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Abstract

Group theory is one of the significant parts of mathematical algebra. This theory is characterized by its ability to
address various applications, including the classification of the symmetry of crystals, atoms, molecules, and
polyhedral structures. In this work, we study a newly introduced concept, namely BIVFSs, which is an extension
of previous concepts discussed in the previous studies section of this work. In this work, we establish and apply
basic algebraic concepts applicable to this concept. We combine this concept with group theory, which has
important properties and applications, generating important results, which are explained in the third section of this
work. An important result of this work is BIVF-level set, support, BIVF-kernel and bipolar BIVF- characteristic
function, and BCF point. Then, we interpret the BIVF-subgroup. Furthermore, we present the associated examples
and theorems and prove these associated theorems.

Keywords: Fuzzy set; Bipolar fuzzy set; Interval valued fuzzy set; Fuzzy group theory; Interval valued group
theory

1. Introduction

Group theory is one of the significant parts of mathematical algebra. This theory is characterized by its ability to
address various applications, including the classification of the symmetry of crystals, atoms, molecules, and
polyhedral structures. To resolve the ambiguity and uncertainty that plagues our world today, Zadeh [1] set out to
present fuzzy sets as an extension of the fragile set. The fuzzy set was then extended into an interval-valued fuzzy
set [2] to give additional flexibility in dealing with uncertainty issues. Again, to resolve the ambiguity and
uncertainty that plagues our world today, Rosenfeld [3] set out to present fuzzy group theory. Bhattacharya and
Mukherjee [4] explored many concepts over fuzzy group ideas like fuzzy-relations, fuzzy level-subgrops, fuzzy-
functions, and fuzzy-equivalnce relations. Jin-Xuan [5] interpreted fuzzy homomorphism and fuzzy isomorphism.

However, human thinking has two aspects: positive pole and negative pole of human beings. To follow this aspect
Zhang [6] modified the FS to the conception of bipolar fuzzy sets (BFSs) by converting [0, 1] to ([0, 1], [1, 0]).
The bipolar fuzzy set (BF) structure contains degrees of support for both positive and negative aspects of human
opinion or expression. The BF valued set presented by Lee [7]. BF-valued subgroups interpreted by Mahmood and
Munir [8]. The structure of BF subrings by Alolaivan et al. [9]. Recently, Hammad et al. [10] introduced the bipolar
fuzzy set with interval values. Because of the high flexibility of this concept, Hammad et al. [10] presented a wide
range of applications for it. However, he did not address the algebraic issues and the mechanism for linking this
concept with group theory, which we mentioned and its importance at the outset. This gave us an incentive to study
this concept in this work, clarify its link with group theory, and present some important results.
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2. Basic Concepts
Definition 2.1. [1]A fuzzy set (FS) A on () given as a following form:
Ars = {(p, ®(9)), Vp € O}
Where ®(p) stretch as a membrship function from Q to [0,1].
Definition 2.2 [1]: Let A rs = {(5, ®1(p)), Vp € O} and Ay s = {(7, @,(p)), Vp € Q} be two FSs on Q,
Then the following properties are done,

i Complement:

The (Ayrs)” ={(p, ©£(5)), v5 € a}={(p1- @1(p)), v/ € o}
ii. Union:

The Ay psUAz s = {max[®4(p), @,(p)],. Vo € Q}.

iii. Intersection:

The Ay psNA, ps = {min[®, (), ®,(p)],, V6 € }.

iv. Subset:
The Ay ps S Agps if @1(5) < @,(p) .
V. Equals:

The Ay ps = Ay ps If @4 (P) =, (P) :

Example 2.3 [11]: Let Q = {p,, f,, p3} given as a universe set. Then the two FSs Az and A, s given as
following:

1 R ’ R

P P2 P
(0.3) (0.4) (0.8)
I‘2,1«"5 = { }

Apps = {(0.2) (0.3) (0.7)}

pr’ P2 Ps
Then, the operations specified as:
i. Complement:
(Al,Fs)C _ {(1 - 0.2)’(1 - 0.3)’(1 - 0.7)}
P1 P2 P3
B {(0,8) (0.7) (0.3)}

pr’ P2 Ps
ii. Union:
The Ay psUAy s =
{(0.3) (0.4) (0.8)}

pr P2 ps
Vi. Intersection:
The A1,anAz,Fs =

{(0.2) (0.3) (0.7)}

pr P2 Ps
vii. Subset:
The Ay ps € Ay g since @, (p) < @,(p) in both sets.

