ugy 0 ttay) < 0% (ugy) V 6% (ugy) = 6 (ua, )
Therefore,
TR > 7 (g, )e 20
A+(0)eP20) < )/\E(udo)ewg(udo)
VEO) > (),
6E(0) < 0 (uy).

O
Definition 3.4. A CLDFS £ = (< jizez, X pei¥e > < £ 6L >) of U is called a CLDF — Id if

Vudo,vdl ceUu:

(CL5)

(CL6)

717 (14, €72 400) > [i7 (g, § va, )= anloan) A 7 (g, )02 0r),
N (11, )€ PE00) < Az (g, [ g, )€PE000) v N (v, )eiPE(00)

(CL7)

— — —~
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Table 3: Cayley’s table for ()-operation

Q 0 Y4 Ud, Vd, W,

0 0 0 0 0 0

4 l 0 l 0 0
Ud, Ud, Udy 0 0 0
Vd, Vd, Vd, Vd, 0 0
W, W, W, W, Vd, 0

Example 3.5. Consider a BCK-algebraif = {0, ¢, uq,, v4, , W4, } defined by Table 3:
Now, define a CLDFS L = (< fize'z, )Eeifi >, < £, 62 >) onU as:

< 0.8¢10-57 0.1e7067 > < 0.75,0.05 > if d =0,

< 0.66067 0.3606™ > < 0.55,0.25 > if O = £,
L(0) = { < 0.4e047 056067 > < 0.35,0.45 > if § = ug,,

< 026067 076027 > < 0.15,0.65 > if O = vg,,

< 0.2e047 0.7¢1057 > < 0.15,0.65 > if O = wq,.

It is straightforward to demonstrate that £ = (< @eiéz7 )A\geig’vé >, < £, 6% >)isaCLDF —Id of U.

Lemma 3.6. Let £ = (< ﬁZewAfi, )f\;ei‘fi >, < 75, 5L >)beaCLDF — Id ofU and uq,,vq, € U such that
Ud, < Vq,. Then,

> iz (vg, )e?s0n),

< Ap(vg,)ePetvn),

Proof. Letug,,vq, € U such that ug, < vg,. Then,
7 (g, )20 > T (uay v e 020l A i (v, o0 )
= Z(O) O A (v, )e %)
— z(va)e ),
Az ;\::,(udo Q vdl)eiﬁ(u‘lo Qvar) v ;‘E(vdl)ei%(vdl)
= Az(0)ePE OV Az (ug, Jei P )

= Xp(va,)eFem),

— —~ — —

7E () = 7 gy § va,) A (0ay) = 7E(0) AL (va,) = 7E (va,)

and

— — — —

0% (tay) < 0% (uay § va) V 0% (vay) = 02(0) V 6 (v, ) = 0% (va,)-

—~

Therefore, 17 (uq, )02 (Ma0) > [i7 (vg, )2 (0) X7 (uq, )iz Wa0) < Xz (vg, )Pz 00) L (ugy) = vE (va,)

and 65(ud0) < yi(vdl). O

Lemma 3.7. Let L = (< ﬁZeiéz,);ei‘EZ >, < v£, 6% >) be a CLDF — Td of U and ug,, va,, wa, € U
such that ug, () vq, < wq,. Then,

Jel2(o) > fig(wg, ) 2(%) A fig(vg,)e 02,
éé (udo )ewjé (1140) < )\ﬁ (wdz )elwé(w%) V )\E (Udl )eupg (va, )’
) (

V= (udy) = 75 (wa,) A vE(vay),

=
0L (ug,) < 65 (wa,) V 6L (va, ).
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Proof. Let ug,, g, , wa, € U such that ug, § vg, < wq,. Then we have

7 (g, )eP2Wa0) > T (ugy  va, )€ P2 @a0lvn) A 73 (vg, )ef20n)
> (g 0 vay) § way )e0z (oo 0va)l0as) A = (1, )02 (Wa2) A 7% (vg, )iz ar)
= 3(0)e72O) A 5 (wg, )2 (Waz) A T3 (vg, )6t (V)
- fé(wdz)e@(wm /\@(vdl)eiéz(vdl),
fé(udo)e@mo) < S\E(Udg 0 vg, )€z lva) vy X (vy, )e'PE (V)
< Ap((uay 0 vay) § way et Pe(a00ta)la) v/ s (wg, )2 002) v Az (vg, )e'%2 (v, )
= A;(0)e 2O v X5 (wg,) e PE W) v X (vg, )eiPE (V)
Az (wa, )€ P2 02) X5 (vg, )€ P2 (Var)
;Z(udo) > ;\(Udoﬁvdl)/\V (va, )
> 72 ((uay 0 vay) § wa) AE (wa) A (o)
= 9£0) ArE(wi) A9 (va)
= A (way) AYE(va,),
and
6E(ugy) < 6L (ugy 0 vay) V 6E(va,)
< 6%((ug, §va,) G wa) v 52 (way) v 65 (va,)
— 5t (O)vaﬁ(wdz)va C (vg,)
= 5 (w )V (vdl).
Therefore,
13 (ugy )2 Ma0) > [ (wgy )2 (W) A T3 (vg, )ePe W)
:\E(udo)ei%(udo) < );(w@)eiﬁ;;(w@)\/j\z(vdl)eisﬁz(wl)7
VElug) > AE(wa) AvE(va,)
and

6[: (U’do) < 6£ (wd2) \ 5£(Ud1>'
O]

Theorem 3.8. Let £ = (< ﬁzeig;, )’\Eei@i >, < 4L, 6L >) be a CLDF — Td of U. Then, ug, () vq, < wa,
implies

ﬁZ(udO)ezGc(udo) > ﬁZ(Udl) ié}(vdl) A ,L/L\“( ) ié}(wdz)’
:\E(udo)ewﬁ(“do) < ),\Z(Udl )elPe(var) A )= F(way)e iz (way)
’yé (udO) > Pyé (Udl ) A PYL (wdz )7

and
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Proof. Letug,,va,, wa, €U, ug, § va, < wa,. Then, (ug, § va,) § wa, = 0. Now, since L is a CLDF — Zd

of U, then
ﬁz(udo)ewé(u{ig) > 12y (udo Q vd1)6i9£(ud0 Qoar) A ﬁz(vdl)ewé(vdl)
= /J'f,((udo Q vdl) Q wdz)ewé((UdL0 foay )Qwe, ) A ﬁZ(w@)ewi(wer) A ﬁ\ﬁ(vdl)ewé(vdl)
— u£~<0)€"§E(O) A ﬁz(wcb)eiég(wdz) A /jz(vdl)eié;:(vdl)
= iz (wa,)e P2 (0) A 3 (v, )e P20,
j\z(udo)ei@z(udo) < )/‘E(udo Q Udl)ei@z(udo Jva, ) V. :\E(Udl)ei@z(vdl)
S Ra((uay D) 0 w4, PECndeun)100s) y 5, ) PE02) v 3 (v, ) P2 )
= X006 P2 v X1 (wg, )€ P2 (Pa2) v/ X1 (vg, )eiPE M)
_ E(wd2)eiﬁ(wd2) v )f\z(vdl)ei%(vdl)v
7£<udo) = ’Y (udo del) /\'7 (vdl)
= ’Y ((udo Q Udl) Q wd2) /\7 (wdQ) /\’yﬁ(vdl)
= 1" (0) (wdz) Ay (Udl)
= v (w 2) A (Udl),
and
5£(ud0) < 6 (udo del) V6~ (Udl)
< of “((udy 0 vay) O way) V 6% (wa,) V 62 (va,)
— f (0) vai(de) V 6L (vg, )
= 6 C(wa,) V 65 (vg, ).
Thus,
/”/LZ(udo)eiei (Udo) 2 /‘/LZ(vth )eieé(vdl) A ﬁE(wdz)ewé(wd2)a
;\E(Ud ) 1oz (uay) < S\E(Udl)ei(o‘z(vdl) /\S\E(wdz)ei%(wd2)7
’yi(udo) = ,yi (Udl) A ,yé (wd2)7
and
5£(udo) < 5£(Ud1) V6~ (wdz)
O
Theorem 3.9. If £ = (< ﬁZeiéZ A998 > < AL 6L ) be aCLDF — Td of U, then, for all wgy, i, , sy, - - -
uy
Mi(udo) 10z (uag) > iz i (ug, e Oz (ua) A .. A@(Udn)eigg(“dn),
ﬁ Ai(udo) Z‘PL(“do < )\E( )eia;f(udl) \/...\/)\i(udn)ei%(udn)’
Ugq, Q Ud; = 0= 3 -z -z (4)
el v (udg) = v (uay) AYE(ua) A+ AvE(ua,),
5£(U‘d0) < é(ud1> V6~ (udz) ViV 6£(udn)7
where [} uay 0 ua, = (- ((udy 0 ua,) 0 ugy) 0 -++) 0 ua,-

Proof. The proof can be found on n. Let LbeaCLDF - Zd of U. For n = 2, the condition (EI) is valid, as
demonstrated by Theorem Assume that, for n = k, £ fulfills (EI) that is, for all ugq,, Ud,, Udy, - , Ud, €
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U, Hf:l ud, () ug, = 0 implies

@(udo)ei%(wo) > ip(ug, e’ 07 (way) A A @(udk)ewzwm’
S‘E(Udo)eiﬁ(udo) < )‘ (Udl )ezwﬁ(vdl) VeV ;‘E(udk)ei%(udk)7
’yé (udo) z (udl) (udz) ARRRNA PYZ (udk)’
0 (ugy) < 5L(“d1)\/M(udz)v“'Vﬁ(udk)-
Let ugy, Ud, , Udy, -+ * 5 Udy, , Ud,,, € U such that H 1 Ugy O g, = 0. Then,
77 (o O wa )€ (uay  way) > A7 (uag)e®2Wa) A A fE (g, )e 2 M),
5\E(udo Q Ud,y )eZLPC(CEQUdl) < Eﬁ(ud2)6zwa(u{i2) VeV S\E(Udk+1 )6i%(udk+l)a
75 (udo Q udl) > Pyé (udQ) (Ud3) ARERNAN ’75 (udk+1 )7
6£(ud0 Q ud1) < 6E(ud2> \ 6£(ud3) VeV 5£(udk+1)'

Since £ is a CLDF — Id of U, it follows from Definition[3.4] (CL6) and (CL7) that

ﬁz(udo)ei@(udo) > i (ugy 0 ug, )e™ 07 (waq Dy ) /\ﬁz(udl)eiﬁ(udl)
> 2 ()P0 A7 ()€ T A AT (g ) 2 ),
Xg(udo)ei%(udo) < )~ +(uay 0 ug, e wl;(udoiﬁudl)\//\Ni(udl)ei%(udl)
< Ap(ug, )etPEa) Vj\i(udz)ei@‘(u@)\/...\/S\E(udkﬂ)ei%(“dkﬂ)’
Elua) > 7y O ua) A7 )
> 7 (ua) A (as) A A )
5E(ugy) < 6% (ug, Qudl)vé  (ug, )
< 0L (ugy) V 8 (ugy) V- V 6 (ugy ).

Theorem 3.10. Let £ = (< jizei?z, X :¢%2 >, < v£,6€ >) be a CLDF — Td of U. Then,

777 (uay § vay)eP2@a0 ) > % (ug) [ wg, e P20 lvn) AR (wa, § vg, )02 (Welvn)
Ao 0w )0l < Xifuag, 0 wa,)er% 00DV 3w, v, e,
’V[E(udo del) > 7£(u dez) ’V (wdQ del)
0 (ugy 0 va,) < 65 (ugy ) way) V v 6l C(way § Vay )

Sforall ug,,vq, ,wq, €U.