Definition 2.4. [2] A interval valued fuzzy set (FS) B on Q given as a following form:
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Byrs = {(6, ®(p)), vp € 0}

Where ®(p) = [®L(p), @Y (p)] stretch as a lower-and upper membership function from Q to [0,1].
Definition 2.5 [2] Let By, ps = {(p d)l(,b)),v,b € Q} where @, (p) = [@4(p), @Y (p)]and By yrs =
{(5..(6)), v € 0} where @, () = [@4(5), @Y ()],

Then the following properties are done,

viii. Complement:

The (Ases)” = {(5, @5(4)), V5 € x}
={(8.[1-{(p). 1—2(p)]) vp € O}

iX. Union:

The Ay psUAz s = {max[®4(p), @,(p)],. vp € Q}.

= (max[@}(5), @5(5)] max[@} (5), 4 (5)], v/ € ).

X. Intersection:

The Ay psNA, ps = {min|[®, (), ()], vp € Q}.

= (min[®4(3), PL(p)] min[®¥ (5), @Y ($)], ¥4 € ).

Xi. Subset:

The Ay ps € Ay s if @4(7) < @,(7) such that

®(1) < dL(7) and Y (7) < DY (7)

Xii. Equals:
The Al,FS = AZ,FS if q)l (T) = CDZ (7,.-) .
such that

®1(?) = @3(1) and @7 (¥) = @F (7).

Example 2.7 [2]: Let Q = {4y, p,, p3} given as a universe set. Then the two IVFSs By zg and B,z given as
following:

([0.2,0,4]) ([0.4,0,4]) ([0.3,0,7])
Bl,FS = { : ’ : ) : }

P1 P2 P3
([0.2,0,4]) ([0.5,0,6]) ([0.7,0,8])
BZ,FS = : ) : ) R
P1 P2 P3
Then the above operations given as following:
i Complement:
¢ _ (([0.2,0,4]) ([0.4,0,4]) ([0.3,0,7])
(Bl,FS) = : , : ’ :
P1 P2 P3
_ {([0-6.0.8]) ([0.6,0,6]) ([0.3,0,7])}
P P P
ii. Union:
The By psUBy ps =

([0.2,0,4]) ([0.5,0,6]) ([0.7,0,8])}
I
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iii. Intersection:

The Bl’FSnBZVFS =

{([0-2.0,4]) ([0.4,0,4]) ([0-3,0,7]>}
o
iv. Subset:

The By gs € B, pg Since @4 (7) < &,(7) in both sets.

Definition 2.8. A bipolar fuzzy set (BFS) A on Q given as a following form:

Ages = {(h, 07 (p). @7 (p)).vp € 0

Where ®*(4), ®~(p) stretch as a positive membership and negative membership functions from Q to [0,1]
and [—1,0] respectivily.

Definition 2.9. [10] An interval valued-bipolar fuzzy set (IV-BFS) A on () given as a following form:

Ases = {(6.9*(6). ©7(5)) Vb € 0
Where ®*(p) = [@*L(p), @Y (5)], @~ (4) = [@+(p), @U(p)] stretch as a lower and upper positive
membership and lower and upper positive negative membership functions from  to [0,1] and [—1,0] respectively.

Definition 2.10 [12] Let Apg = {(p @(;5)),\7’;5 € Q} be a fuzzy sub set of non —empty universe set Q. For a €
[0,1], the @ —Lower level subsets of Agg is the set (Ags), and given as following:

(Aps)a = {(0,23(/)) 2 0()}.

Definition 2.11 [13]Let Aps = {(p d)(f))),vf) € Q} be a fuzzy sub set of non — empty universe set Q. For a €
[0,1], the level subsets of A is the set (Agg), and given as following:

(Ars)e = (5, 0(p) < )}

Definition 2.12. [3] Assume that (G,*) is a group. A F-subset A is denotes as a fuzzy subgroup (FSG) of G. If
the following point satisfied. For all p, and p, € G:

i ® (pupz) = minf{o (), @ (52)}

i a(p) = o).

Example 2.13 [14]Let G be the Klein 4 —Group such that G = {e, a, b, ab} and a? = b? = e with ab = ba.
Here the fuzzy sub set of G Tzg given as following:

Dps(e) = 0.8,dpg(a) = 0.4,dp5(h) = 0.4 and dpg(ab) = 0.6.

Then, here based on Definition 2.12 its clearly Iz is fuzzy sub group of G.

Definition 2.14. [15] Assume that (G,*) is a group. A F-subset A is denotes as anti-fuzzy subgroup (FSG) of
G. If the following point satisfied. For all 7; and 7, € G:

i. CIJ(;:)lf)z) < max {CD (pl),d)(pz)}

i, o(p71) = @(p).