Proof. 1t is worth noting that ((uq, § v4,) § (v, ) Wa,)) < (Wa, ( va, ) for all ug,, va, , wa, € U. It follows
from Lemma[3.6] that

7 (tay 0 vay) O (gy § way )20 lra)luaniwas) > 5 (g, vg, )e 02 @ntva),
Yz((udo 0 va,) 0 (uq, de ))ewg((udoiﬁvdl)Q(udUde2)) < N~ +(wa, del)ewc(wdzijvdl
((udo Q vdl) Q (udo Q wd2) = ’V[:(w Q vdl)’
((udo 0 vay) 0 (udy Q wa,) < 55(% 0 vay)-

By Definition[3.4] (CL6) and (CL7) that,
ﬁz (udo Q Vd, )eiég(u% Quay)
7 (way 0 va,) 0 (i § way))e P2 ool Do) p gz (g, g, )P (ol

= /72(11)512 Q vdl)ei@(w@(}vdl) A :L/LZ(udo Q wd2)ei§£(udo Qway)

WV

_ ,L/LE(UdO Q wdQ)eia;g(udo Jwa,) A //lfz(wdz Q Va, )eiéz(wdg de1)7
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Mg (g § g, e PE(anten)
< 5\E((udo Q vdl) Q (udo Q wd2))€i%((udodel)Q(udoQWdQ)) \ :\\L:(udo Q wdz)eiﬁ(udogwﬁ)

<Az (way 0 vay )€ P20V N (ug, ( wa, ) PE Mol

= Az (udy § way)e Pl v N7 (wq, § vg, ) Pe e lvan),

E

vz ((ude Q vay) O (wdy O way)) Ayp(ud, § wa,)
Vi (Way § vay) Ay (udy O was,)
YZ (udo Q wdz) A Vi (wdz Q vdl)’

vz (Udy § va,)

VoWV

07 ((udy § vay) O (udy § wa,)) V 0 (uay § wa,)
oz (udo Q Udl) \ 6~(ud0 Q wdz)
6ﬁ(ud0 Q wdz) Vs (wdQ Q Udl)

07 (udy O vay)

NN

This completes the proof. O

Theorem 3.11. Let £ = (< ﬁZeiéZ, AP2 > < AL 6L >) be a CLDF — Td of U. Then,

/jl\i(udo Q (U'do del))eigz(UdoQ(Udondl)) > g (Udl) E(vdl
Xg(udo 0 (udy 0 va, ))e Pz luaglva)) < )= +(vg, )€t PE@a)
VE(tay ( (tay ) va,)) > v £(va,),
6£(udo Q (udo del) < 6 (Udl)’

forall ug,,vq, € U.

Proof. Let L be a CLDF — Td of U such that ug, ) (uq, § va,) < va,. Then, we have

7 (tay (1, 1 vay))e P2 o000 00m )

> 7 (udy § (uay 0 va,)) § va, )02 (a0l aaQa))Toa) & iz (vg, )02 (vg,)
= 7(0)e ") A 3 (va, ) =)

= iz (vg, )2 ),

N (g U (tay § va, ))er@e (o 2o 0va))
5“[jl((udo Q (udo Q vdl)) Q Ud1)6i$z((ud0§(u‘i0gvdl))del) \ 5‘\E(Udl)61‘4‘5\2(%11)
= )/\2(0)61‘52(0) v )/\E(vdl)ei«ﬁz(vdl)

= )‘ﬁ (Udl )6“'52 (vay) )

N

o~ o~

’Y[:(udo Q (U'do del)) 2 ’Yi'((udo Q (udo del)) Q vdl) A ;E(Udl)
£(0) AyE(va,)
(vd1)7

=) )

5£(udo Q (udo Q vd1)) 5£((Ud0 Q (udo del)) Q Ud1) v ;{E(,Udl)

6£(0) v 6£(vg,)

= 6 (va,).

N

This completes the proof. O

DOI: https://doi.org/10.54216/1JNS.260303 36



International Journal of Neutrosophic Science (IJNS) Vol. 26, No. 03, PP. 26-48, 2025

Theorem 3.12. Let £ = (< ﬁzei‘;ﬁt, )’\zei‘ﬁz >, < v£,6£ >) be a CLDF — Id of U satisfying the condition
(@). Then, L is a CLDFId of U.

Proof. 1t is worth nothing that (- -+ ((0 ( ug,) § uay) 0 -+ ) § ua, = 0 for all ug, € U. According to @),

OO > iz ug,)e %),
)\ s(0)e iz (0) < )\é(udo)ewg(udo
vE(0) = vi(udo)
5E(0) < 0% (uay)-

Let ug,, vd,, Wa, € U, ug, () v4, < wa,. Then,

0= (udo § vay) § wa, = (-~ (((td § va,) § wa,) 00) O ---) 00,

and so
2 (ua)eP20) > iz (04, )e P20 A iz (way )02 00) A i (0)e 02 )
= iz e A fig () )
A (g, )ePEa0) < X, (vdl)ewf_(vdl)v E(wdz)ewc(w@)\/)\ (0)e'?2(0)
= A (vdl)ewﬁ vay) (wd2)ewg(wd2
lua) > 75(va) Avﬁ<wd2>Avﬁ<0>
= 7 (vdl)AV “(was),
E(ugy) < 6L (va,) V 6E (wa,) V 6E(0)
= 5£(vd1)v6£(wd2)
Hence, by Lemma we conclude that £ is a CLDF — Zd of U. O

Theorem 3.13. Every CLDF — Zd of BCK-algebrald is a CLDF — Sub of U.

Proof. Let L = (< ﬁZeiéZ,)A\Eeiﬁ >, < 7L, 6L >) be any CLDF — Zd of U and ug,,vq, € U. Since
(Udy § vay) O way = (ugy § uae) § vay = 0 § va, = 0, it follows that ug, § va, < ug, in Y. Lemma[3.q
asserts that

777 (g )e2(0) < 75 (ugy § va, )e02 (Wan0var),
j\g(udo)eiﬁ(udo) > )A\E(Udo 0 Udl)eitﬁz(udoijvdl),
;Z(Udo) < :YE(Udo 0 vay),
6L (uay) = 0% (ua, § vay)

Thus, we have

7 (g 0 va, )20 ) > i g, )2 > i (g, v )2 00 0) A i (g, )e )
= 7 (uay)e2M0) A fF (vg, )¢ )
)/\E(udo § vg, ez taolva) )\ﬁ(udo)ewﬁ(“do) <Az 2 (ud, § vg, ez taolva) v E(vdl)eiﬁ(”dl)
= )\E(udo)el%(wo V- z(va )eiﬁz(vdl)
Pl Qva) > 75 (a) > 75y § ) A gy 0 va) A (0)
= 'Yé(udo) /\7 " (v4,)
6L (ugy §va,) < OF (udo)ga gy 0 vay) V 6L (ua, § vay) V 6 (va,)
= 5 (udo) \/5 (vdl)
Therefore, £ = (< ﬁEe“;E, )/\Eei@? >, < 75,55 >)isaCLDF — SubofU. O
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Remark 3.14. The converse of Theorem is not true in general as seen in Example 3.3.

Example 3.15. Consider a BCK-algebra U = {0, uq,, V4, , W4, } with Table 4.

Table 4: Cayley’s table for ()-operation

Q 0 Ud, Vd, W,

0 0 0 0 0
Ud, Ud, 0 Ud, 0
Vd, Vd, Vd, 0 0
W, W, W, W, 0

Now define a CLDFS L = (< ﬁZei‘gAL} S\Eei@‘ >, < 7L, 6% >) onU as:

(< 0.65¢70-17 0.25¢1017 > < 0.75,0.05 >) if =0,
() = (< 0.45¢70-27 0.25¢10-27 > < 0.55,0.15 >)

(< 0.25¢1037 0.25¢1017 > < 0.35,0.25 >) if 0 = vy,

( )

< 0.55¢047 0.55¢1047 > < 0.65,0.35 >

if 0= Udy
if 0= W, -

It is easy to verify that £ = (< ,EZeiéE, )A\Eei@vi >, < 7L, 6% >)is a CLDF — Sub of U, but it is not a
CLDF — Zd of U because

0.45¢"0-2™ = ﬁz(udo)eiff("do) * bz (ugy O wdz)e“?i(“do Gwaz) A ﬂz(wdz)eﬁz(“’@) = 0.55¢™047,

Theorem 3.16. Let £L = (< ,1,726“;2,)Tgiei@z > < v£, 6 >) be a CLDF — Sub of U. Then, L is a
CLDF —Id < Y ug,,vq,,Wq, €U such that ug, () va, < wq, implies

ﬂz (U )eié)é (udg) /j[\f (va, )ewi (vay) A ﬁl\f (wa, )ewi (way) ’

>
)/\E(udo)ei?’vg(udg) <A ~(vd1)ei¢2"(vd1) V. E(wdz)eiﬁ(w@),

’Yi(udo) 2 7£(Ud1) Ay (wdz)a

[}

6% (gy) < 0 (va,) V 0 (way ).

Proof. (=) Follows from Lemma[3.7]

() Let £ = (< ez, Xze%2 >, < 4£, 6% >) be a CLDF — Sub of U such that ¥ ug,, va, , wa, € U,
Ugy (0 va, < wq, implies

77 (ug) P2 0) > [z (v, )€ 0200 A 7 (wg, )i P2 (ves)
S‘E(Udo)eiﬁ(udo) < ;\\Zi('l)dl)eupﬂ(vdl) v Xg(wd )eiaz(wdg)
YE(ug)) = YE(va,) AYE(wa,)
0 (uay) < 0E(va,) VO (wa,)

As ugy § (ug, () wa,) < wa,, so by hypothesis

2 (i )02 (ua) > i (ay § va, ) P20 n) A 7 (vg, e P2,
)/\E(udo)ei‘ﬁz(udg) < );(Udo Q Udl)eiﬁ(udogvdl) vV Xg(udl)eiﬁ(wl)?
VE(uay) = YE(uay 0 vay) AvE(va,),
5£(ud0) < 5£(ud0 Q Udl) V (55(1}(11)
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Moreover, Lemma [3.3] asserts that

Vg, € U. Therefore, £ = (< fizei02, Xzei%2 >, < 4£, 6£ >)isa CLDF — Td of U. 0

4 Complex linear Diophantine fuzzy implicative ideals

Here, we apply the CLDF Ss to implicative ideals of BCK-algebras. We originate the notion of a CLDF — IZd,
and discuss some properties of it. Then, in the context of BCK-algebras, we discuss the correspondence be-
tween CLDF — Zds and CLDF — I1ds.

Definition 4.1. A CLDFS L = (< [ipei®z, Xz >, < ~£,6£ >) inU is called CLDF — TTd of U if it
satisfies (C'L5) and for all ug,,va,, wa, €U :
(CL8) 17 (uay)e"2040) > iz ((uay  (vay O 1uay)) § way)ePe(o 200 D Dhaa) A 7 (10, )i (002),

(CL) Az (uay )€ P2 (Ma0) < Az ((udy § (vay § g )) § way )eiP2 (Mo 2oy TaoDwaz) A Xz (wq, )& P2 (Waz),

—

(CL10) 72 (uay) > 72 ((ua § (v, D ) D wa) A ().