Definition 2.15. [16] Assume that (G,*) is a group. A BF-set By is denotes as a bipolar fuzzy subgroup (BFSG)
of G. If the following point satisfied. For all p, and p, € G:

i'(DEFS (P1Pz) = min {CDEFS (P1) , cbgps(ﬁz)}-
ii-(DEFs(l:’_‘l) = (DEFS(I:)) .
. P (P1Pz) < max {(DEFS (P1) ) CDEFS(.bz)}-
V. ®5rs(p7") = prs(p)-

Definition 2.16. [17] Assume that (G,*) is a group. A anti-BF-set Bgps is denotes as a bipolar fuzzy subgroup
(BFSG) of G. If the following point satisfied. For all g, and p, € G:
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I Pirs (P1P2) < min {‘DEFS (P1) ) ‘Dng(l:’z)}-
. CDEFS(,‘:’_.I) = ®fps(P) -

ii. Py (P1P2) = max {CDEFS (Pl) ) ‘DEFs(ﬁ:’z)}-
iv. Pps(671) = Pars(P).

3. Bipolar interval valued fuzzy subgroups

In this part, we introduce the concept of bipolar interval-valued fuzzy subgroups and interval-valued bipolar fuzzy
normal subgroups and enquire into some related results.

Definition 3.1 Assume that a bipolar interval valued fuzzy set (BIVFS) B;yrs on G given as a following form:

Beivrs = {(p, @ (p), @7(p)),¥p € G}

Where ®*(p) = [®4*(p), PV*(p)], @~ (p) = [P (p), @Y~ (p)] Then,
(Biyrs)y = 1{p € G, @ *(p) = n, ®V*(p) = n,n € [0,1]} and {p € G, ®"~(p) <n, @Y (p) <n,n € [-1,0]} is
called level BIVFS.

Definition 3.2 Assume that a bipolar interval valued fuzzy set (BIVFS) B,,rs on G given as a following form:

Bawrs = {(p, ®*(p), ®(p)),Vp € G}
Where @* (p) = [®"*(p), @U* (p)], @~ (p) = [@"(p), @V~ (p)] Then,
(Bryrs)o = {p € G,®LT(p) = 0,®U*(p) = 0,0 € [0,1]} and {p € G, ®L~(p) < 0,dY~(p) < 0,0 € [-1,0]} is
called support BIVFS.

Definition 3.3 Assume that a bipolar interval valued fuzzy set (BIVFS) B,,rs on G given as a following form:

Bives = {(5, @ (0), @7 (), ¥p € G}
Where ®*(p) = [®"*(p), @V *(p)], @~ (p) = [®*(p), @V~ (p)] Then,
(Bvrs)r = {PEGP(p) 21,0 (p) 21,1€[01]} and {p €GP (p) <-1,dV (p)<-1,-1€
[—1,0]} is called kernel BIVFS.

Definition 3.4 Assume that H be subset of G, then the Bipolar characteristic IVFS (BCIVFS) of ®*(p) =
[DL*(p), DU ()], @~ (p) = [®@Y(p), PV~ (p)] given as following:

dLH(p) = 1if p € H,
O (p) = 0if p & H,
dUr(p) =1ifpEH,
U (p) =0if p&H,

P*(p) = 1

And,
P~ (p) = —1if p € H,
L (p) =0if p & H,
oV (p)=-1ifp€H,
PV (p)=0if p ¢ H,

D7 (p) = 4

Definition 3.5 Assume that H be subset of G and p, and p, € G, n €[1,—1] and BIVFS ®*(p) =
[@*(p), @V ()], @~ (p) = [@"(p), "~ (h)] given as following:

L) =nif pr = pa,
PET(P) = 0if 1 # pa,

dt(p) =
D= 00y =nif pr = 4.
DU () = 0if py # po,
And,
((DL'_(ﬂ) =—nif p1 = P2
. DL () = 0if py; # Dy,
cb—(p) - (p) fpl pZ

®V(p) = —nif pr = P2,
q)u'_(ﬂ) =0if p1 # P2
Is called a BIVF point, n and support of of p; and p,.
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Definition 3.6 Assume that (G,*) is a group. A BIVF-set Bg,,rs iS denotes as a bipolar interval valued fuzzy
subgroup (BIVFSG) of G. If the following point satisfied. For all g, and p, € G:

LO5 s (1172) = min{@g g (7)), Opryps (T2)} and Dy ee(717,) = min{®ppyes (7)), Pppyes (72)}-
_!!'(DEIYFS(T_'I) = O pg (1) and Dy (i71) = BIVFS(I;[)_' _ ”e e
iil. @1y ps (117;) < max{®yiyes (71), Priyrs (22)} and @1 ps(1172) < max{@piypg (1), Pppyrs (7))
V. P55 (171 = Pgryps (D) and Pppypg (P71 = Pppyps ().
Example 3.7. Let G be the Klein 4 —Group such that G = {e, a, b, ab} and a? = b? = e with ab = ba.
Here the fuzzy sub set of G 'z, g given as following:
Pgiyrs(e) = 0.8, Pppyps(e)=0,9
¢)1L31T/Fs(a) =04, (DBIVFS(a) = 0.6,
Pgiyps(b) = 0.4 Pryps(b) = 0.6
and @5 . (ab) = 0.6, it (ab) = 0.6.
Then, here based on Definition 3.6 it is clearly I, rs is fuzzy sub group of G.