(CL11) 6% (ugy) < 6% ((uay § (vay § udy)) § way) V 65 (way)-
Example 4.2. Consider a BCK-algebra U{ = {0, ug,, V4, , Wd,, Tds } With Table 5:
Now, define a CLDFS L = (< ﬁ}eiéz, /\Néei@i >, < £, 62 >) onU as:

Table 5: Cayley’s table for (j-operation

Q 0 udo Udl wd2 -ng

0 0 0 0 0 0
Ud, Ud, 0 Ud, 0 0
Vd, Vd, Vd, 0 0 0
W, W, W, Ud, 0 0
Ldg Ldg Wy, Tdg Ud, 0

< 0.8¢077 0.1e087 >, < 0.65,0.28 > if d =0,

< 0.8¢097 0.1e 7" > < 0.65,0.28 > if d = ug,,
L(9) < 0.8€0-37 0.1€0-2™ > < 0.65,0.28 > if 3= vg,,

< 0.4€0-67 0.5¢10-27 > < 0.35,0.58 > if d = wy,,

< 0.4e7047 0.5¢05 > < 0.35,0.58 > if 0 = x4,.

It is straightforward to demonstrate that £ = (< ﬁzewAﬁ“, /\N[gei‘ﬁz >, < ~+£,62 >)isaCLDF — IZd of .

Lemma 4.3. Every CLDF — IZd of U is order preserving.
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Proof. Let LbeaCLDF — IZd of U. Take Udy s Vdy s Wdy € U, Ugy <

fi7 (ugy)efetvao) >

|
t t “;
hl hl

0)e i6:(0) A T3 (va, )e 0z (vay)

i0; (Udl)

|
=)
hl

Udl)

(
(

Il
1:
hl

Nz (tg, )¢ PE (o)

N
l‘:x

0) igz(0) \/)\ ( )ei@(vdl)

hx

iz
i
i (0
i
iz
Az
A(
Az(0
Az
(

I
sttt

i v
vdl) SDL( dl)7

—~ —

vE(ua,) = dy ) (Way O udy)) § vay) AYE(vay)

hl
(‘:r

—

Udy Q Udl) Q (wdz Q udo)) A 7£(0d1)

0
24
Y200 (w4, D uap)) A7 (o)
24
S

|
= =

Il
2 Bl B 2 =) W) )

0) A (Udl)
Uy )

0% (usy) < O ((uay O (wa 02)) 0 va,) V 0% (vay)
(tdy O va,) § (wa,  ta)) V 6% (vay)

(

(

( 0 (wd2 0 ttay)) V 6 (va, )
(0) v 55(%1)

(

va):

Theorem 4.4. Any CLDF — IZd of U must be a CLDF — Zd of U.

vq,. Then,

(g 0 (way § ugy)) Udl)ei?z((udoQ(wdQQudo))del) A T3 (va, ez var)

(a0 0 0,) 0 (i § ) P20t 000 U0 100 )) 7 0, ) 2 000)
0 (wa, § ua,))e 10£(00(waz Quag)) A @(vdl)ewé(”dl)

Udy () (Way § uay)) ( Vg, )e'Pe (o 0lwazbuag))hvar) v )A\;(vdl)ei@"(vdl)
tdy 0 vay) O (wa, § ay))e 70800 § (way § uay)) v Az (va, e P20
0 (way § ug,))e 10z (00(way Quag)) \/ )’\E(Udl)ei@(ydl)

Proof. Let L = (< ﬁZeiéz, Xgei@i >, < £, 0L >) be a CLDF — TZd of U. Then, for all ug,,vq,,wq, €

U,
7 (wa)e =) > (g, § (v, § a,))
Nz (tag)ePEM0) < X p((uag  (vay O g, )
f(udo) 2 'y[:((udo Q (Uﬂh Q udo)) Q Wy (wd2)
55(“(10) < 5 ((udo Q (vdl Q udo)) dez (wdz)
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Putting vg4, = ug, and wq, = vq,,

13 (ugy )2 Ma0) > 3 ((ugy § (ay O tgy)) § va, €02 (o Quaglua Nvar) p 7% (g, )0z (V1)
= 3 ((ugy 0 0)  va,)e®2(@aa00a) A 7% (v, )02 (var)
= 3 (g, § va)e 7000 A i (v, e %)
;\:ﬁ(ud )eiPEluan) < X (g U (way 0 ay)) § va, )et P2 (#a00(tag0uagNivay) j\z(vdl)ei@z(vdl)
= /\5(( §0) § vg, ez (o 80)0var) v/ j\z(vdl)eiﬁz(vdl)
= A (u § vg, )e'Pe (o va) v Xg(udl)ei%(”dl)
V) = A5y 0 (g § uae)) 0 va) AYE(vay)
= (g, 0) ¢ va,) AvE(vay)
= 'Y[:(Udo 0 va,) Ay ('Udl)
08 (ua)) < O%((uay O (g, D uay)) § va) V % (va,)
= 5% ((ug, 10) V) v 6 (vay)
= 5£(ud0 0 va,) V 5%  (v4,).
Hence, £ is a CLDF — Id of U. O

Theorem 4.5. IfU is an implicative BCK-algbera, then every CLDF — Zd of U is a CLDF — TZd.

Proof. Let L = (< ﬁ}ew/ﬁt, AF€1P2 > < AL 6 >) be a CLDF — Td of U and since U is an implicative
BCK-algebra, ug, = uq, § (vd, § ug,) for all uq,,vq, € U. Then by Definition 6 (CL6) and (CL7),

@(udo)e@(w > 3 (ugy 0 way)e™ 07 (uagway) /\ﬁz(wd2)ei§2(wd2)
= 1z((ugy Q (va, ( uay)) 0 way )2 (aoDvay uag))was) /Ti(wdg)eiéz(wdz)v
)“\E(udo)eiaz(udo) < M- gy 0 Wa, ) Pz o lwas) v/ j\;(de)eiﬁz(w@)
= X\~ (g 0 (va, 0 udy)) 0 wa, )et?e (o va Duag))iwaz) V)Tﬁ(wdz)eicﬁz(wdz)’
Elua) > 7§ wa) ArE ()
= 22((ua, O (v, 0 wa) 0 was) A7 (),
6L (ugy) < 0% (ugy § way) V 0 (way)
= 62 ((udy U (v 0 ay)) § way) V O (way),
for all uq,,vq,,wq, € U. Hence, LisaCLDF — ITZd of U. O]

Theorem 4.6. IfU is an implicative BCK-algebra, then a CLDFS L = (< ﬁzew/z, S\Eei&z >, < 7L, 68 >)
of U is CLDF — Id of U if and only if it is a CLDFII of U.

Theorem 4.7. Let L = (< @e@,fée@ >, < v£,0f >) be a CLDF —TZd of U. Then, the set
Up = {uay € U+ i3 (ua,)e%20) = 700720, Nz(ug,)eiPe ) = X;(0)eP20), 1L (ug,) =

~E(0), 6 (ug,) = 55(0)} is an implicative ideal of U.

Proof. Obviously, 0 € Uz. Let ug,, vq, , wa, € Uz, (uq, § (va, § ud,)) § wa,) € Uz and wq, € Uz. Then,

07 (way) — @(O)eiéf\f(o),

77 ((tdy O (vay 0 tdy)) 0 way )e0e(aodlvanluagDBwas) — — = (1, )e?
:\E((udoQ(UdlQudo))Qudo)eiaﬁz((udog(vdlQUdO))deQ) — /\ﬁ(wd2)ew£(wd2 :)’\E(O)eiaﬁz(O),
ey 0 (v Q) Q) = 2 (war) =120)
0% ((tay U (v, U ay)) D way) = 0 (way) = 95(0).
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(
iz (
iz (

£((tay § (va, 0 tay)) § way )€’ P2 (aodvn Quao)0vas) v X7 (ay
(
(

A7 (a0 (vay 0 a,)) 0 way )e'%(aollvas Do D) A 7 (1, ) 02 es)

1)o7

It follows that
7 (ug)e P2 a0) > i
= IR0 Nz (0)
= nz(0)e i0200),
Tl < 5
_ >‘E 0)e i2z(0) \/ ) - 2(0)e 167 (0)
= )‘é 0)e ipz(0)
Ve (ua) = (i § (e, 1§ ua)) § wa) AYE ()
— 2Z£(0) A4E(0)
= 2£(0),
5E(ug) < 6F

5£(0) v 6£(0)
6%(0).
Combining with Definition 6 (CLS5), we obtain

717 (g, )72 o)

N (g P )

Y

7% )
6% (udy)

and so ug, € Uz. Hence, U is an implicative ideal of .

(

(

( —~
(o O (vay § tay)) O way) V 6% (was)
(

(

O

Proposition 4.8. Let £ = (< @e@ A5 > < AL 6L S) be a CLDF —Td of U. Then, the below

stated statements are equivalent Y, ,vq, € U :

(i) L is a CLDF — IZd of U.

(id) 177 (tay )€ 2 (410) > Tz (uay 0 (va, § uay))e?2uanllvn 0uao)) | Xz (ug, )2 an) < Xz (ugy § (vay

udo))ei%(udoé(vdl QUdo))a 7£(udo) > ’Yé(udo Q (Ud1 Q udo)) and 6£(ud0)

(iid) fiz (a,)e’
Ud, ))e“zvi (udg Q(vay Quag)) , ’yé (udO )
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02 (i) = [i7 (uay O (va, § uay))e0zvandCon 0uso)), Xy (ug, )eiP2(ut) = Xz (ug, § (va, |
= Vé(udo Q (vd1 Q udo)) and 5ﬁ(udo) - 52(“‘(10 Q (Udl Q udo))‘
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Proof. (i) = (ii): Since £ is a CLDF — ZZd of U, then we have

6L (ugy) < OF((uay § (vay U uay)) §0) V8% (0)
v 6(0)

(a2 > T3 (way D (0a, § uay) D 0)e T2 a0 8o D) p 72 0)72(0)
= Jip(uay 0 (va, § uay))e’ 0 (uay(va, Quag)) A Hé(o)ezeﬁ(o)
= Ji7(udy O (vay § ug,))e’ 02 (uag0(vay Quay ).
Xz(u(j )eiPz(uag) /\Né((udo 0 (va, 0 uay)) § 0)eiPE (o Qv uag 00 \/ 3~ (O)e"@i(o)
= /\ﬁ(udo 0 (va, § ug,))e?z (o d(va Guao)) Vs 2(0)e#z ()
= )‘E(Udo 0 (vg, 0 udo))ewﬁ (tag §(vay Quiao))
’;Z(Udo) > ’YZ((udO 0 (va, 0 uag)) 0 0) A~vE(0)
= f(“do 0 (va, 0 uay)) AYE(0)
= YE(ugy O (va, 0 ugy)),
)
)
)

(
0 (tay O (v, 0 thay)
55 )

Udy Q (Udl Qudo )

for all ug,,vq, € U.
(ii) = (iii): Since ug, { (Va, § ua,) < ud,. Then, by Theorem[3.8]

7 (ugy) P20 < 7 (ugy § (vay ( gy))ei?eaodvanluao),
Nz (ugy)eP2a0) > Xa(ug, 1§ (va, § ug,))e’Pevaollva Bua))
Ve (ua) < vE(uay O (va, D uay)),
6L (uay) = 0% (udy O (vay U uay))

for all ug,,vq, € U. By (ii), we have

175 (g )2 Wa0) > 7 (ugy § (vay § ugy))et®2 o8 v Quag))
Mg (g, )ePe )< Ap(uuay § (v, O g,))e P2t lvanfuan ),
Ve (ua) = vE(uay O (va, D uay)),
58 (ugy) < 65 (ugy 0 (vay 0 )

for all ug,,vq, € U. As aresult,

ﬁz(udo)e@(udo) = i3 (uay O (va, 0 gy ))ei0cWaol(va Buay)
j\z(udo)ei«ﬁ}(udo) — )/\E(Udo 0 (va, § ug,))e?z a0 d(var Quao))
Ve (uay) = Ay D (va, O uan):
65 (uay) = 0% (udy U (vay U uay))