Theorem 3.8 Let B,y s is fuzzy sub group of G if and only if (Bgyrs)C is a fuzzy subgroup of G.
Proof.
Assume that By, s is interval-valued fuzzy sub group of G and for all p, and p, € G.Then

gy (T172) = min{ @iy ps (71), Priyps (T2)} and Dppyps(7172) = min{®@piyps (71), @pivps (75)}:
1 - (Vi) (ri72) = min {(CDBIVFS @), (Pgivrs (fz)}

and 1 — (D477 s) (%) = min {1 (Pives) (@), 1 = (Pfis) (T'z)}-

& (Phives) (ury) <1- mi”{ — (Pves) @D, 1= (Phirs) (T'z)}

o (@050s) (1) = 1~ min {1~ (@000) 0 1 - (@) )}

& (Phives) (1) < max {(Phibes) @), (Phites) @)}

and (Ppiyrs (TlTZ) < max {(CDBIVFS) @), (P5ivrs) (fz)}

A gain we have

BIVFS(T_l) BIVFS(T) and q)BIVFS(T_l) = BIVFS(T) forall 7, 7; € G.
Then

©1- (CDBIVFS) @t H=1- (cDBIVFS) (7) and (q)gI;FS) @@= (CDBIVFS) .

Definition 3.9. Assume that (G,*) is a group. A anti-BIVF-set B,_g, s IS denotes as a Anti-bipolar interval valued
fuzzy subgroup (A-BIVFSG) of G. If the following point satisfied. For all 7, and 7, € G:

I q)BIVFS(TITZ) S max{d)a sivrs(T1), q)BIVFS(TZ)}

and @ “vrs(T172) < max{q)BIVFS(Tl) q)BIVFS(TZ)}

. cDLjBIVFS @ hH= l& pivrs(?) and cI)a sives(T7H) = @7 BIVFS (7).
ii. cI)l&'—_BIVFS (TI‘T‘Z) = mln{cba—BIVFS (71), (Da—BIVFS(TZ)}

and " _BIVFS(Tl.T'Z) = min{(bg “ives(T1), Py _BIVFS(fZ)}

iv. D s (T = Op e (D) and D0 s (B0 = DF 5y ps (D).

Theorem 3.10 Let B,y rs is fuzzy sub group of G if and only if (Bg )¢ is a fuzzy subgroup of G.

Proof.
Assume that B, _gyrs is an anti-BIVF sub group of G and forall 7, 7, € G. Then

q)BIVFS(TlTZ) = mln{CDBIT/FS(Tl) CDB’IVFS(TZ)} and CDBIVFS(TlTZ) = mln{chIVFS(Tl) A (T.Z)}'
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& 1= (Phves) (17) = min {(@hihrs) ‘@), (Phives) (2}

and 1~ (hives) (1a72) = min{1 = (hives) (1) 1~ (Phives) (1)}
& (Phives) (1) < 1—min {1 = (@hrs) @) 1= (Phibes) @)
and (Phivrs) (11%2) < 1 —min{1 = (@fies) @), 1 = (Phives) ()},
& (Phives) (1%2) < max {(Phives) (@), (Phives) @)}

and (®pivrs) (77,) < max {(CDBIVFS) (T'1),(¢’g};Fs)c(T'z)}
A gain we have

Ot (Y = Do () and Dy (7Y = gt (7) forall 7, 7, € G.
Then

e 1- ((DBIVFS) @EH=1- (q)BIVFS) (7) and (q)BIVFS) @@= (CDBIVFS) ()

Theorem 3.11. Let H # @ sub set of group G is called a subgroup of G iff its BCIVF is a BIVVFsubgroup of group
G.

Proof. Direct based on above definitions.
5. Conclusion

In this work, we studied a newly introduced concept, namely BIVFSs, which is an extension of previous concepts
discussed in the previous studies section of this work. In this work, we establish and apply basic algebraic concepts
applicable to this concept. We combined this concept with group theory, which has important properties and
applications, generating important results, which are explained in the third section of this work. An important
result of this work is BIVF-level set, support, BIVF-kernel and bipolar BIVF- characteristic function, and BCF
point. Then, we interpret the BIVF-subgroup. Furthermore, we present the associated examples and theorems and
prove these associated theorems. Through this study, it is possible to predict more future work that can be done
and benefited by those interested in this field, as these tools can be linked with more algebraic concepts and
discover the theory of rings based on BIVFSs. In topology, more results can also be obtained regarding topological
structures like BIVVF-Topology and more benefit can be gained. We recommend reviewing the following research
works [15-19].
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