(i77) = (i): Since L is a CLDF — Td of U, then Definition 6 (C'L5) is satisfied, and

77 (udy 0 (vay 0 g, ))e?®z (Hao0(vas 1uao)

> 7 (o 0 (v, Q uay))  way)e0eantlvanfuan00an) p i (g, )ePees),
Nzt § (v, § way))ei P2 and 0 Do)

< Az (g 0 (va, 0 1ay)) § way)e P2 (CranlleanQuan)0a) v 3z (ug, e P2sa),

—~

)

VE (g § (vay § ag)) = ¥E (g § (va, 0 ) § way) Ay (way),

EE(WO 0 (vay 0 tay)) < 35 ((tay O (va, 0 tay)) § way) V 6 (way)
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for all ug,, v4, , wa, € U. By (iii), we have

7 (ug )20 > 7 (uay O (vay 0 uay))  way )e?2(aodlvanua))0was) p Gz (g, )02 (0a),
)Tg(udo)eisﬁz(udn) < /\i((udo 0 (va, 0 uay)) 0 wdz)ew,;((udoiﬁ(wlQudo))(}wdz) VA F(way)e iSEE('wdQ)’
vE(ug,) > ’75((%0 0 (va, 0 ua)) 0 way) Ay (way),
6L (ug,) < oL (g 0 (vay 0 uay)) § way) V 65 (way)
for all ug,, va, , wa, € U. Thus, L is a CLDF — IZd of U. O

5 Complex linear Diophantine fuzzy positive implicative ideals

In the current segment, we utilized the CLDFS's to positive implicative ideals of BCK-algebras. We originate
the notion of a CLDF — PZLLd, and discuss some characteristics of it. Then, in the context of BCK-algebras,
we discuss the correspondence between CLDF — Zds and CLDF — PILds.

Definition 5.1. ACLDFS £ = (< jize'®s, Az >, < +£, 6 >) in BCK-algebral{ is called CLDF — PTId
of U if it satisfies (C'L5) and for all ug,, vg, , wq, € U :
(CL12) [i3 (ug, § wa,)ei0s oo lwas)
> 117 ((tdy § vay) 0 way )eP2Waolvan)lvas) A 7= (3, ) g, )eife (v waz)
(CL13) (udo de ) iz (uag Qwa,)
)/\E((udo 0 (vay) O wa,)e 10z ((wag Q(vay )Qway) \/ )/\E(Udl 0§ wd2)ei¢2~(vd1§§wd2)7

N

—

(CL14) (udo Q wdz) 2 ((udo Q Udl) Q wdz) ANy (Ud1 Q wd2)’

(CL15) 5‘:(%0 0 wa,) < 5‘((%0 0 va,) § wa,) V 5[:(% 0 wa,)-

Example 5.2. Consider a BCK-algebra U{ = {0, ug,, V4, , Wd,, Tds } With Table 6:
Now define a CLDFS L = (< ﬁZewi,S\;eiﬁ >, < £, 62 >) onl as:

o)

Table 6: Cayley’s table for ()-operation

Q 0 Udy Vd,y Wdy  Xdg

0 0 0 0 0 0
Ud, Ud, 0 0 0 0
Vd, Vd, Vd, 0 0 0
W, W, W, W, 0 0
Ldg Ldg Ldg Ldg Tdg 0

< 0.8¢057 0.1€0-97 > < 0.7,0.1 > if O =0,

< 0.7¢10397 0 41017 > < 0.6,0.3 > if 0= ug,,
L£@) ={ <0.6e07 0.46027 > < 0.5,0.3 > if 0 =vg,,

< 0.4€0-57 0.6e0-3" > < 0.3,0.5 > if 0 = wg,,

< 026067 0.9¢1047 > < 0.1,0.8 > if I =g,

It is straightforward to verify that £ = (< EEe“’AfZ, :\26“35 >, < 4L, 62 >)isaCLDF — PIZd of U.

Proposition 5.3. A CLDF — Td £ = (< iz, A;ei%z >, < £, 6L >) of U is a CLDF — PILd if and
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only if
17 (g, § vay)e®2a00%0) > 3 ((ugy § vay) § va, )0 (Waova)var),
;‘E(udo § vg, )i PE (o lva) );((udo 0 va,) 0 va, e Pz (vaolva)0va;)
Vg, Dva) > 7E((uay Do) T vay),
6% (uay T va) < 05((ua, D vay) O vay),

Sforall ug,,vq, €U.

Proof. Suppose that a CLDF — Id L is a CLDF — PZZd of U. Then,

707 (uay 0 way)eP2Caola) > T ((ugy [ va,) () way)ePeaolva)lwi) & 5 (vg, ) wg, )i Carlva),
:\E('T Q de)ei&E(medQ) < S\E((u Q 'Udl) Q wdz)ewl;((udoiﬁvdl)gwdz) . )\ (Udl Q wdz)eicﬁz(vdlﬁwdz)7
’;Z(udo 0way) = ’;Z((udo 0 va,) O wa,) A (% 0 wa, ),
5% (uay way) < 08((uay O vay) § way) V E(vay  way).

Substituting wq, = v4,, we have

ﬁZ(udo Q Vd, )eigg(u% Qoar) > ﬁZ((udo Q Ud1) Q Vd, )eiég((udo Qvay )Qvay ) A\ /jZ(Udl Q Vd, )eiaz(vdl (va, )’
= 3((way 0 va,) D vay )= (oloa i) p 7 (0)e =),

= iz ((uay  vay) § va,)e P2 loa)ime),

)\ﬁ(udo Q vdl)ei%(udo Qvar) < )‘E((udo Q Ud1) Q Vd, ) i@z (vagQva; )gvay) V S\E(Udl Q Udl)ei&z(vdl de1)7
= Az((ttay 0 va,) D vay )Pl )ivn) v X (0)et P20,
)~ ((udo § va,) 0 Ud1)61W5((“dOQUd1)de1)7

— — o~

Wi(udo Q vdl) WE((udo Q Udl) Q vdl) A Wi(vdl Q Udl)

—

((udy § vay) O vay) AYE(0)
= fY[:((udo Q Udl) Q Ud1)7

WV

I
) )

and

o~ (udo Q Udl) < Udy Q Udl) Q vdl) 6~ (Ud1 Q Udl)

6 “(( v
S ((udo 0 va,) § va,) V 6(0)
(( Udy Q Udl) Q Ud1)'

On the other hand, suppose that £ is CLDF — Zd of U satisfying the subsequent inequalities

i0 7 ((wag va, )del

117 (ugy ) va, )€z (o 0va) udy ) va,) () va,

(( ) )e’

Ai(ugy vdl)ei%(udoiﬁvdl) N((u 0 va,) 0 vdl)ewﬁ udOdel)del)
((udy O vay) 0 vay),
( ) )

’Yi(udo Q Ud1)
Udy Q Ud,y Q Vd,

VANA\%

WV
2

VA
>,
aY]

6£<ud0 Q Udl)

for all ug,,vq, € U. Now, we prove that

By § )20 > 5 (g, ) 100, B0 75 0, g, e ),
Reludy §w)ePEC0%) < (g ) D 00 PE o001 5 v, g o P2,
'VE(udo Q wd2) > ’yé((udo Q Udl) dez) (vdl deQ)
§é(udo Q wd2) < 65((11‘(10 Q Udl) Q wd2) (Udl Q wdz)
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Suppose, in contrast, that there exist u:z(u v;ll € U such that

7 ’
ﬁZ(u/do 0 U;I)e%%(u%(}vdl)

—~

o~

HE

WV

’ ’ .~ ’ ’
(g, 0 vg,)e"?2 (ugy 0 va,)

Mg((udo 0 Udl) 0 Udl)e
((U;zo 0 U:h) 0§ Uél)ei%((udoiﬁvdl)(}vdl)’

/T,a((u'do 0 ”:11) 0 U;I)ei%((udoﬁvdl)(}vdl) A /jZ(U;ll 0 U;I)ei%(vdl(}vdl)’

02 (030000 A 73(0)e02(0),

A~ ((u’do 0 U:h) 0§ v’ )eisﬁz((u%(}vdl)iﬁvdl) v 5‘2(“:11 § U;I)eifg(vdliﬁvdl),
)\ﬁ_((udo 0 Udl) 0 Ud Je 107 ((ugy 0vg, )va,) s 5\;(0)61‘@2(0)’
X

(1, U vg,) vy, )erPECuaghva v, ),

((uty §03,) B vy ) AE (s, T v, )
((tgy 0 vay) O vg,) AYE(O)
(s 0 v,) D0,

58 (g, §vi,) 0 v, ) v O (v, G0, )

52 (g, § v, ) D v, ) V 6£(0)
8L ((ugy 0 va,) U vg,)

’YE(UdO 0vg,) < Ve
and
55(%0(}%1) 2
which is a contradiction. Therefore,
fiz (g, () way)e®eta00va) > 7 ((ug, § va,)
Ne(uay 0 wa)eP20002) < Ag(uay Qv
VE(ugy ) wa,) > 7 ((u 0va,) 0
52(“@0 de2) < 5 ((udo del) Q

Thus, £ is a CLDF — PIZd of U.

Proposition 5.4. A CLDFS L
if

7 (1, § va, )7 o)

Ng(ua, § v, ) P2l

—

’yé(udo Q Udl)

6% (udy § vay)
Sforall ug,,vq, €U.

Proof. 1t is straightforward.

6 Conclusions

= (< jigec, Age'?e >, < ~E, 5L

W, )e' i0 7 ((wag Qvay ) Jwa,) /\M (va, dez)eiéz(vd&wfb),
wdz)ew‘i((““ﬂgvdl)iﬁ”@) V Az (v, § wa, )e'Pe (Ve Baz),
wd2) (vdl Q wdz)
wd2) (’Udl Q wdz)

O

>)ofU isa CLDF — PIZd if and only

(va, § (va, § g, )))e Pz (van0van0(va; Quag))
(va, 0 (va, Qud())))ewg((udoiﬁvdl)()wl

(vay ( (vay ( uao))),

(va, ( (va, O uao))),

A complex linear Diophantine fuzziness of algebraic structures is a novel field that extends complex fuzzy

algebraic structures.
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CLDF —Ids, CLDF — IZds and CLDF — PZIZds in BCK-algebras using the notions of LDFS, BCK-
algebra and CFS. We probed their fundamental characteristics. Furthermore, we discussed some of their
qualities and looked into their relationships. Our key findings are provided in Sections 3, 4, and 5. Because
every CFS may be seen as a CLDFS, our findings on CLDF-substructures are generalizations of complex
fuzzy substructures of BCK-algebras.

In the future, we will utilize this commenced approach to different topics of algebraic structures such as
BE-algebras, residuated lattice, near ring, Lie algebras and MV-algebras. Further, we will examine the
CLDF — Subs, CLDF — Ids, CLDF — I7Zds and CLDF — PIZds in hyperstructures. These foundations
not only strengthen the mathematical structure but also pave the way for specific applications in numerous
realms.
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